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   𝒙  =  (    𝑥  1   ,    𝑥  2   ,    𝑥  3   ) 


   𝒗  =  (    𝑣  1   ,    𝑣  2   ,    𝑣  3   ) 


   𝑇  𝑀 


   𝒙  ∈  𝑀 


   𝒗 


   𝒙 


   𝑀  =    ℝ  3  


   𝑀 


          (1.1)                   𝒗    =        𝑑  𝒙     𝑑  𝑡       and     𝑭    =    𝑚      𝑑  𝒗     𝑑  𝑡      


   𝑡 


   𝑚 


   𝑭 


          (1.2)                       𝑑  𝒙  (  𝑡  )     𝑑  𝑡      =    𝒗  (  𝑡  )     and     𝑚      𝑑  𝒗  (  𝑡  )     𝑑  𝑡      =    𝑭  (  𝒙  (  𝑡  )  ,  𝒗  (  𝑡  )  ,  𝑡  )  ,    


          (1.3)                   𝑭  (  𝒙  )    =    −      𝜕  𝑉     𝜕  𝒙    (  𝒙  )    


   𝑉 


       𝜕  𝑉     𝜕  𝒙    =  (      𝜕  𝑉     𝜕    𝑥  1     ,      𝜕  𝑉     𝜕    𝑥  2     ,      𝜕  𝑉     𝜕    𝑥  3     ) 


       𝑑  𝒙     𝑑  𝑡      =    𝒗     and     𝑚      𝑑  𝒗     𝑑  𝑡      =    −      𝜕  𝑉     𝜕  𝒙      . 


   𝒑  =  𝑚  𝒗 


       𝑑  𝒙     𝑑  𝑡      =      𝒑  𝑚      and         𝑑  𝒑     𝑑  𝑡      =    −      𝜕  𝑉     𝜕  𝒙      , 


       𝑑  𝒙     𝑑  𝑡      =        𝜕  𝐻     𝜕  𝒑       and         𝑑  𝒑     𝑑  𝑡      =    −      𝜕  𝐻     𝜕  𝒙      , 


   𝐻  (  𝒙  ,  𝒑  )  =    1    2  𝑚      𝒑  2   +  𝑉  (  𝒙  ) 


   𝐻 


   𝑀  =    ℝ    3  𝑛   


   𝐻  =  𝐻  (    𝑞  1   ,  …  ,    𝑞  𝑚   ;    𝑝  1   ,  …  ,    𝑝  𝑚   ) 


   (    𝑞  1   ,  …  ,    𝑞  𝑚   ) 


   (    𝑝  1   ,  …  ,    𝑝  𝑚   ) 


     𝑇  ⋆   𝑀 


     ℝ    3  𝑛    ×    ℝ    3  𝑛   


       𝑑    𝑞  𝑖      𝑑  𝑡      =        𝜕  𝐻     𝜕    𝑝  𝑖        and         𝑝  𝑖     𝑑  𝑡      =    −      𝜕  𝐻     𝜕    𝑞  𝑖    


       𝑑  𝐻     𝑑  𝑡      =      ∑    𝑖  =  1   𝑚       𝜕  𝐻     𝜕    𝑞  𝑖         𝑑    𝑞  𝑖      𝑑  𝑡    +      𝜕  𝐻     𝜕    𝑝  𝑖         𝑑    𝑝  𝑖      𝑑  𝑡      =    0    . 


   𝑛 


     ℝ  3  


   𝐻    =      ∑    𝑖  =  1   𝑛       𝒑  𝑖  2     2    𝑚  𝑖     +    ∑    𝑖  <  𝑗   𝑛     𝑉    𝑖  𝑗    (    𝒙  𝑖   −    𝒙  𝑗   )  +    ∑    𝑖  =  1   𝑛     𝑉  𝑖   (    𝒙  𝒊   ) 


     𝑉    𝑖  𝑗   


     𝑖   th   


     𝑗   th   


     𝑉  𝑖  


   𝔄 


   𝑓  ∈  𝔄 


     𝑓  𝑡     =    𝑓  (    𝒒  𝑡   ,    𝒑  𝑡   ) 


       𝑑    𝑓  𝑡      𝑑  𝑡      =      ∑    𝑖  =  1   𝑚       𝜕  𝐻     𝜕    𝑝  𝑖         𝜕  𝑓     𝜕    𝑞  𝑖     −      𝜕  𝐻     𝜕    𝑞  𝑖         𝜕  𝑓     𝜕    𝑝  𝑖       . 


    Poisson Bracket  


   {  𝑓  ,  𝑔  }    =      ∑    𝑖  =  1   𝑚       𝜕  𝑓     𝜕    𝑝  𝑖         𝜕  𝑔     𝜕    𝑞  𝑖     −      𝜕  𝑓     𝜕    𝑞  𝑖         𝜕  𝑔     𝜕    𝑝  𝑖       . 


          (1.4)                       𝑑    𝑓  𝑡      𝑑  𝑡      =    {  𝐻  ,  𝑓  }    .    


   {  𝑓  ,  𝑔  +  𝜆  ℎ  }  =  {  𝑓  ,  𝑔  }  +  𝜆  {  𝑓  ,  ℎ  } 


   {  𝑓  ,  𝑔  }    =    −  {  𝑔  ,  𝑓  } 


   {  𝑓  ,  {  𝑔  ,  ℎ  }  }  +  {  𝑔  ,  {  ℎ  ,  𝑓  }  }  +  {  ℎ  ,  {  𝑓  ,  𝑔  }  }    =    0 


   {  𝑓  ,  𝑔  ℎ  }    =    𝑔  {  𝑓  ,  ℎ  }  +  {  𝑓  ,  𝑔  }  ℎ 


   {  ⋅  ,  ⋅  } 


     𝑈  𝑡   ∶  𝔄  →  𝔄 


     𝑈  𝑡   (  𝑓  )    =      𝑓  𝑡      where         𝑑    𝑓  𝑡      𝑑  𝑡      =    {  𝐻  ,    𝑓  𝑡   }     and       𝑓  0   =  𝑓    . 


     𝑈  𝑡  


     𝑈  𝑡   (  𝑓  +  𝜆  𝑔  )    =      𝑈  𝑡   (  𝑓  )  +  𝜆    𝑈  𝑡   (  𝑔  ) 


     𝑈  𝑡   (  𝑓  𝑔  )    =      𝑈  𝑡   (  𝑓  )    𝑈  𝑡   (  𝑔  ) 


     𝑈  𝑡   (  {  𝑓  ,  𝑔  }  )    =    {    𝑈  𝑡   (  𝑓  )  ,    𝑈  𝑡   (  𝑔  )  } 


   𝑓 


   𝜔 


   𝜔  ∶  𝔄  →  𝒫  (  ℝ  ) 


   ℝ 


     𝜔  𝑓  


   𝐸  ⊂  ℝ 


     𝜔  𝑓   (  𝐸  ) 


   𝐸 


     𝜔    𝜆  𝑓    (  𝐸  )    =      𝜔  𝑓   (    𝐸  𝜆   ) 


   𝜙  ∶  ℝ  →  ℝ 


     𝜔    𝜙  ∘  𝑓    (  𝐸  )  =    𝜔  𝑓   (    𝜙    −  1    (  𝐸  )  ) 


   𝑓  ≡  𝐶 


   𝐶 


     𝜔  𝑓   =    𝛿  𝐶  


    ran     𝑓  =  𝑓  (  𝑀  ) 


   𝑓  ≥  0 


   [  0  ,  ∞  ) 


     𝜔  0  


     𝜔  1  


     𝜔  𝜆  


   0  ≤  𝜆  ≤  1 


          (1.5)                     𝜔  𝑓  𝜆   (  𝐸  )    =    (  1  −  𝜆  )    𝜔  𝑓  0   (  𝐸  )  +  𝜆    𝜔  𝑓  1   (  𝐸  )    .    


   (  1  −  𝜆  ) 


   𝜆 


     𝜔  0   ≠    𝜔  1  


     ⟨  𝑓  |  𝜔  ⟩     =      ∫  ℝ   𝜆  𝑑    𝜔  𝑓   (  𝜆  )    . 


     ⟨  𝑓  |  𝜔  ⟩     ≥    0     if     𝑓  ≥  0     


   |    ⟨  𝑓  |  𝜔  ⟩   |    ≤       sup   𝑥   |  𝑓  (  𝑥  )  |    . 


     ⟨    𝑓  +  𝜆  𝑔   |  𝜔  ⟩     =      ⟨  𝑓  |  𝜔  ⟩   +  𝜆      ⟨  𝑔  |  𝜔  ⟩     , 


     𝜇  𝜔  


   ℳ 


     ⟨  𝑓  |  𝜔  ⟩     =      ∫  ℳ   𝑓  (  𝑞  ,  𝑝  )  𝑑    𝜇  𝜔   (  𝑞  ,  𝑝  )    . 


   𝑑    𝜇  𝜔   =  𝜌  (  𝑞  ,  𝑝  )  𝑑  𝑞  𝑑  𝑝 


     𝜌      𝑞  0   ,    𝑝  0     (  𝑝  ,  𝑞  )    =    𝛿  (  𝑞  −    𝑞  0   )  𝛿  (  𝑝  −    𝑝  0   )  , 


   𝛿 


   𝑓  (    𝑞  0   ,    𝑝  0   ) 


   𝜌  (  𝑞  ,  𝑝  )    =      1  𝑍     𝑒    −  𝛽  𝐻  (  𝑞  ,  𝑝  )   


   𝛽  =    1      𝑘  𝐵   𝑇   


   𝑇 


     𝑘  𝐵   = 


      10    23   


   𝑑    𝑓  𝑡     =    {  𝐻  ,    𝑓  𝑡   }  𝑑  𝑡 


     𝜌      𝑞  0   ,    𝑝  0    


     ⟨    𝑓  𝑡   |    𝜌      𝑞  0   ,    𝑝  0     ⟩     =    𝑓  (    𝑞  𝑡   ,    𝑝  𝑡   ) 


   (    𝑞  𝑡   ,    𝑝  𝑡   ) 


     𝑞  0  


     𝑝  0  


     Φ  𝑡   ∶  ℳ  →  ℳ 


   (    𝑞  0   ,    𝑝  0   ) 


   𝜌 


     𝑓  𝑡   (  𝑞  ,  𝑝  )    =    𝑓  (    Φ  𝑡   (  𝑞  ,  𝑝  )  ) 


     ∫  ℳ   𝑓  (    Φ  𝑡   (  𝑞  ,  𝑝  )  )  𝜌  (  𝑞  ,  𝑝  )  𝑑  𝑞  𝑑  𝑝    =      ∫  ℳ   𝑓  (  𝑞  ,  𝑝  )  𝜌  (    Φ  𝑡    −  1    (  𝑞  ,  𝑝  )  )  |   Jac   (    Φ  𝑡    −  1    )  (  𝑞  ,  𝑝  )  |  𝑑  𝑞  𝑑  𝑝    , 


    Jac   (    Φ  𝑡    −  1    )  (  𝑝  ,  𝑞  )    =     det       [                  𝜕    Φ  𝑡    −  1       𝜕  𝑞              𝜕    Φ  𝑡    −  1       𝜕  𝑝            ]    


     Φ  𝑡  


     ∫  ℳ   𝑓  (    Φ  𝑡   (  𝑞  ,  𝑝  )  )  𝜌  (  𝑞  ,  𝑝  )  𝑑  𝑞  𝑑  𝑝    =      ∫  ℳ   𝑓  (  𝑞  ,  𝑝  )  𝜌  (    Φ  𝑡    −  1    (  𝑞  ,  𝑝  )  )  𝑑  𝑞  𝑑  𝑝    . 


     𝜌  𝑡   =  𝜌  ∘    Φ  𝑡    −  1   


          (2.1)                       𝑑    𝜌  𝑡      𝑑  𝑡      =    −  {  𝐻  ,    𝜌  𝑡   }    ,    


      Jac   𝑡   =   Jac   (    Φ  𝑡   (  𝑝  ,  𝑞  )  ) 


     Φ  0   (  𝑞  ,  𝑝  )  =  (  𝑞  ,  𝑝  ) 


      Jac   0   =  1 


       𝑑     Jac   𝑡      𝑑  𝑡    =  0 


   𝑡  ↦    Φ  𝑡  


     Φ    𝑡  +  ℎ    =    Φ  ℎ   ∘    Φ  𝑡  


      Jac     𝑡  +  ℎ      =    (     Jac   ℎ   ∘    Φ  𝑡   )     Jac   𝑡    


       𝑑     Jac   𝑡      𝑑  𝑡      =      (            𝑑     Jac   𝑠      𝑑  𝑠    |     𝑠  =  0    ∘    Φ  𝑡   )        Jac   𝑡     . 


       𝑑     Jac   𝑡      𝑑  𝑡    =  0 


   𝑡  =  0 


   𝑡  →  0 


     Φ  𝑡   (  𝑞  ,  𝑝  )    =    (  𝑞  ,  𝑝  )  +  𝑡      (      𝜕  𝐻     𝜕  𝑝    ,  −      𝜕  𝐻     𝜕  𝑞    )   +  𝑂  (    𝑡  2   )    . 


      Jac   𝑡     =     det       (  𝐼  +  𝑡      [                    𝜕  2   𝐻     𝜕  𝑞  𝜕  𝑝       −        𝜕  2   𝐻     𝜕    𝑞  2                 𝜕  2   𝐻     𝜕    𝑝  2        −        𝜕  2   𝐻     𝜕  𝑝  𝜕  𝑞            ]   +  𝑂  (    𝑡  2   )  )     . 


             𝑑     Jac   𝑡      𝑑  𝑡    |     𝑡  =  0      =     tr       [                    𝜕  2   𝐻     𝜕  𝑞  𝜕  𝑝       −        𝜕  2   𝐻     𝜕    𝑞  2                 𝜕  2   𝐻     𝜕    𝑝  2        −        𝜕  2   𝐻     𝜕  𝑞  𝜕  𝑞            ]     =      ∑    𝑖  =  1   𝑚         𝜕  2   𝐻     𝜕    𝑞  𝑖   𝜕    𝑝  𝑖     −        𝜕  2   𝐻     𝜕    𝑝  𝑖   𝜕    𝑞  𝑖       =    0    , 


       𝑑  𝑓     𝑑  𝑡    =  {  𝐻  ,  𝑓  } 


       𝑑    𝜌  𝑡      𝑑  𝑡    =  −  {  𝐻  ,    𝜌  𝑡   } 


     ⟨    𝑓  𝑡   |  𝜌  ⟩     =      ⟨  𝑓  |    𝜌  𝑡   ⟩     . 


   ⟨  ⋅  |  ⋅  ⟩ 


   ℋ 


   ℂ 


   ℋ  ×  ℋ  →  ℂ 


   𝜙  ∈  ℋ 


   𝜓  ↦    ⟨  𝜙  |  𝜓  ⟩  


     ⟨  𝜓  |  𝜙  ⟩     =        ⟨  𝜙  |  𝜓  ⟩   ∗  


   𝜙  ∈  ℋ 


     ⟨  𝜙  |  𝜙  ⟩   ≥  0 


   𝜙  =  0 


   𝜓  ∈  ℋ 


   𝜙  ↦    ⟨  𝜙  |  𝜓  ⟩  


     ⟨      𝜙  1   +  𝛼    𝜙  2    |  𝜓  ⟩     =      ⟨    𝜙  1   |  𝜓  ⟩   +    𝛼  ∗       ⟨    𝜙  2   |  𝜓  ⟩  


   𝛼  ∈  ℂ 


     ‖  𝜙  ‖     =        ⟨  𝜙  |  𝜙  ⟩      , 


   𝑑  (  𝜙  ,  𝜓  )    =      ‖    𝜙  −  𝜓   ‖  


          (A.1)                     |    ⟨  𝜙  |  𝜓  ⟩   |     ≤      ‖  𝜙  ‖     ‖  𝜓  ‖     ,    


       ‖    𝜙  +  𝛼  𝜓   ‖   2  


   𝛼 


   𝑑  (  𝜙  ,  𝜓  )  =    ‖    𝜙  −  𝜓   ‖  


   𝐵  ∶    ℋ  1   →    ℋ  2  


   𝑐  <  ∞ 


       ‖    𝐵  𝜓   ‖     ℋ  2      ≤    𝑐      ‖  𝜓  ‖     ℋ  1      . 


   𝐵 


   ‖  𝐵  ‖ 


     ℋ  1   →    ℋ  2  


   ℬ  (    ℋ  1   ,    ℋ  2   ) 


   ℬ  (    ℋ  1   ) 


     ℋ  1   =    ℋ  2  


   ℋ  →  ℂ 


   ℋ 


   𝜙  ↦    ⟨  𝜓  |  𝜙  ⟩  


   𝜓  ∈  ℋ 


   𝐵  ∈  ℬ  (    ℋ  1   ,    ℋ  2  


     𝐵  †   ∈  ℬ  (    ℋ  2   ,    ℋ  1   ) 


       ⟨      𝐵  †   𝜓   |  𝜙  ⟩     ℋ  1      =        ⟨  𝜓  |    𝐵  𝜙   ⟩     ℋ  2   


   𝜙  ∈    ℋ  1  


   𝜓  ∈    ℋ  2  


   𝐵  ∈  ℬ  (  ℋ  ) 


   𝐵  =    𝐵  †  


   𝐵  ∈  ℬ  (    ℋ  1   ,    ℋ  2   ) 


     𝐵  †   𝐵  =    𝐼    ℋ  1   


   𝐵    𝐵  †   =    𝐼    ℋ  2   


       ‖    𝐵  𝜙   ‖     ℋ  2   


   𝑆  ⊂  ℋ 


     ‖  𝜙  ‖   =  1 


   𝜙  ∈  𝑆 


     ⟨  𝜙  |  𝜓  ⟩   =  0 


   𝜙  ,  𝜓  ∈  𝑆 


   𝜙  ≠  𝜓 


   𝑆 


          (A.2)                     ∑    𝜙  ∈  𝑆        |    ⟨  𝜙  |  𝜓  ⟩   |   2     ≤        ‖  𝜓  ‖   2     


   𝜓 


    dim     ℋ  <  ∞ 


     𝐿  2   (    ℝ  𝑛   ) 


     ℓ  2   (  ℕ  ) 


     ℋ  𝑗  


   𝑗  =  1  ,  2 


     𝜙  1    (  𝑗  )    ,    𝜙  2    (  𝑗  )    ,  … 


   𝜓  ∈    ℋ  1  


   𝑈  𝜓    =      ∑    𝑘  =  1   ∞     ⟨    𝜙  𝑘    (  1  )    |  𝜓  ⟩       𝜙  𝑘    (  2  )      . 


   ℓ  ∶  ℋ  →  ℂ 


   ℓ  (  𝜙  )  =    ⟨  𝜓  |  𝜙  ⟩  


   ℓ 


   |  ℓ  (  𝜙  )  |  ≤    𝑐    ‖  𝜙  ‖  


   𝜙 


   𝑌  =   ker     ℓ 


   𝑌  =    ℓ    −  1    (  0  ) 


   ℓ  ≡  0 


   𝑌  =  ℋ 


   𝜓  =  0 


   ℓ  ≢  0 


   𝑌 


   1 


     𝑌  ⟂   =  {  𝑣  ∶    ⟨  𝑣  |  𝜙  ⟩   =  0    for all    𝜙  ∈  𝑌  } 


     𝜓  ˆ  


     𝑌  ⟂  


   𝜙    =      ⟨    𝜓  ˆ   |  𝜙  ⟩       𝜓  ˆ   +    𝜙  ′  


     𝜙  ′   =  𝜙  −    ⟨    𝜓  ˆ   |  𝜙  ⟩       𝜓  ˆ  


   ℓ  (  𝜙  )    =      ⟨    𝜓  ˆ   |  𝜙  ⟩     ℓ  (    𝜓  ˆ   )    =      ⟨    (  ℓ  (    𝜓  ˆ   )    )  ∗     𝜓  ˆ    |  𝜙  ⟩     . 


   𝜓  =  (  ℓ  (    𝜓  ˆ   )    )  ∗     𝜓  ˆ  


     ⟨  𝜓  |  𝜙  ⟩   =    ⟨    𝜓  ′   |  𝜙  ⟩  


   𝜙  =  𝜓  −    𝜓  ′  


       ‖    𝜓  −    𝜓  ′    ‖   2     =    0    . 


   𝑞  ∶  ℋ  →  ℝ 


   2 


   𝑞  (  𝛼  𝜓  )  =  |  𝛼    |  2   𝑞  (  𝜓  ) 


   𝑞  (  𝜓  +  𝜙  )  +  𝑞  (  𝜓  −  𝜙  )  =  2  𝑞  (  𝜙  )  +  2  𝑞  (  𝜓  ) 


   𝑞 


   𝑞  (  𝜓  )  ≤  𝑐      ‖  𝜓  ‖   2  


     𝑞  ˜   ∶  ℋ  ×  ℋ  →  ℂ 


   𝑞  (  𝜙  )  =    𝑞  ˜   (  𝜙  ,  𝜙  ) 


     𝑞  ˜  


          (A.3)                     𝑞  ˜   (  𝜙  ,  𝜓  )    =      1  4       [  𝑞  (  𝜙  +  𝜓  )  −  𝑞  (  𝜙  −  𝜓  )  +  𝑖  𝑞  (  𝜙  +  𝑖  𝜓  )  −  𝑖  𝑞  (  𝜙  −  𝑖  𝜓  )  ]     .    


     |      𝑞  ˜   (  𝜙  ,  𝜓  )   |   ≤  𝑐    ‖  𝜙  ‖     ‖  𝜓  ‖  


     𝑞  ˜   (  𝜙  ,  2  𝜓  )  =  2    𝑞  ˜   (  𝜙  ,  𝜓  ) 


     𝑞  ˜   (  𝜙  ,  𝜓  +    𝜓  ′   )  =    1  2     𝑞  ˜   (  2  𝜙  ,  𝜓  +    𝜓  ′   )  =    𝑞  ˜   (  𝜙  ,  𝜓  )  +    𝑞  ˜   (  𝜙  ,    𝜓  ′   ) 


     𝑞  ˜   (  𝜙  ,  ±  𝑖  𝜓  )  =  ±  𝑖    𝑞  ˜   (  𝜙  ,  𝜓  ) 


     𝑞  ˜   (  𝜙  ,  𝛼  𝜓  )  =  𝛼    𝑞  ˜   (  𝜙  ,  𝜓  ) 


   𝛼  ∈  𝑏  𝑏  𝐶 


     |      𝑞  ˜   (  𝜙  ,  𝜓  )   |     ≤    𝑐  (      ‖  𝜙  ‖   2   +      ‖  𝜓  ‖   2   )    . 


   𝛼  >  0 


     |      𝑞  ˜   (  𝜙  ,  𝜓  )   |     =      1  𝛼     |      𝑞  ˜   (  𝜙  ,  𝛼  𝜓  )   |     ≤      1  𝛼       ‖  𝜙  ‖   2   +  𝛼      ‖  𝜓  ‖   2     . 


       ‖  𝜙  ‖     ‖  𝜓  ‖    ≤  𝛼  ≤  2      ‖  𝜙  ‖     ‖  𝜓  ‖   


     |      𝑞  ˜   (  𝜙  ,  𝜓  )   |     ≤      3  2   𝑐    ‖  𝜙  ‖     ‖  𝜓  ‖     . 


     𝑞  ˜   (  𝜙  ,  𝛼  𝜓  )  =  𝛼    𝑞  ˜   (  𝜙  ,  𝜓  ) 


     𝑞  ˜   (  𝜙  ,  𝛼  𝜓  ) 


     𝑞  ˜   (  𝜙  ,    𝛼  𝑛   𝜓  ) 


     𝛼  𝑛  


   𝑞  (  𝜓  )  =    𝑞  ˜   (  𝜓  ,  𝜓  ) 


   𝑞  (  𝜙  ,  𝜓  )  =  𝑞  (  𝜓  ,  𝜙    )  ∗  


   𝜙  ,  𝜓  ∈  ℋ 


   𝑞  (  𝜙  ,  𝜓  +  𝛼    𝜓  ′   )  =  𝑞  (  𝜙  ,  𝜓  )  +  𝛼  𝑞  (  𝜙  ,    𝜓  ′   ) 


   𝜙  ,  𝜓  ,    𝜓  ′   ∈  ℋ 


   𝜙  ↦  𝑞  (  𝜙  ,  𝜓  ) 


   |  𝑞  (  𝜙  ,  𝜓  )  |  ≤  𝐶    ‖  𝜙  ‖     ‖  𝜓  ‖  


   𝐶  <  ∞ 


   𝑞  ∶  ℋ  →  ℂ 


   𝐴  ∈  ℬ  (  ℋ  ) 


   𝑞  (  𝜙  )  =    ⟨  𝜙  |     𝐴      |  𝜙  ⟩  


   𝐴  𝜙 


     ⟨    𝐴  𝜙   |  𝜓  ⟩     =      𝑞  ˜   (  𝜙  ,  𝜓  )    . 


     ⟨  𝜓  |    𝐴  𝜙   ⟩     =      𝑞  ˜   (  𝜓  ,  𝜙  )    . 


   𝐴 


     ‖    𝐴  𝜙   ‖     =       sup       ‖  𝜓  ‖   ≤  1        |    ⟨  𝜓  |    𝐴  𝜙   ⟩   |     =       sup       ‖  𝜓  ‖   ≤  1        𝑞  ˜   (  𝜓  ,  𝜙  )  ≤    𝑐    ‖  𝜙  ‖     , 


   𝑇  >  0 


   𝜈 


   𝐵  (  𝜈  ,  𝑇  )    =        8  𝜋    𝜈  2     𝑘  𝐵   𝑇     𝑐  2   


   𝑐 


     𝑘  𝐵   ≈  1  .   38   ×     10     −   23     J      K    −  1   


     ∫    𝜈  0   ∞     𝜈  2   𝑑  𝜈  =  ∞ 


   𝐸    =    ℎ  𝜈  , 


   ℎ 


   𝐵  (  𝜈  ,  𝑇  )    =        8  𝜋  ℎ    𝜈  3      𝑐  2      1      𝑒      ℎ  𝜈       𝑘  𝐵   𝑇     −  1      . 


   ℎ  ≈  6  .   626   ×     10     −   34     J    s 


   ℏ  =    ℎ    2  𝜋   


   ℏ 


   𝑊 


   𝑇  +  𝑊    =    ℎ  𝜈 


   ℎ  𝜈  ≤  𝑊 


   𝒑  =  ℏ  𝒌 


   𝒌 


   |  𝒌  |  =      2  𝜋   𝜆  


   2  𝜋  𝜈  =  𝑐  |  𝒌  | 


   𝒑 


   𝐸  =  ℎ  𝜈     and     𝒑  =  ℏ  𝒌    . 


   Δ  𝒑  Δ  𝒙    ∼    ℎ 


   Δ  𝒑 


   Δ  𝒙 


         ℎ       /        𝜆  


   𝑎  ,  𝑏  ,  … 


     𝜔  𝑎  


     ⟨  𝜔  |  𝑎  ⟩     =      ∫  ℝ   𝑡  𝑑    𝜔  𝑎   (  𝑡  )    . 


   𝑎 


   𝑓  ∶  ℝ  →  ℝ 


   𝑓  (  𝑎  ) 


   𝑓  (  𝑡  ) 


     𝜔    𝑓  (  𝑎  )      =      𝜔  𝑎   ∘    𝑓    −  1   


   𝑎  ↦  𝜆  𝑎 


   𝐶  (  𝑎  )    =    {  𝑓  (  𝑎  )    ∶  𝑓  ∈  𝐶  (  ℝ  )    } 


   𝐶  (  𝑎  ) 


   𝑎  +  𝑏 


     𝜔    𝑎  ,  𝑏   


     ℝ  2  


     𝜔    𝑎  +  𝑏    (  𝐸  )    =      𝜔    𝑎  ,  𝑏    (  {  (  𝑠  ,  𝑡  )    ∶    𝑠  +  𝑡  ∈  𝐸  }  )    . 


   (  𝑎  ,  𝜔  )  ↦    ⟨  𝑎  |  𝜔  ⟩  


     ⟨  𝑎  |  𝜔  ⟩   =    ⟨  𝑏  |  𝜔  ⟩  


   𝑏 


     ⟨  𝑎  |  𝜔  ⟩   =    ⟨  𝑎  |    𝜔  ′   ⟩  


     𝜔  ′  


     ⟨    𝑎  +  𝑏   |  𝜔  ⟩     =      ⟨  𝑎  |  𝜔  ⟩   +    ⟨  𝑏  |  𝜔  ⟩     . 


   𝑎  ∘  𝑏  =      (  𝑎  +  𝑏    )  2   −  (  𝑎  −  𝑏    )  2    4     . 


   𝑎  ∘  𝑏 


   𝑎  𝑏  =  𝑏  𝑎 


     𝜔    𝑎  𝑏    (  𝐸  )    =      𝜔    (  𝑎  ,  𝑏  )    (  {  (  𝑠  ,  𝑡  )    ∶    𝑠  𝑡  ∈  𝐸  }  )    . 


   ∘ 


     𝔄  𝑛  


     𝔄  𝑛     =      {  𝑎  ∈    ℂ    𝑛  ×  𝑛      |    𝑎  =    𝑎  †   }  


   𝑛  ×  𝑛 


     𝑀  †  


     𝑎    𝑖  ,  𝑗   †     =      𝑎    𝑗  ,  𝑖   ∗  


     𝑧  ∗  


   𝑧 


   𝑎  ∘  𝑏    =      1  2   (  𝑎  𝑏  +  𝑏  𝑎  )  . 


   𝑎  ∈    𝔄  𝑛  


     𝑎  2   ∈    𝔄  𝑛  


   𝑝  (  𝑎  )  ∈    𝔄  𝑛  


     ⟨  𝑎  |  𝑏  ⟩     ∶  =     tr     𝑎  𝑏    , 


    tr  


     ⟨  𝑎  |  𝑏  ⟩     ∶  =      ∑    𝑖  ,  𝑗      𝑎    𝑖  ,  𝑗      𝑏    𝑗  ,  𝑖      . 


   (  𝑎  ,  𝑏  )  ↦    ⟨  𝑎  |  𝑏  ⟩  


   𝑏  ∈    𝔄  𝑛  


   𝑎      ↦  𝜔      tr     𝑎  𝑏 


   𝑎  ↦    ⟨  𝑎  |  𝜔  ⟩     . 


     𝜌  𝜔   ∈    𝔄  𝑛  


     ⟨  𝑎  |  𝜔  ⟩     =     tr     𝑎    𝜌  𝜔     . 


     ⟨  𝐼  |  𝜔  ⟩   =  1 


     ⟨    𝑎  2   |  𝜔  ⟩   ≥  0 


    tr       𝜌  𝜔     =    1  , 


   𝑎  =  𝜓    𝜓  †  


   𝜓  ∈    ℂ  𝑛  


     𝜓  †     𝜌  𝜔   𝜓    ≥    0 


     𝜌  𝜔  


   𝑎  ↦   tr     𝑎  𝜌 


     𝔄  𝑛    +  ,  1   


   𝑎  ↦    𝑎    𝑖  ,  𝑗   


   𝜓    𝜓  †  


   |  𝜓  |  =  1 


   𝜌  ∈    𝔄  𝑛    +  ,  1   


   𝜌    =      ∑    𝑗  =  1   𝑚     𝜆  𝑗     𝜓  𝑗     𝜓  𝑗  †  


     𝜆  1   ,  …  ,    𝜆  𝑚  


     𝜓  1   ,  …  ,    𝜓  𝑚  


     𝜆  𝑗   >  0 


    tr     𝜌  =  1 


     ∑    𝑗  =  1   𝑚     𝜆  𝑗   =  1 


   𝑚  ≥  2 


   𝜌  =  𝜓    𝜓  †  


   𝜌  =  𝑡    𝜌  1   +  (  1  −  𝑡  )  𝜌  ) 


   𝜙  ⟂  𝜓 


     𝜌  1  


     𝜌  2  


   𝜌  𝜙  =  0 


     𝜌  1   𝜙  =    𝜌  2   𝜙  =  0 


    span     𝜓 


     𝜌  1   =    𝜌  2   =  𝜌 


     ℂ  𝑛  


      CP     𝑛  −  1   


     ℂ  𝑛   ∖  {  0  } 


     𝔄  𝑛    +  ,  1      =      {  𝜌  ∈    𝔄  𝑛     |     tr     𝜌  =  1      and    𝜌  ≥  0  }     , 


     ⟨  𝑎  |  𝜌  ⟩     =     tr     𝑎  𝜌    . 


   [  𝑎  ,  𝑏  ]  =  𝑎  𝑏  −  𝑏  𝑎 


   [  𝑎  ,  𝑏  ]  =  −  [  𝑏  ,  𝑎  ] 


   [  𝑎  +  𝜆  𝑏  ,  𝑐  ]  =  [  𝑎  ,  𝑏  ]  +  𝜆  [  𝑎  ,  𝑐  ] 


   [  𝑎  ,  𝑏  ∘  𝑐  ]  =  [  𝑎  ,  𝑏  ]  ∘  𝑐  +  𝑏  ∘  [  𝑎  ,  𝑐  ] 


   [  𝑎  ,  [  𝑏  ,  𝑐  ]  ]  +  [  𝑏  ,  [  𝑐  ,  𝑎  ]  ]  +  [  𝑐  ,  [  𝑎  ,  𝑏  ]  ]  =  0 


   [  𝑎  ,  𝑏  𝑐  ]  =  𝑎  𝑏  𝑐  −  𝑏  𝑐  𝑎  =  (  𝑎  𝑏  −  𝑏  𝑎  )  𝑐  +  𝑏  (  𝑎  𝑐  −  𝑐  𝑎  )  =  [  𝑎  ,  𝑏  ]  𝑐  +  𝑏  [  𝑎  ,  𝑐  ] 


   [  𝑎  ,  𝑏  ] 


   (  [  𝑎  ,  𝑏  ]    )  †     =    (  𝑎  𝑏  −  𝑏  𝑎    )  †     =      𝑏  †     𝑎  †   −    𝑎  †     𝑏  †     =    𝑏  𝑎  −  𝑎  𝑏  =  −  [  𝑎  ,  𝑏  ] 


   𝑎  ,  𝑏  ∈    𝔄  𝑛  


   𝑖  [  𝑎  ,  𝑏  ] 


   {  𝑎  ,  𝑏  }  =  𝑖  [  𝑎  ,  𝑏  ] 


     𝑑    𝑑  𝑡      𝑎  𝑡     =    {  𝐻  ,    𝑎  𝑡   } 


     𝑑    𝑑  𝑡      𝑎  𝑡   =  𝑖  [  𝐻  ,    𝑎  𝑡   ] 


      units of     𝑎     time   


    units of     𝑎    ×   energy  


     𝑑    𝑑  𝑡      𝑎  𝑡   =    𝑖  𝑐   [  𝐻  ,    𝑎  𝑡   ] 


    energy   ×   time  


   𝑐  =  ℏ 


   {  𝑎  ,  𝑏  }    =      𝑖  ℏ   [  𝑎  ,  𝑏  ]    . 


     𝔄  𝑛   = 


     𝔄  𝑛    +  ,  1    = 


   {  𝑎  ,  𝑏    }  ℏ     =      𝑖  ℏ   [  𝑎  ,  𝑏  ] 


   𝒛  ,  𝒘  ∈    ℂ  𝑛  


          (3.1)                     ⟨  𝒛  |  𝒘  ⟩     =      𝒛  †   𝒘    =      ∑    𝑗  =  1   𝑛     𝑧  𝑗  ∗     𝑤  𝑗     .    


   𝐴  ∈    𝔄  𝑛  


     ⟨  𝒛  |    𝐴  𝒘   ⟩     =      ⟨    𝐴  𝒛   |  𝒘  ⟩     . 


     𝒛  1   ,  …  ,    𝒛  𝑚  


     ⟨    𝒛  𝑖   |    𝒛  𝑗   ⟩     =      𝛿    𝑖  ,  𝑗   


   𝑗  =  1  ,  …  ,  𝑚 


   𝑚  =  𝑛 


   𝑈 


     𝑈  †   𝑈  =  𝑈    𝑈  †   =  𝐼 


     𝒛  1   ,  …  ,    𝒛  𝑛  


          (3.2)                   𝑈    =      [    𝒛  1   ,  …  ,    𝒛  𝑛   ]     


     𝜆  1   ,  …  ,    𝜆  𝑛   ∈  ℝ 


   𝝀  =  (    𝜆  1   ,  …  ,    𝜆  𝑛   ) 


          (3.3)                   𝐴    =    𝑈     diag   (  𝝀  )    𝑈  †     .    


    diag   (  𝝀  ) 


   𝝀 


   𝐴  𝑈  =  𝑈     diag   (  𝝀  ) 


   𝐴    𝒛  𝑗   =    𝜆  𝑗     𝒛  𝑗  


   𝑗  =  1  ,  …  ,  𝑛 


     𝜆  𝑗     =      ⟨    𝒛  𝑗   |    𝐴    𝒛  𝑗    ⟩     =      ⟨    𝐴    𝒛  𝑗    |    𝒛  𝑗   ⟩     =      ⟨    𝜆    𝒛  𝑗    |    𝑧  𝑗   ⟩     =      𝜆  𝑗  ∗     . 


    det       (    𝐴  −  𝜆   )  


     𝜆  1   ∈  ℂ 


     𝜆  1  


     𝒛  1  


     ℋ  1     =    {    𝒛  1     }  ⟂     =    {  𝒛  ∈    ℂ  𝑛     ∶      ⟨    𝒛  1   |  𝒛  ⟩     =    0  }    . 


   𝒛  ∈    ℋ  1  


     ⟨    𝒛  1   |    𝐴  𝒛   ⟩     =      ⟨    𝐴    𝒛  1    |  𝒛  ⟩     =      𝜆  1       ⟨    𝒛  1   |  𝒛  ⟩     =    0    . 


     ℋ  1  


   𝑛  −  1 


   (  𝑛  −  1  )  ×  (  𝑛  −  1  ) 


     𝒛  𝑗   ∈  {    𝒛  1   ,  …  ,    𝒛    𝑗  −  1      }  ⟂  


   𝑗  =  2  ,  …  ,  𝑛 


   {    𝒛  1   ,  …  ,    𝒛    𝑗  −  1      }  ⟂   =  {  0  } 


   {    𝜆  1   ,  …  ,    𝜆  𝑛   } 


   𝜎  (  𝐴  ) 


   𝑓  (  𝐴  ) 


   𝑓  ∶  𝜎  (  𝐴  )  →  ℂ 


   𝑓  (  𝐴  )    ∶  =    𝑈     diag   (  𝑓  (  𝝀  )  )    𝑈  †  


   𝑓  (  𝝀  )  =  (  𝑓  (    𝜆  1   )  ,  …  ,  𝑓  (    𝜆  𝑛   )  ) 


   𝐶  (  𝜎  (  𝐴  )  ) 


   (  𝛼  𝑓  )  (  𝐴  )    =    𝛼  (  𝑓  (  𝐴  )  ) 


   𝑓  ∈  𝐶  (  𝜎  (  𝐴  )  ) 


   (  𝑓  +  𝑔  )  (  𝐴  )    =    𝑓  (  𝐴  )  +  𝑔  (  𝐴  ) 


   𝑓  ,  𝑔  ∈  𝐶  (  𝜎  (  𝐴  )  ) 


   (  𝑓  𝑔  )  (  𝑎  )    =    𝑓  (  𝐴  )  𝑔  (  𝐴  ) 


   𝑓  ,  𝑔  ∈  𝐶  (  𝜎  (  𝐴  )  ) 


    diag   (  𝑓  𝑔  (  𝝀  )  )    =     diag   (  𝑓  (  𝝀  )  )   diag   (  𝑔  (  𝝀  )  )    =     diag   (  𝑓  (  𝝀  )  )  𝑈    𝑈  †      diag   (  𝑔  (  𝝀  )  )    , 


   𝐶  (  𝐴  )    ∶  =    {  𝑓  (  𝐴  )    ∶    𝑓  ∈  𝐶  (  𝜎  (  𝐴  )  )  } 


     ℂ    𝑛  ×  𝑛   


   𝐶  (  𝐴  ) 


   𝑓  (  𝐴    )  †   =    𝑓  ∗   (  𝐴  ) 


   𝑓  (  𝑥  )  ≡  𝑐 


   𝑓  (  𝐴  )  =  𝑐  𝐼 


   𝑓  (  𝑥  )  =  𝑥 


   𝑓  (  𝐴  )  =  𝐴 


   𝐴  ↦  𝑓  (  𝐴  ) 


   𝑓  (  𝑥  )    𝑐  0   +    𝑐  1   𝑥  +  ⋯  +    𝑐  𝑘     𝑥  𝑘  


   𝑓  (  𝐴  )    =      𝑐  0   +    𝑐  1   𝐴  +  ⋯  +    𝑐  𝑘     𝐴  𝑘     . 


   {    𝜆  0   }  ∪  𝜎  (  𝐴  ) 


   𝑓  (  𝐴  )    =      ∑    𝑘  =  0   ∞     𝑐  𝑘   (  𝐴  −    𝜆  0   𝐼    )  𝑘  


   𝑓  (  𝑧  )    =      ∑    𝑘  =  0   ∞     𝑐  𝑘   (  𝑧  −    𝜆  0     )  𝑘  


     𝜆  0  


          (3.4)                     𝑑    𝑑  𝑡      𝑎  𝑡     =      𝑖  ℏ   [  𝐻  ,    𝑎  𝑡   ]    .    


    tr       𝑎  𝑡   𝜌 


          (3.5)                     𝑑    𝑑  𝑡      𝜌  𝑡     =    −    𝑖  ℏ   [  𝐻  ,    𝜌  𝑡   ]    .    


     𝜌  𝑡  


    tr     𝑎    𝜌  𝑡  


     𝑎  0   =  𝑎 


     𝑎  𝑡     =      𝑈  𝑡  †   𝑎    𝑈  𝑡     ,      𝑈  𝑡     =      e    −      𝑖  𝑡   ℏ   𝐻      , 


     e    −      𝑖  𝑡   ℏ   𝐻      =    𝐼  +    ∑    𝑛  =  1   ∞     1    𝑛  !          (      −  𝑖  𝑡  𝐻   ℏ   )   𝑛     , 


     𝑈  𝑡  †     𝑈  𝑡   =  𝐼 


     𝜌  0   =  𝜌 


     𝜌  𝑡     =      𝑈  𝑡   𝜌    𝑈  𝑡  †     . 


    tr       𝑎  𝑡   𝜌    =     tr       𝑈  𝑡  †   𝑎    𝑈  𝑡   𝜌    =     tr     𝑎    𝑈  𝑡   𝜌    𝑈  𝑡  †     =     tr     𝑎    𝜌  𝑡  


   𝜌  =  𝜓    𝜓  †  


     𝜌  𝑡     =      𝜓  𝑡     𝜓  𝑡  †   ,      𝜓  𝑡   =    𝑈  𝑡   𝜓    . 


          (3.6)                     𝑑    𝑑  𝑡      𝜓  𝑡     =    −    𝑖  ℏ   𝐻    𝜓  𝑡     .    


          (3.7)                     Δ  𝜔   (  𝑎  )    =          ⟨    𝑎  2   |  𝜔  ⟩   −      ⟨  𝑎  |  𝜔  ⟩   2       .    


          (3.8)                     Δ  𝜔   (  𝑎  )    =        ⟨    (  𝑎  −    ⟨  𝑎  |  𝜔  ⟩     𝐼    )  2    |  𝜔  ⟩      .    


   Δ  (  𝑎  ) 


   𝜔  =  𝜓    𝜓  †  


     Δ  𝜔  2   (  𝑎  )    =      𝜓  †     𝑎  2   𝜓  −  (    𝜓  †   𝑎  𝜓    𝜓  †   𝑎  𝜓  )    =      𝜓  †   𝑎  (  𝐼  −  𝜓    𝜓  †   )  𝑎  𝜓    . 


     Δ  𝜔   (  𝑎  )    =          𝜓  †   𝑎    𝑃  𝜓  ⟂   𝑎  𝜓   


     𝑃  𝜓  ⟂  


          (3.9)                     Δ  𝜌   (  𝑎  )    Δ  𝜌   (  𝑏  )    ≥      1  2   |    ⟨    [  𝑎  ,  𝑏  ]   |  𝜌  ⟩   |    .    


   𝐴  ,  𝐵  ∈    ℂ    𝑛  ×  𝑛   


   |   tr       𝐴  †   𝐵    |  2     ≤     tr       𝐴  †   𝐴     tr       𝐵  †   𝐵    . 


     ⟨  𝐴  ,    𝐵  ⟩   =   tr       𝐴  †   𝐵 


     𝑎  ′   =  𝑎  −    ⟨  𝑎  |  𝜌  ⟩     𝐼 


     𝑏  ′   =  𝑏  −    ⟨  𝑏  |  𝜌  ⟩     𝐼 


     Δ  𝜌  2   (  𝑎  )    =      ⟨    𝑎    ′  2    |  𝜌  ⟩  


     Δ  𝜌  2   (  𝑏  )    =      ⟨    𝑏    ′  2    |  𝜌  ⟩  


   [  𝑎  ,  𝑏  ]    =    [    𝑎  ′   ,    𝑏  ′   ] 


          (3.10)                   |    ⟨    [  𝑎  ,  𝑏  ]   |  𝜌  ⟩   |    ≤    2        ⟨    𝑎  2   |  𝜌  ⟩       ⟨    𝑏  2   |  𝜌  ⟩       .    


   𝑎  ↦    𝑎  ′  


   𝑏  ↦    𝑏  ′  


     ⟨    [  𝑎  ,  𝑏  ]   |  𝜌  ⟩     =     tr     𝑎  𝑏  𝜌  −   tr     𝑏  𝑎  𝜌  . 


   |   tr     𝑎  𝑏  𝜌  |    =    |   tr       𝜌   𝑎  𝑏    𝜌   |    ≤         tr       𝜌     𝑎  2     𝜌      tr       𝜌     𝑏  2     𝜌       =          ⟨    𝑎  2   |  𝜌  ⟩       ⟨    𝑏  2   |  𝜌  ⟩    


   |   tr     𝑏  𝑎  𝜌  |    ≤          ⟨    𝑎  2   |  𝜌  ⟩       ⟨    𝑏  2   |  𝜌  ⟩       . 


   𝔄 


   𝑛  =  2 


     1  2  


     𝔄  2  


     𝜎  0   =  𝐼  =    [              1     0        0     1          ]  


          (4.1)                     𝜎  1   =    [              0     1        1     0          ]     ,      𝜎  2   =    [              0     −  𝑖        𝑖     0          ]     ,     and       𝜎  3   =    [              1     0        0     −  1          ]     .    


   𝐻    =    𝑈      (  𝛼  𝐼  +  𝛽    𝜎  3   )       𝑈  †     =    𝛼  𝐼  +  𝛽  𝑈    𝜎  3     𝑈  †     . 


   𝛽  =  0 


   𝐻  =  𝛼  𝐼 


   𝛽  ≠  0 


   𝛼  =  0 


   𝑈  =  𝐼 


   𝛽  =  1 


     ℂ  2  


   𝛽  =  1 


     𝔄  2  


   𝐻  =    𝜎  3  


   ℏ  =  1 


     𝑈  𝑡     =      e    −  𝑖  𝑡    𝜎  3       =      [                e    −  𝑖  𝑡       0        0       e    𝑖  𝑡            ]     . 


   𝐼 


     𝜎  3  


     𝜎  1  


     𝜎  2  


          (4.2)                     𝜎  1   (  𝑡  )    =      [              0       e    2  𝑖  𝑡            e    −  2  𝑖  𝑡       0          ]        and       𝜎  2   (  𝑡  )    =      [              0     −  𝑖    e    2  𝑖  𝑡          𝑖    e    −  2  𝑖  𝑡       0          ]     .    


   𝑎  =    [          𝛼          𝛾  ∗            𝛾        𝛽      ]  


     𝑎  𝑡     =      [              𝛼       𝛾  ∗     e    2  𝑖  𝑡          𝛾    e    −  2  𝑖  𝑡       𝛽          ]     . 


     𝜎  𝑗   =    𝑈  𝑡  †     𝜎  𝑗     𝑈  𝑡  


   [    𝜎  3   ,    𝜎  1   ]    =      [              0     2        −  2     0          ]     =    −  2  𝑖    𝜎  2      and     [    𝜎  3   ,    𝜎  2   ]    =      [              0     −  2  𝑖        −  2  𝑖     0          ]     =    −  2  𝑖    𝜎  1     . 


       𝜎  .   1   (  𝑡  )    =    2    𝜎  2   (  𝑡  )     and         𝜎  .   2   (  𝑡  )    =    −  2    𝜎  1   (  𝑡  )    . 


   1  /  2 


   2  ×  2 


          (4.3)                   𝜌    =      [              𝛼       𝛾  ∗         𝛾     𝛽          ]     


   𝛼  ,  𝛽  ≥  0 


   𝛼  +  𝛽  =  1 


    det     𝜌  =  𝛼  𝛽  −  |  𝛾    |  2   ≥  0 


    det     𝜌  =  𝛼  𝛽  −  |  𝛾    |  2   =  0 


          (4.4)                   𝜌    =        1  2        [  𝐼  +  𝒗  ⋅  𝝈  ]     =        1  2        [  𝐼  +    𝑣  1     𝜎  1   +    𝑣  2     𝜎  2   +    𝑣  3     𝜎  3   ]     ,    


   |  𝒗    |  2   ≤  1 


   |  𝒗  |  =  1 


     𝑣  1   =  2  ℜ  (  𝛾  ) 


     𝑣  2   =  2  ℑ  (  𝛾  ) 


     𝑣  3   =  𝛼  −  𝛽 


   𝜌    =        1  2        [  𝐼  +    𝑣  1     𝜎  1   +    𝑣  2     𝜎  2   +    𝑣  3     𝜎  3   ]     , 


     𝑣  1  2   +    𝑣  2  2   +    𝑣  3  2     =    4  |  𝛾    |  2   +    𝛼  2   −  2  𝛼  𝛽  +    𝛽  2     ≤    (  𝛼  +  𝛽    )  2     =    1    . 


   𝛼  𝛽  −  |  𝛾    |  2   =  0 


   |  𝒗    |  2   =  1 


   𝜌  (  𝑡  )    =      𝑈  𝑡   𝜌    𝑈  𝑡  †     =      [              𝛼       𝛾  ∗     e    −  2  𝑖  𝑡          𝛾    e    2  𝑖  𝑡       𝛽          ]     . 


   𝒗  (  𝑡  )  =  (    𝑣  1   (  𝑡  )  ,    𝑣  2   (  𝑡  )  ,    𝑣  3   (  𝑡  )  ) 


   𝒗  (  𝑡  )    =    𝒗  (  0  )    [               cos       (  2  𝑡  )       sin       (  2  𝑡  )      0        −   sin       (  2  𝑡  )       cos       (  2  𝑡  )      0        0     0     1          ]     . 


   𝒗  (  𝑡  ) 


     𝑥  3  


     1  2   [  𝐼  +  𝛼    𝜎  3   ] 


   𝜋 


     𝜌  𝒗   =    1  2       [  𝐼  +  𝒗  ⋅  𝝈  ]  


     𝜎  1  2   =  𝐼  ,      𝜎  1     𝜎  2     =    𝑖    𝜎  3   ,     and       𝜎  1     𝜎  3     =    −  𝑖    𝜎  2     , 


     Δ  𝒗  2   (    𝜎  1   )    =     tr       𝜎  1  2     𝜌  𝒗   −      (   tr       𝜎  1     𝜌  𝒗   )   2     =    1  −    𝑣  1  2   . 


   𝑗  =  2  ,  3 


          (4.5)                     Δ  𝒗   (    𝜎  𝑗   )    =        1  −    𝑣  𝑗  2       


   𝑗  =  1  ,  2  ,  3 


     Δ  𝒗   (    𝜎  𝑗   ) 


     Δ  𝒗   (    𝜎  1   )  =  0 


     𝑣  1   =  ±  1 


     Δ  𝒗   (    𝜎  2   )  =    Δ  𝒗   (    𝜎  3   )  =  1 


     𝜎  𝑗  


          (4.6)                   [    𝜎  𝑖   ,    𝜎  𝑗   ]    =    2  i    𝜀    𝑖  𝑗  𝑘      𝜎  𝑘     


     𝜀    𝑖  𝑗  𝑘   


     𝜀    𝑖  𝑗  𝑘    =  0 


     𝜀   123    =    𝜀   231    =    𝜀   312    =  −    𝜀   213    =  −    𝜀   132    =  −    𝜀   321    =  1   


     𝜀    𝜏  (   123   )    =   sign   (  𝜏  ) 


   𝜏  ∈    𝑆  3  


     Δ  𝒗   (    𝜎  1   )    Δ  𝒗   (    𝜎  2   )    ≥      |     tr       𝜎  3     𝜌  𝒗    |     . 


       (  1  −    𝑣  1  2   )  (  1  −    𝑣  2  2   )      ≥    |    𝑣  3   |    . 


   |    𝑣  3   |  ≤      1  −    𝑣  1  2   −    𝑣  2  2     ≤      1  −    𝑣  1  2   −    𝑣  2  2   +    𝑣  1  2     𝑣  2  2       , 


   |    𝑣  3   |  =  1 


     𝑣  3   =  ±  1 


     𝔄  𝑛  


     𝔄  ∞  


   𝐴  ∈    𝔄  ∞  


   𝐴  ∶  ℋ  →  ℋ 


   𝑐  <  ∞ 


     ‖    𝐴  𝜓   ‖   ≤  𝑐    ‖  𝜓  ‖  


   ‖  𝐴  ‖ 


     ⟨  𝜙  |    𝐴  𝜓   ⟩   =    ⟨    𝐴  𝜙   |  𝜓  ⟩  


   𝜙  ,  𝜓 


   𝐴  ∘  𝐵    =        1  2    (  𝐴  𝐵  +  𝐵  𝐴  ) 


   {  𝐴  ,  𝐵  }    =      𝑖  ℏ   [  𝐴  ,  𝐵  ]    . 


   𝑃 


     𝔄  ∞  


     𝑃  2   =  𝑃 


   𝑃  ↦   ran     𝑃 


   𝒫  (  ℋ  ) 


     𝑃  1   ≤    𝑃  2      if        ran       𝑃  1   ⊂   ran       𝑃  1     ; 


     𝑃  1     𝑃  2   =    𝑃  2     𝑃  1   =    𝑃  1  


   𝐴  ∈    𝔄  ∞  


     𝑃  𝐴   ∶  ℝ  →  𝒫  (  ℋ  ) 


   𝜆  ↦    𝑃  𝐴   (  𝜆  ) 


   𝜆  ≤  𝜇 


     𝑃  𝐴   (  𝜆  )  ≤    𝑃  𝐴   (  𝜇  ) 


     𝑃  𝐴   (  𝜆  )  =  0 


   𝜆  <  −    ‖  𝐴  ‖  


     𝑃  𝐴   (  𝜆  )  =  1 


   𝜆  ≥    ‖  𝐴  ‖  


     𝑃  𝐴   (  𝜆  ) 


   [  𝐵  ,  𝐴  ]  =  0 


   𝐴  =    ∫  ℝ   𝜆  𝑑    𝑃  𝐴   (  𝜆  ) 


          (4.7)                     ⟨  𝜙  |     𝐴      |  𝜓  ⟩     =      ∫  ℝ   𝜆  𝑑      ⟨  𝜙  |       𝑃  𝐴   (  𝜆  )    |  𝜓  ⟩     


   𝜆      ↦  𝐹     ℬ  (  ℋ  ) 


      lim     𝜇  ↓  𝜆      𝐹  (  𝜇  )  𝜙    =    𝐹  (  𝜆  )  𝜙 


   𝜆  ∈  ℝ 


   ‖    𝐹  (  𝜆  )  −  𝐹  (  𝜇  )   ‖ 


   𝜙  =  𝜓 


     ⟨  𝜙  |       𝑃  𝐴   (  𝜆  )    |  𝜙  ⟩  


          (4.8)                           ⟨  𝜙  |       𝑃  𝐴   (  𝜆  )    |  𝜓  ⟩     =        1  4    [    ⟨    𝜙  +  𝜓   |       𝑃  𝐴   (  𝜆  )    |    𝜙  +  𝜓   ⟩   −    ⟨    𝜙  −  𝜓   |       𝑃  𝐴   (  𝜆  )    |    𝜙  −  𝜓   ⟩         −  𝑖      ⟨    𝜙  +  𝑖  𝜓   |       𝑃  𝐴   (  𝜆  )    |    𝜙  +  𝑖  𝜓   ⟩   +  𝑖      ⟨    𝜙  +  𝜓   |       𝑃  𝐴   (  𝜆  )    |    𝜙  +  𝜓   ⟩   ]       


     ⟨  𝜙  |       𝑃  𝐴   (  𝜆  )    |  𝜓  ⟩  


   𝑑      ⟨  𝜙  |       𝑃  𝐴   (  𝜆  )    |  𝜓  ⟩  


     ⟨  𝜙  |     𝐴      |  𝜓  ⟩  


     ⟨  𝜙  |    𝐴  𝜓   ⟩     =      ⟨      𝐴  †   𝜙   |  𝜓  ⟩  


   𝐴  ∈    𝔄  𝑛  


     𝜓  1   ,  …  ,    𝜓  𝑛  


     𝜆  1   ≤  ⋯  ≤    𝜆  𝑛  


   |    ⟨  𝜓  |     𝐴      |  𝜓  ⟩   |    ≤      ‖  𝜓  ‖     ‖    𝐴  𝜓   ‖     ≤      ‖  𝐴  ‖       ‖  𝜓  ‖   2  


   |    𝜆  𝑗   |  ≤    ‖  𝐴  ‖  


   𝑗 


     𝜆  𝑗   =    ⟨    𝜓  𝑗   |     𝐴      |    𝜓  𝑗   ⟩  


   𝑃  (  𝜆  )    =      ∑    𝑗  ∶    𝜆  𝑗   ≤  𝜆      |    𝜓  𝑗   ⟩       ⟨    𝜓  𝑗   |     , 


     |    𝜓  𝑗   ⟩       ⟨    𝜓  𝑗   |  


     𝜓  𝑗  


   𝑃  (  𝜆  ) 


   𝑃  (  𝜆  )  =  0 


   𝜆  <    𝜆  1  


   𝑃  (  𝜆  )  =  𝐼 


   𝜆  ≥    𝜆  𝑛  


     𝜆  𝑗  


   𝑃  (  𝜆  )  =  𝑃  (    𝜆  𝑗   )    ,      for       𝜆  𝑗   ≤  𝜆  <    𝜆    𝑗  +  1      . 


   𝑑  𝑃  (  𝜆  )    =      ∑    𝑗  =  1   𝑛     |    𝜓  𝑗   ⟩       ⟨    𝜓  𝑗   |     𝛿  (  𝜆  −    𝜆  𝑗   )  𝑑  𝜆    , 


   𝛿  (  𝜆  −    𝜆  𝑗   )  𝑑  𝜆 


     ∫  ℝ   𝜆  𝑑  𝑃  (  𝜆  )    =      ∑    𝑗  =  1   𝑛     𝜆  𝑗       |    𝜓  𝑗   ⟩       ⟨    𝜓  𝑗   |     =    𝐴    . 


     ⟨  𝐴  |  𝜔  ⟩   =    ⟨  𝜓  |     𝐴      |  𝜓  ⟩  


   𝐴  ↦   tr     𝐴      |  𝜓  ⟩       ⟨  𝜓  |  


   ℬ  (  ℋ  ) 


          (5.1)                     ‖  𝐵  ‖     =       sup     𝜓  ≠  0          ‖    𝐵  𝜓   ‖     ‖  𝜓  ‖      .    


     𝐵  1   =  {  𝜓  ∈  ℋ    ∶      ‖  𝜓  ‖   ≤  1  } 


   (    𝜓  𝑗     )    𝑗  =  1   ∞  


   ‖    𝜓  𝑗   −    𝜓  𝑘   ‖  =    2  


   𝑗  ≠  𝑘 


   𝐴  ∶  ℋ  →  ℋ 


   𝐴  (    𝐵  1   ) 


   (  𝐴    𝜓  𝑗     )    𝑗  =  1   ∞  


   (    𝐹  𝑛     )    𝑛  =  1   ∞  


      lim     𝑛  →  ∞        ‖    𝐴  −    𝐹  𝑛    ‖   =  0 


   𝐴  ,  𝑀  ∈  ℬ  (  ℋ  ) 


   𝐴  𝑀 


   𝑀  𝐴 


   𝐾  ⊂  ℋ 


   𝑀  (  𝐾  ) 


   𝐴  𝐵 


   𝐴  (    𝐵  𝑟   (  0  )  ) 


     𝐵  𝑟   (  0  )  =  {  𝜓    ∶      ‖  𝜓  ‖   ≤  𝑟  } 


   𝐴  𝑀  (    𝐵  1   (  0  )  ) 


     𝐵    ‖  𝑀  ‖    (  0  ) 


     ⟨  𝜓  |    𝐴  𝜓   ⟩   ≥  0 


   𝐴  ≥  0 


   𝐴  ≥  𝐵 


   𝐴  −  𝐵  ≥  0 


     ⟨  𝜓  |    𝐴  𝜓   ⟩   ∈  ℝ 


          (5.2)                           ⟨  𝜓  |  𝜙  ⟩     =        1  4    [    ⟨    𝜓  +  𝜙   |    𝜓  +  𝜙   ⟩   −    ⟨    𝜓  −  𝜙   |    𝜓  −  𝜙   ⟩         +  𝑖      ⟨    𝜓  −  𝑖  𝜙   |    𝜓  −  𝑖  𝜙   ⟩   −  𝑖      ⟨    𝜓  +  𝑖  𝜙   |    𝜓  +  𝑖  𝜙   ⟩   ]    ,       


     𝐴  †  


     ⟨  𝜓  |      𝐴  †   𝜙   ⟩   =    ⟨    𝐴  𝜓   |  𝜙  ⟩   =  (    ⟨  𝜙  |    𝐴  𝜓   ⟩     )  ∗  


   ⟨  𝜙  |    𝐴  𝜓   ⟩ 


               ⟨  𝜓  |      𝐴  †   𝜙   ⟩     =    (    ⟨  𝜙  |    𝐴  𝜓   ⟩     )  ∗     =        1  4    [    ⟨    𝜙  +  𝜓   |    𝐴  (  𝜙  +  𝜓  )   ⟩   −    ⟨    𝜙  −  𝜓   |    𝐴  (  𝜙  −  𝜓  )   ⟩         −  𝑖      ⟨    𝜙  −  𝑖  𝜓   |    𝐴  (  𝜙  −  𝑖  𝜓  )   ⟩   +  𝑖      ⟨    𝜙  +  𝑖  𝜓   |    𝐴  (  𝜙  +  𝑖  𝜓  )   ⟩   ]    ,      


   −  1 


   −  𝑖 


   𝑖 


               ⟨  𝜓  |      𝐴  †   𝜙   ⟩     =        1  4    [    ⟨    𝜓  +  𝜙   |    𝐴  (  𝜓  +  𝜙  )   ⟩   −    ⟨    𝜓  −  𝜙   |    𝐴  (  𝜓  −  𝜙  )   ⟩         −  𝑖      ⟨    𝜓  +  𝑖  𝜙   |    𝐴  (  𝜓  +  𝑖  𝜙  )   ⟩   +  𝑖      ⟨    𝜓  −  𝑖  𝜙   |    𝐴  (  𝜓  −  𝑖  𝜙  )   ⟩   ]    ,      


   ⟨  𝜓  |    𝐴  𝜙   ⟩ 


   𝐵  ≥  0 


     𝐵  2   =  𝐴 


          (5.3)                   𝐵    =      ∫  ℝ     𝜆   𝑑    𝑃  𝐴   (  𝜆  )    ,    


     ⟨  𝜓  |    𝐵  𝜙   ⟩     =      ∫  ℝ     𝜆   𝑑      ⟨  𝜓  |      𝑃  𝐵   (  𝜆  )  𝜓   ⟩     . 


     𝜆  


     𝐴  †   𝐴  ≥  0 


     ⟨  𝜓  |      𝐴  †   𝐴  𝜓   ⟩   =      ‖    𝐴  𝜓   ‖   2  


          (5.4)                   |  𝐴  |    =          𝐴  †   𝐴      ,    


         𝐴  †   𝐴   


   𝐴  =  𝑈  |  𝐴  | 


   (   ker     𝑈    )  ⟂  


    ran     𝑈 


     𝑈  ∗   𝑈 


   𝑈    𝑈  ∗  


    ker     𝑈  =  {  0  } 


    ran     𝑈  =  ℋ 


   𝑈  ∶   ran   |  𝐴  |  →   ran     𝐴 


   𝜓  ∈   ran   |  𝐴  | 


   𝜓  =  |  𝐴  |  𝜙 


   𝑈  𝜓  =  𝐴  𝜙 


       ‖    𝑈  𝜓   ‖   2     =        ‖    𝐴  𝜙   ‖   2     =      ⟨  𝜙  |      𝐴  †   𝐴  𝜙   ⟩     =      ⟨    |  𝐴  |  𝜙   |    |  𝐴  |  𝜙   ⟩     =        ‖  𝜓  ‖   2     , 


    ran   |  𝐴  | 


    ker   |  𝐴  |  =  (   ran   |  𝐴  |    )  ⟂  


   |  𝐴  | 


   𝐴  =  𝑈  |  𝐴  | 


   |  𝐴  |  =    𝑈  †   |  𝐴  | 


     𝑈  †   𝑈  = 


   𝐴  ∈  ℬ  (  ℋ  )  ) 


   (    𝜓  𝑗     )    𝑗  =  1   ∞  


   (    𝜆  𝑗     )    𝑗  =  1   ∞  


   𝑗  →  ∞ 


   𝐴  =    ∑  𝑗     𝜆  𝑗       |    𝜓  𝑗   ⟩       ⟨    𝜓  𝑗   |  


     𝜆  𝑗   →  0 


     ‖    𝐴  −    ∑    𝑗  =  1   𝑁     𝜆  𝑗       |    𝜓  𝑗   ⟩       ⟨    𝜓  𝑗   |    ‖     ≤       sup     𝑗  >  𝑁    |    𝜆  𝑗   |    , 


   𝜓  ∈    𝐵  1   (  0  ) 


   |    ⟨  𝜓  |    𝐴  𝜓   ⟩   | 


     𝜓  0  


     |    ⟨    𝜓  0   |    𝐴    𝜓  0    ⟩   |     =       sup       ‖  𝜓  ‖   =  1        |    ⟨  𝜓  |    𝐴  𝜓   ⟩   |     . 


   |    ⟨    𝜓  𝑗   |    𝐴    𝜓  𝑗    ⟩   | 


      lim   𝑗       ⟨  𝜙  |    𝜓  𝑗   ⟩   =    ⟨  𝜙  |    𝜓  0   ⟩  


      lim   𝑗       ‖    𝐴    𝜓  𝑗   −  𝐴    𝜓  0    ‖   =  0 


     ⟨    𝜓  𝑗   |    𝐴    𝜓  𝑗    ⟩     =      ⟨    𝜓  𝑗   |    𝐴  (    𝜓  𝑗   −    𝜓  0   )   ⟩   +    ⟨    𝜓  𝑗   |    𝐴    𝜓  0    ⟩     , 


     ‖    𝜓  𝑗   ‖   ≤  1 


   ⟨    𝜓  0   |    𝐴    𝜓  0    ⟩ 


     𝜓  1  


     𝜎  1     ∶  =       sup       ‖  𝜓  ‖   =  1        |    ⟨  𝜓  |    𝐴  𝜓   ⟩   |     =      |    ⟨    𝜓  1   |    𝐴    𝜓  1    ⟩   |     . 


     𝜓  1   ,  …  ,    𝜓    𝑗  −  1   


     𝜎  1   ,  …  ,    𝜎    𝑗  −  1   


   {  𝜓  ,  …  ,    𝜓    𝑗  −  1    } 


     𝜎  𝑗     ∶  =       sup     𝜓  ⟂  {  𝜓  ,  …  ,    𝜓    𝑗  −  1    }  ,      ‖  𝜓  ‖   =  1        |    ⟨  𝜓  |    𝐴  𝜓   ⟩   |     =      |    ⟨    𝜓  𝑗   |    𝐴    𝜓  𝑗    ⟩   |     . 


     𝜎  1   ≥    𝜎  2   ≥    𝜎  3   ⋯ 


   (    𝜙  𝑗     )    𝑗  =  1   ∞  


   (  𝐴    𝜓  𝑗     )    𝑗  =  1   ∞  


      lim   𝑗       𝜎  𝑗   =     lim   𝑗       ⟨    𝜓  𝑗   |    𝐴    𝜓  𝑗    ⟩   =  0 


     𝜆  𝑗   =    ⟨    𝜓  𝑗   |    𝐴    𝜓  𝑗    ⟩  


     𝜆  𝑗   =  ±    𝜎  𝑗  


     𝜆  𝑗   =    𝜎  𝑗  


     ⟨    𝜓  𝑗   |    𝐴    𝜓  𝑗    ⟩     =       max     𝜓  ⟂  {  𝜓  ,  …  ,    𝜓    𝑗  −  1    }  ,      ‖  𝜓  ‖   =  1        ⟨  𝜓  |    𝐴  𝜓   ⟩     . 


   {  𝜓  ,  …  ,    𝜓    𝑗  −  1      }  ⟂  


   𝐴    𝜓  𝑗   =    𝜆  𝑗     𝜓  𝑗  


     𝜆  𝑗   =  −    𝜎  𝑗  


     ⟨    𝜓  𝑗   |    𝐴    𝜓  𝑗    ⟩     =       min     𝜓  ⟂  {  𝜓  ,  …  ,    𝜓    𝑗  −  1    }  ,      ‖  𝜓  ‖   =  1        ⟨  𝜓  |    𝐴  𝜓   ⟩    


     ℋ  ⟂   =  {    𝜓  1   ,    𝜓  2   ,  …    }  ⟂  


     𝜎  𝑗   →  0 


   𝐴  𝜓  =  0 


   𝜓  ∈    ℋ  ⟂  


   𝐴    =      ∑    𝑗  =  1   ∞     𝜆  𝑗       |    𝜓  𝑗   ⟩       ⟨    𝜓  𝑗   |     , 


    tr     𝐴    =    ∑    𝑗  =  1   ∞     ⟨    𝜙  𝑗   |    𝐴    𝜙  𝑗    ⟩  


    tr   (  𝐴  +  𝐵  )  =   tr     𝐴  +   tr     𝐵 


   𝐴  ,  𝐵  ≥  0 


    tr   (  𝜆  )  =  𝜆     tr     𝐴 


   𝜆  ≥  0 


    tr     𝐴 


   𝐴  ≥  0 


    tr   (  𝑈  𝐴    𝑈    −  1    )  =   tr     𝐴 


   0  ≤  𝐴  ≤  𝐵 


    tr     𝐴  ≤   tr     𝐵 


   𝐴  ∈  ℬ  (  ℋ  ) 


    tr   |  𝐴  |  <  ∞ 


     ℐ  1  


   ∗ 


   𝐴  ∈    ℐ  1  


   𝐵  𝐴 


     𝐴  ∗   ∈    ℐ  1  


   ‖  𝐴    ‖  1   =   tr   |  𝑎  | 


   ‖  ⋅    ‖  1  


     ‖  𝐴  ‖   ≤      ‖  𝐴  ‖   1  


   𝐴  ∈    ℐ  1  


     𝜎  1   ≤    𝜎  2   ≤  ⋯ 


     ∑    𝑗  =  1   ∞     𝜎  𝑗     <    ∞    . 


   (    𝜙  𝑛     )    𝑛  =  1   ∞  


     ∑    𝑗  =  1   ∞     ⟨    𝜙  𝑗   |    𝐴    𝜙  𝑗    ⟩  


     |    ⟨    𝜙  𝑗   |    𝐴    𝜙  𝑗    ⟩   |     =      |    ⟨    |  𝐴    |    1  2      𝑈  ∗     𝜙  𝑗    |    |  𝐴    |    1  2      𝜙  𝑗    ⟩   |     ≤      ‖    |  𝐴    |    1  2      𝑈  ∗     𝜙  𝑗    ‖     ‖    |  𝐴    |    1  2      𝜙  𝑗    ‖     =        (    ⟨    𝜙  𝑗   |    𝑈  |  𝐴  |    𝑈  ∗     𝜙  𝑗    ⟩       ⟨    𝜙  𝑗   |    |  𝐴  |    𝜙  𝑗    ⟩   )     1  2      . 


     ∑    𝑗  =  1   ∞     |    ⟨    𝜙  𝑗   |    𝐴    𝜙  𝑗    ⟩   |     ≤        (   tr     𝑈  |  𝐴  |    𝑈  ∗        tr   |  𝐴  |  )     1  2      ≤     tr   |  𝐴  |    . 


    tr   ∶    ℐ  1   →  ℂ 


    tr     𝐴  =    ∑  𝑗     ⟨    𝜙  𝑗   |    𝐴    𝜙  𝑗    ⟩  


     ∑    𝑗  =  1   ∞     |    ⟨    𝜙  𝑗   |    𝐴    𝜙  𝑗    ⟩   |   <  ∞ 


   𝐴    =      [              0     1     0     ⋯        1     0     1     0        0     1     0     1     0        0     1     0     1        ⋮     ⋱     ⋱     ⋱          ]  


     ℓ  2  


   𝜔  ∶    𝔄  ∞   →  ℝ 


   𝐴  ↦  𝜔  (  𝐴  ) 


   𝜔  (    𝐴  2   )  ≥  0 


   𝜔  (  𝐼  )  =  1 


   −    ‖  𝐴  ‖   ≤  𝐴  ≤    ‖  𝐴  ‖   𝐼 


          (6.1)                   −    ‖  𝐴  ‖     ≤  𝜔  (  𝐴  )    ≤      ‖  𝐴  ‖     .    


          (6.2)                   𝜔  (  𝐴  )    ∶  =      1  2   𝜔  (  (  𝐴  +    𝐴  †   )  )  +    𝑖  2   𝜔  (    1  𝑖   (  𝐴  −    𝐴  †   )  )    ,    


     1  2   (  𝐴  +    𝐴  †   ) 


     1    2  𝑖    (  𝐴  −    𝐴  †   ) 


   𝜔  ∶    𝔄  ∞   →  ℝ 


   ℬ  (  ℋ  )  →  ℂ 


   𝜔  (    𝐴  †   𝐴  )  ≥  0 


   𝜔  (  𝐼  )  =  1 


          (6.3)                     ‖  𝜔  ‖     ∶  =       sup     𝐴  ≠  0          |    𝜔  (  𝐴  )   |     ‖  𝐴  ‖      =    1    .    


   𝜃  ∈  ℝ 


     e    −  𝑖  𝜃    𝜔  (  𝐴  )    =    |  𝜔  (  𝐴  )  | 


           |  𝜔  (  𝐴  )  |    =    ℜ      [    e    −  𝑖  𝜃    𝜔  (  𝐴  )  ]     =    ℜ  𝜔  (    e    −  𝑖  𝜃    𝐴  )    =      1  2   𝜔      (    e    −  𝑖  𝜃    𝐴  +    e    𝑖  𝜃      𝐴  †   )         ≤      ‖      e    −  𝑖  𝜃    𝐴  +    e    𝑖  𝜃      𝐴  †    ‖     ≤      ‖  𝐴  ‖   ,      


     e    −  𝑖  𝜃    𝐴  +    e    𝑖  𝜃      𝐴  †  


     𝑃  𝐴  


          (6.4)                     𝑃  𝐴   (  𝐸  )    =      ∫  𝐸   𝑑    𝑃  𝐴   (  𝜆  )    ,    


     𝐿  2   (  0  ,  1  ) 


   𝐴  𝑓  (  𝑥  )  =  𝑥  𝑓  (  𝑥  ) 


     𝑃  𝐴   (  𝐸  )  𝑓  (  𝑥  )    =      𝜒  𝐸   (  𝑥  )  𝑓  (  𝑥  )    , 


     𝜒  𝐸   (  𝑥  ) 


   𝐹  ⊂  𝐸 


     𝑃  𝐴   (  𝐸  )  𝑓  −    𝑃  𝐴   (  𝐹  )  𝑓  =    𝜒    𝐸  ∖  𝐹    𝑓 


     ‖      𝑃  𝐴   (  𝐸  )  −    𝑃  𝐴   (  𝐹  )   ‖     =    1 


   𝐸  ∖  𝐹 


     ∪  𝑗     𝐸  𝑗  


     𝑃  𝐴   (  𝐸  )  =    ∑  𝑗     𝑃  𝐴   (    𝐸  𝑗   ) 


   𝑓  ∈    𝐿  2  


     ∑  𝑗     𝑃  𝐴   (    𝐸  𝑗   )  𝑓 


     𝐿  2  


     𝑃  𝐴   (  𝐸  )  𝑓 


   (    𝐸  𝑗     )    𝑗  =  1   ∞  


          (6.5)                     𝑃  𝐴   (    ∪  𝑗     𝐸  𝑗   )  𝜓    =      ∑  𝑗     𝑃  𝐴   (    𝐸  𝑗   )  𝜓    


   𝐴  ↦    ‖    𝐴  𝜓   ‖  


     ⟨  𝜙  |       𝑃  𝐴   (    ∪  𝑗     𝐸  𝑗   )    |  𝜓  ⟩     =      ∑  𝑗     ⟨  𝜙  |       𝑃  𝐴   (    𝐸  𝑗   )    |  𝜓  ⟩     . 


       ‖      𝑃  𝐴   (  𝐸  )  𝜓   ‖   2   =    ⟨  𝜓  |       𝑃  𝐴   (  𝐸  )    |  𝜓  ⟩  


     𝑃  𝐴   (  𝐸  ) 


     𝜇    𝜔  ,  𝐴    (  𝐸  )  =  𝜔  (    𝑃  𝐴   (  𝐸  )  ) 


   (    𝐴  𝑗     )    𝑗  =  1   ∞  


   0  ≤    𝐴  1   ≤    𝐴  2   ≤  ⋯ 


      sup   𝑗       ‖    𝐴  𝑗   ‖   <  ∞ 


   𝐴  𝜓  =     lim   𝑗       𝐴  𝑗   𝜓 


   0  ≤    𝐴  𝑗   ≤     sup   𝑗       ‖    𝐴  𝑗   ‖   𝐼 


   0  ≤    ⟨  𝜓  |       𝐴  1       |  𝜓  ⟩   ≤    ⟨  𝜓  |       𝐴  2       |  𝜓  ⟩   ≤  ⋯ 


   𝑞  (  𝜓  ) 


   𝑞  (  𝜓  )  =    ⟨  𝜓  |     𝐴      |  𝜓  ⟩  


      sup   𝑗         ‖  𝐴  ‖   𝑗   <  ∞ 


      lim   𝑗     𝜔  (    𝐴  𝑗   )  =  𝜔  (  𝐴  ) 


   𝐴  =     sup   𝑗       𝐴  𝑗  


     ⟨  𝜓  |     𝐴      |  𝜓  ⟩     =       lim     𝑗  →  ∞        ⟨  𝜓  |       𝐴  𝑗       |  𝜓  ⟩     . 


   𝜔  (    𝐴  †   𝐴  )  ≥  0 


   𝜔  (  𝐴  )  =   tr     𝜌  𝐴 


     |  𝜙  ⟩       ⟨  𝜙  |  


   𝑞  (  𝜙  )  =  𝜔  (    |  𝜙  ⟩       ⟨  𝜙  |   ) 


   𝜙  ↦  𝑞  (  𝜙  ) 


   0  ≤  𝑞  (  𝜓  )  ≤  1 


   𝑞  (  𝜓  )  =    ⟨  𝜓  |     𝜌      |  𝜓  ⟩  


   𝑞  (  𝜓  )  ≥  0 


     𝑄  𝑛   =    ∑    𝑗  =  1   𝑛     |    𝜓  𝑗   ⟩       ⟨    𝜓  𝑗   |  


     ∑    𝑗  =  1   ∞     ⟨    𝜓  𝑗   |     𝜌      |    𝜓  𝑗   ⟩     =       lim     𝑛  →  ∞      ∑    𝑗  =  1   𝑛     ⟨    𝜓  𝑗   |     𝜌      |    𝜓  𝑗   ⟩     =       lim     𝑛  →  ∞      𝜔  (    𝑄  𝑛   )    =    𝜔  (  𝐼  )  =  1    , 


   𝜔  (  𝐴  )  =   tr     𝜌  𝐴 


   𝜔  (    |  𝜓  ⟩       ⟨  𝜙  |   )    =     tr     𝜌      |  𝜓  ⟩       ⟨  𝜙  |     =      ⟨  𝜙  |     𝜌      |  𝜓  ⟩  


     |  𝜓  ⟩       ⟨  𝜙  |  


   𝐴  +    ‖  𝐴  ‖   𝐼  ≥  0 


     𝐴  𝑛   =    𝑄  𝑛   𝐴    𝑄  𝑛  


     𝑄  𝑛   =    ∑    𝑗  =  1   𝑛     |    𝜓  𝑗   ⟩       ⟨    𝜓  𝑗   |  


      sup   𝑛       𝐴  𝑛   =  𝐴 


     𝐴  𝑛  


   𝜔  (    𝐴  𝑛   )    =      ∑    𝑖  ,  𝑗  =  1   𝑛     ⟨    𝜓  𝑖   |     𝐴      |    𝜙  𝑗   ⟩     𝜔  (    |    𝜓  𝑖   ⟩       ⟨    𝜙  𝑗   |   )    =      ∑    𝑖  ,  𝑗  =  1   𝑛     ⟨    𝜓  𝑖   |     𝐴      |    𝜙  𝑗   ⟩       ⟨    𝜙  𝑗   |     𝜌      |    𝜓  𝑖   ⟩     =     tr     𝜌    𝐴  𝑛     . 


   𝜔  (  𝐴  )    =       lim   𝑛     𝜔  (    𝐴  𝑛   )    =       lim   𝑛      tr     𝜌    𝐴  𝑛     =     tr     𝜌  𝐴    . 


     𝑄  𝑗  


     𝑃  𝑗  


          (7.1)                   [    𝑄  𝑗   ,    𝑃  𝑖   ]    =    𝑖  ℏ  𝐼    .    


   [  𝑄  ,  𝑃  ]  =  𝑖  𝑐  𝐼 


   𝑄 


   [  𝑄  ,    𝑃  𝑛   ]  =  𝑖  𝑐  𝑛    𝑃    𝑛  −  1   


   2    ‖  𝑄  ‖       ‖  𝑃  ‖   𝑛   ≥  𝑐  𝑛      ‖  𝑃  ‖     𝑛  −  1   


     𝑄  𝑖   𝑓  (  𝑥  )  =    𝑥  𝑖      and     −  𝑖  ℏ    𝜕    𝜕    𝑥  𝑖     𝑓  (  𝑥  ) 


   𝑓  ∈    𝐿  2   (    ℝ  3   ) 


     𝑄  𝑖   𝑓 


   ∫  |    𝑥  𝑖     |  2   |  𝑓  (  𝑥  )    |  2   𝑑  𝑥  <  ∞ 


     𝑃  𝑖   𝑓 


     𝑥  𝑖  


   𝐴  ∶    𝒟  𝐴   →  ℋ 


     𝒟  𝐴   ⊂  ℋ 


   𝒟  ⊂  ℋ 


     ⟨      𝐴  †   𝜓   |  𝜙  ⟩   =    ⟨  𝜓  |    𝐴  𝜙   ⟩  


     𝒟    𝐴  †      =      {  𝜓  ∈  ℋ    |      |    ⟨  𝜓  |    𝐴  𝜙   ⟩   |   ≤  𝑐    ‖  𝜙  ‖      for some    𝑐  <  ∞  }     . 


   𝐴  =    𝐴  †  


     ⟨    𝐴  𝜓   |  𝜙  ⟩   =    ⟨  𝜓  |    𝐴  𝜙   ⟩  


   𝜙  ,  𝜓  ∈    𝒟  𝐴  


     𝒟    𝐴  †    =    𝒟  𝐴  


   𝐴  ∶    𝒟  𝐴   →  ℋ 


      lim     𝜆  →  −  ∞        𝑃  𝐴   (  𝜆  )  𝜓  =  0 


      lim     𝜆  →  ∞        𝑃  𝐴   (  𝜆  )  𝜓  =  𝜓 


   𝜓  ∈    𝒟  𝐴  


          (7.2)                     ⟨  𝜙  |     𝐴      |  𝜓  ⟩     =      ∫  ℝ   𝜆  𝑑      ⟨  𝜙  |       𝑃  𝐴   (  𝜆  )    |  𝜓  ⟩     


          (7.3)                     𝜕  𝑡     𝜌  𝑡     =    −  𝑖  [  𝐻  ,    𝜌  𝑡   ]    ,    


   𝐻  =    1  2       (    𝑃  2   +    𝑄  2   )  


   [  𝑄  ,  𝑃  ]    =    𝑖 


     𝜌  𝑡   =    𝑈  𝑡   𝜌  (    𝑈  𝑡     )  †  


     𝑈  𝑡     =      e    −  𝑖  𝑡  𝐻   


     𝑑    𝑑  𝑡      e    −  𝑖  𝑡  𝐻      =    −  𝑖  𝐻    e    −  𝑖  𝑡  𝐻      =    −  𝑖    e    −  𝑖  𝑡  𝐻    𝐻  . 


      lim     𝛿  →  0          ‖    e    −  𝑖  (  𝑡  +  𝛿  )  𝐻    −    e    −  𝑖  𝑡  𝐻    +  𝑖  𝛿  𝐻    e    −  𝑖  𝑡  𝐻    ‖     |  𝛿  |      =    0    . 


     𝑈  𝑡   =    e    −  𝑖  𝑡  𝐻   


     𝑈    𝑡  +  𝑠    =    𝑈  𝑡     𝑈  𝑠  


   𝑠  ,  𝑡  ∈  ℝ 


      lim     𝑡  →  𝑠    ‖    𝑈  𝑡   −    𝑈  𝑠   ‖  =  0 


     𝑈  𝑡  †   =    e    𝑖  𝑡  𝐻    =    𝑈  𝑡    −  1   


     𝑆  𝑡   ∶  ℝ  →  ℬ  (  H  ) 


   𝐴  ∈  ℬ  (  H  ) 


     𝑆  𝑡   =    e    𝑡  𝐴   


   𝐴  =  −  𝑖  𝐻 


     ℬ     ln     2    =  {  𝐴  ∈  ℬ  (  ℋ  )    ∶      ‖  𝐴  ‖   <   ln     2  } 


    exp       (  𝐴  )   =    e  𝐴  


     ℬ  1  


    exp       (    ℬ  1   )  


   𝒰  ∶  =  {  𝐵    ∶      ‖    𝐵  −  𝐼   ‖   <  1  } 


    exp   ∘   log   =   log   ∘   exp  


     𝑆  𝑡  


   𝜖  >  0 


     𝑆  𝑡   ∈   exp       (    ℬ     ln     2    )  


   |  𝑡  |  <  𝜖 


   0  <    𝑡  0   <  𝜖 


   𝐴  =    1    𝑡  0       log       (    𝑆    𝑡  0    )     . 


     𝑡  0  


   𝐴  =  −  𝑖  𝐻 


      lim     𝑡  →  𝑠        𝑈  𝑡   𝜙  =    𝑈  𝑠   𝜙 


   𝑠  ∈  ℝ 


          (7.4)                     𝑈  𝑡     =      ∫  ℝ     e    −  𝑖  𝑡  𝜆    𝑑    𝑃  𝐴   (  𝜆  )    =  ∶      e    −  𝑖  𝑡  𝐴      ,    


     𝒟  𝐴  


     𝒟  𝐴     ∶  =      {  𝜓  ∈  ℋ    |       lim     𝜖  →  0        1  𝜀       (    𝑈  𝜀   𝜓  −  𝜓  )       exists   }     . 


   𝐴  𝜓    =    𝑖       lim     𝜖  →  0        1  𝜀       (    𝑈  𝜀   𝜓  −  𝜓  )    


     𝜙  𝑓     =      ∫  ℝ   𝑓  (  𝑡  )    𝑈  𝑡   𝜙  𝑑  𝑡 


     𝑈  𝜖     𝜙  𝑓     =      ∫  ℝ   𝑓  (  𝑡  )    𝑈    𝑡  +  𝜖    𝜙  𝑑  𝑡    =      ∫  ℝ   𝑓  (  𝑡  −  𝜖  )    𝑈  𝑡   𝜙  𝑑  𝑡    , 


     𝜙  𝑓   ∈    𝒟  𝐴  


   𝐴    𝜙  𝑓     =    −  𝑖    ∫  ℝ     𝑓  ′   (  𝑡  )    𝑈  𝑡   𝜙    =    −  𝑖    𝜙    𝑓  ′      . 


     𝜙  𝑓  


   0 


     ⟨  𝜓  |    𝐴  𝜙   ⟩   =    ⟨    𝐴  𝜓   |  𝜙  ⟩  


     𝜌  𝑡   =    e    −  𝑖  𝑡  𝐻      𝜌  0     e    𝑖  𝑡  𝐻   


     e    −  𝑖  𝑡  𝐻   


          (7.5)                   [  𝑄  ,  𝑃  ]    =    𝑖  ℏ  𝐼    


   𝑈  (  𝑡  )  =    e    𝑖  𝑡  𝑄   


   𝑉  (  𝑡  )    e    𝑖  𝑡  𝑃   


          (7.6)                   𝑈  (  𝑡  )  𝑉  (  𝑠  )    =      e    −  𝑖  ℏ  𝑠  𝑡    𝑉  (  𝑠  )  𝑈  (  𝑡  )    ,    


     𝐿  2   (  ℝ  ) 


   𝑄  𝜓  (  𝑥  )  =  𝑥  𝜓  (  𝑥  ) 


   𝑈  (  𝑡  )  =    e    𝑖  𝑡  𝑥    𝜓  (  𝑥  ) 


   𝑉  (  𝑡  ) 


   𝑉  (  𝑡  )  𝜓  (  𝑥  )    =    𝜓  (  𝑥  +  ℏ  𝑡  ) 


   𝑃  𝜓  (  𝑥  )  =  −  𝑖  ℏ    𝜕  𝑥   𝜓  (  𝑥  ) 


   𝑈  (  𝑡  ) 


   𝑉  (  𝑠  ) 


   ℋ  =    ⊕    𝑗  =  1   𝑁     ℋ  𝑗  


     𝑊  𝑗   ∶    𝐿  2   (  ℝ  )  →    ℋ  𝑗  


   𝑈  (  𝑡  )    𝑊  𝑗     =      𝑊  𝑗     e    𝑖  𝑡  𝑥       and     𝑉  (  𝑡  )    𝑊  𝑗     =      𝑊  𝑗     e    ℏ  𝑡    𝜕  𝑥       . 


   ℋ  =    𝐿  2   (  ℝ  ) 


   𝑃  =  −  𝑖    𝑑    𝑑  𝑥   


   𝑄  = 


   𝑥 


     𝒟  𝑃     =      𝐻  1   (  ℝ  )    =    {  𝑓  ∈  ℋ    ∶      𝑓  ′   ∈  ℋ  }     and       𝒟  𝑄     =    {  𝑓  ∈  ℋ    ∶    𝑥  𝑓  (  𝑥  )  ∈  ℋ  }    . 


     𝒟  𝑃  


     𝑓  ′  


   𝒮 


     ⟨    𝑓  ′   |  𝜙  ⟩   =  −    ∫  ℝ   𝑓  𝜙  𝑑  𝑥 


   𝜙  ∈  𝒮 


   [  𝑄  ,  𝑃  ]  =  −  𝑖  𝐼 


     𝒟   CCR      =      𝒟  𝑃   ∩    𝒟  𝑄  


          (8.1)                     ⟨  𝜙  |   [  𝑄  ,  𝑃  ]    |  𝜓  ⟩     =    −  𝑖      ⟨  𝜙  |     𝜓      |    ⟩      for    𝜙  ,  𝜓  ∈    𝒟   CCR      .    


     𝒟   CCR    =    𝒟  𝑃   ∩    𝒟  𝑄  


   𝜙  ∈    𝒟    𝑃  2    ∩  𝒟    𝑄  2  


     Δ  𝜙   (  𝑃  )    Δ  𝜙   (  𝑄  )    ≥      1  2     , 


     Δ  𝜙   (  𝐴  )    =        ‖    𝐴  𝜙   ‖   2   −  (    ⟨  𝜙  |     𝐴      |  𝜙  ⟩     )  2     𝐴  =  𝑃  ,  𝑄    . 


       ‖    𝐴  𝜙   ‖   2   =    ⟨  𝜙  |       𝐴  2       |  𝜙  ⟩  


     𝒟    𝐴  2    {  𝜙  ∈    𝒟  𝐴     ∶    𝐴  𝜙  ∈    𝒟  𝐴   } 


   ‖    𝐴  𝜙   ‖ 


     𝑃  𝑄   (  𝜆  )  𝑓    =      𝜒    (  −  ∞  ,  𝜆  )    𝑓 


     𝜒  𝐸  


   [  𝐹  (  𝑄  )  𝑓  ]  (  𝑥  )    =    𝐹  (  𝑥  )  𝑓  (  𝑥  ) 


   𝐹 


     𝑓  ˆ   (  𝑘  )    =      1      2  𝜋       ∫  ℝ     e    −  𝑖  𝑘  𝑥    𝑓  (  𝑥  )  𝑑  𝑥    . 


       𝑃  𝑓   ˆ   (  𝑘  )    =    −  𝑖    1      2  𝜋       ∫  ℝ     e    −  𝑖  𝑘  𝑥      𝑓  ′   (  𝑥  )  𝑑  𝑥    =    𝑘    𝑓  ˆ   (  𝑘  ) 


         𝑃  𝑃   (  𝜆  )  𝑓   ˆ   (  𝑘  )    =      𝜒    (  −  ∞  ,  𝜆  )    (  𝑘  )    𝑓  ˆ   (  𝑘  )    . 


   [  𝐹  (  𝑃  )    𝑓  ˆ   ]  (  𝑘  )    =    𝐹  (  𝑘  )    𝑓  ˆ   (  𝑘  )  . 


     𝑃  𝑃   (  𝜆  )  𝑓  (  𝑥  )    =      1  2   𝑓  (  𝑥  )  +  𝑖    1    2  𝜋     P.V.     ∫  ℝ     1      𝑥  ′   −  𝑥      e    −  𝑖  (    𝑥  ′   −  𝑥  )  𝜆    𝑓  (    𝑥  ′   )  𝑑    𝑥  ′     , 


    P.V.     ∫  ℝ  


      lim     𝜖  ↓  0      ∫    |  𝑥  −    𝑥  ′   |  >  𝜖   


   𝐻  =    1  2     𝑃  2  


     1    2  𝑚      𝑃  2  


   [  𝐻  ,  𝑃  ]  =  0     and     [  𝐻  ,  𝑄  ]    =      1  2   (  𝑃  [  𝑃  ,  𝑄  ]  +  [  𝑃  ,  𝑄  ]  𝑃  )    =    −  𝑖  𝑃    . 


     𝑃  .     =    0     and       𝑄  .     =    𝑃    , 


   𝑃  (  𝑡  )    =    𝑃     and     𝑄  (  𝑡  )    =    𝑄  +  𝑡  𝑃    . 


   𝑝  (  𝑡  )  =   tr     𝑃  (  𝑡  )  𝜌 


   𝑞  (  𝑡  )  =   tr     𝑄  (  𝑡  )  𝜌 


   𝑝  (  𝑡  )  =  𝑝  (  0  )     and     𝑞  (  𝑡  )    =    𝑞  (  0  )  +  𝑡  𝑝  (  0  ) 


     Δ  𝜌   (  𝑃  (  𝑡  )  )  =    Δ  𝜌   (  𝑃  ) 


             Δ  𝜌  2   (  𝑄  (  𝑡  )  )    =     tr     𝜌  (  𝑄  +  𝑡  𝑃    )  2   −  (   tr     𝜌  (  𝑄  +  𝑡  𝑃  )    )  2         =     tr       𝑄  2   +  𝑡     tr     𝜌  (  𝑄  𝑃  +  𝑃  𝑄  )  +    𝑡  2      tr       𝑃  2   −  (   tr     𝜌  𝑃    )  2   −  2  𝑡     tr     𝜌  𝑃     tr     𝜌  𝑄  −    𝑡  2      tr     𝜌    𝑃  2         =      Δ  𝜌  2   (  𝑄  )  +    𝑡  2     Δ  𝜌  2   (  𝑃  )  +  𝑡      [   tr     𝜌  (  𝑄  𝑃  +  𝑃  𝑄  )  −  2     tr     𝜌  𝑃     tr     𝜌  𝑄  ]     .      


   𝑡  →  ∞ 


         e    −  𝑖  𝑡  𝐻    𝜓   ˆ   (  𝑘  )    =      e    −  𝑖  𝑡      𝑘  2   2       𝜓  ˆ   (  𝑘  )    , 


     e    −  𝑖  𝑡  𝐻    𝜓  (  𝑥  )    =      1      2  𝜋       ∫  ℝ     e    𝑖  𝑥  𝑘      e    −  𝑖  𝑡      𝑘  2   2       𝜓  ˆ   (  𝑘  )    . 


     e    −  𝑖  𝑡  𝐻    𝜓  (  𝑥  )  =    ∫  ℝ     𝑊  𝑡   (  𝑥  ,  𝑦  )  𝜓  (  𝑦  ) 


     𝑊  𝑡   (  𝑥  ,  𝑦  )    =      1    2  𝜋      ∫  ℝ     e    𝑖  (  𝑥  −  𝑦  )  𝑘  −  𝑖  𝑡      𝑘  2   2       . 


     𝑊  𝑡   (  𝑥  ,  𝑦  )    =        e    −  𝑖    𝜋  4         2  𝜋  𝑡       e    𝑖      (  𝑥  −  𝑦    )  2      2  𝑡        . 


   𝜓  ∈    𝐿  1   ∩    𝐿  2  


     e    −  𝑖  𝑡  𝐻    𝜓  (  𝑥  )    =        e    −  𝑖    𝜋  4         2  𝜋  𝑡       ∫  ℝ     e    𝑖      (  𝑥  −  𝑦    )  2      2  𝑡      𝜓  (  𝑦  )  𝑑  𝑦 


   𝐻  =    𝑃  2   +  𝑉  (  𝑄  ) 


   𝑉  (  𝑥  )  =  −  𝑢    𝜒    (  −  1  ,  1  )    (  𝑥  ) 


   𝑢  >  0 


   𝐻  𝜓  =  𝐸  𝜓 


   𝐸  <  0 


   (  −  1  ,  1  ) 


   ±  ∞ 


   𝐸  ≥  0 


   𝐻  𝜓  =  𝐸  𝜓 


   ∞ 


   𝑥  →  ±  ∞ 


   𝐻  =    1  2   (    𝑃  2   +    𝑄  2   ) 


   𝐻    e    −    1  2     𝑥  2       =        1  2      e    −    1  2     𝑥  2       . 


     1  2  


     𝜓  0   (  𝑥  )  =    1    𝜋          1       /    4       e    −    1  2     𝑥  2    


   𝑎    =      1    2    (  𝑖  𝑃  +  𝑄  )     and       𝑎  †   =    1    2    (  −  𝑖  𝑃  +  𝑄  )    . 


   𝒮  =  {   Schwarz functions   } 


   𝑓  ∈  𝒮 


   𝑎  𝑓  ,    𝑎  †   𝑓  ∈  𝒮 


          (8.2)                   [  𝑎  ,    𝑎  †   ]  𝑓    =    𝑎    𝑎  †   𝑓  −    𝑎  †   𝑎  𝑓    =    𝑓  ,    


   𝐻  𝑓    =    (    𝑎  †   𝑎  +      1  2    )  𝑓    . 


   𝑎    𝜓  0   =  0 


     𝑎  †  


           𝑎  (    𝑎  †     )  𝑛     𝜓  0     =    [  𝑎  ,  (    𝑎  †     )  𝑛   ]    𝜓  0         =      {  [  𝑎  ,    𝑎  †   ]  (    𝑎  †     )    𝑛  −  1    +    𝑎  †   [  𝑎  ,    𝑎  †   ]  (    𝑎  †     )    𝑛  −  2    +  ⋯  +  (    𝑎  †     )    𝑛  −  1    [  𝑎  ,    𝑎  †   ]  }       𝜓  0     =    𝑛  (    𝑎  †     )    𝑛  −  1      𝜓  0     .      


   𝐻  (    𝑎  †     )  𝑛     𝜓  0     =    (  𝑛  +      1  2    )  (    𝑎  †     )  𝑛     𝜓  0     , 


   (    𝑎  †     )  𝑛     𝜓  0  


   𝑛  +    1  2  


     ⟨    (    𝑎  †     )  𝑛     𝜓  0    |    (    𝑎  †     )  𝑛     𝜓  0    ⟩     =      ⟨    𝜓  0   |   (  𝑎    )  𝑛   (    𝑎  †     )  𝑛     |    𝜓  0   ⟩     =    𝑛  !    ⟨    𝜓  0   |    𝜓  0   ⟩     =    𝑛  !    , 


     𝜓  𝑛   =    1      𝑛  !     (    𝑎  †     )  𝑛     𝜓  0  


   (    𝜓  𝑛     )    𝑛  =  0   ∞  


   𝑛  +    1  2  


     𝜓  𝑛   (  𝑥  )  =    𝑝  𝑛   (  𝑥  )    𝜓  0   (  𝑥  ) 


     𝑝  𝑛   (  𝑥  ) 


     𝑝  0   (  𝑥  )  =  1    ,      𝑝  1   (  𝑥  )  =  𝑥    ,      𝑝  2   (  𝑥  )  =    1    2    (    𝑥  2   −  1  )    ,    …    . 


     𝑝  𝑛   (  𝑥  )  =    𝑐  𝑛     𝑥  𝑛   +   lower order terms      with      𝑐  𝑛   ≠  0    . 


   {    𝑝  0   ,  …  ,    𝑝  𝑛   } 


   𝑝  (  𝑥  )    𝜓  0   (  𝑥  ) 


   𝑝 


   𝒫    =    {  𝑝  (  𝑥  )    𝜓  0   (  𝑥  )    ∶    𝑝    is a polynomial   } 


     𝑓  𝑧   (  𝑥  )    =      e    𝑧  𝑥      𝜓  0   (  𝑥  ) 


   𝑧  ∈  ℂ 


     𝒫  ‾  


   𝒫 


     𝑝    𝑁  ,  𝑧    (  𝑥  )    =      ∑    𝑛  =  0   𝑁         𝑧  𝑛     𝑥  𝑛      𝑛  !      e    𝑧  𝑥      →      e    𝑧  𝑥   


     |      𝑝    𝑁  ,  𝑧    (  𝑥  )   |     ≤      e    |  𝑧  𝑥  |      ≤    2     cosh       (  |  𝑧  |  |  𝑥  |  )     . 


      lim     𝑁  →  ∞          ‖      𝑝    𝑁  ,  𝑧      𝜓  0   −    𝑓  𝑧    ‖     𝐿  2      =    0    . 


     𝑓  𝑧  


   𝑓  ∈    𝐿  1   (  ℝ  ) 


     ∫  ℝ     e    𝑖  𝑡  𝑥    𝑓  (  𝑡  )    𝜓  0   (  𝑥  )  𝑑  𝑡    =      𝑓  ˆ   (  𝑥  )    𝜓  0   (  𝑥  )    ∈    𝒫  ‾     , 


     𝑓  ˆ  


     ∫  ℝ     e    𝑖  𝑡  𝑥    (  1  +    𝑥  2     )  𝑛   𝑓  (  𝑥  )  𝑑  𝑥    =    (  1  −    𝜕  𝑡  2     )  𝑛     𝑓  ˆ   (  𝑡  )     and     (  1  +    𝑡  2     )  𝑛     𝑓  ˆ   (  𝑡  )    =      ∫  ℝ     e    𝑖  𝑡  𝑥    (  1  −    𝜕  𝑥  2     )  𝑛   𝑓  (  𝑥  )  𝑑  𝑥    . 


   𝑓    𝜓  0   ∈    𝒫  ‾  


     ℎ  𝑛   ∈    𝐶  𝑐  ∞   (  ℝ  ) 


      lim   𝑛         ‖    𝑓  −    ℎ  𝑛    ‖     𝐿  2    →  0 


     ℎ  𝑛  


       ℎ  𝑛     𝜓  0    ∈  𝒮 


     ℎ  𝑛   ∈  𝒮    𝜓  0   ⊂    𝒫  ‾  


   𝑓  ∈    𝒫  ‾  


   𝑓  (  𝐻  )    =      ∑    𝑛  =  0   ∞   𝑓  (      1  2    +  𝑛  )    |    𝜓  𝑛   ⟩       ⟨    𝜓  𝑛   |     . 


     𝑃  𝐻   (  𝜆  ) 


          (8.3)                     𝑃  𝐻   (  𝜆  )    =      {            0          𝜆  <    1  2     ,          ∑    𝑗  =  0   𝑛     |    𝜓  𝑗   ⟩       ⟨    𝜓  𝑗   |             1  2   +  𝑛  ≤  𝜆  <    1  2   +  𝑛  +  1    ,             


   𝑓  (  𝐻  )  =    ∫  ℝ   𝑓  (  𝜆  )  𝑑    𝑃  𝐻   (  𝜆  ) 


     𝑃  2   +    𝑄  2  


     𝑃  2  


     𝑄  2  


   𝑃  =    𝑖    2    (    𝑎  †   −  𝑎  ) 


   𝑄  =    1    2    (    𝑎  †   +  𝑎  ) 


   [  𝐻  ,  𝑃  ]    =      𝑖    2    (    𝑎  †   +  𝑎  )    =    𝑖  𝑄     and     [  𝐻  ,  𝑄  ]    =      1    2    (    𝑎  †   −  𝑎  )    =    −  𝑖  𝑃    . 


     𝑃  .     =    −  𝑄     and       𝑄  .     =    𝑃    . 


   𝑃  (  𝑡  )    =     cos       (  𝑡  )   𝑃  −   sin       (  𝑡  )   𝑄     and     𝑄  (  𝑡  )    =     cos       (  𝑡  )   𝑄  +   sin       (  𝑡  )   𝑃    . 


     e    𝑖  𝑡  𝐻    𝑃    e    −  𝑖  𝑡  𝐻      =     cos       (  𝑡  )   𝑃  −   sin       (  𝑡  )   𝑄     and       e    𝑖  𝑡  𝐻    𝑄    e    −  𝑖  𝑡  𝐻      =     cos       (  𝑡  )   𝑄  +   sin       (  𝑡  )   𝑃    . 


     |    𝐶  𝑧   ⟩     =      e    −    1  4   |  𝑧    |  2       e      1    2    𝑧    𝑎  †         |    𝜓  0   ⟩     , 


   (    𝑎  †     )  𝑛  


          (8.4)                     |    𝐶  𝑧   ⟩     ∶  =      e    −    1  4   |  𝑧    |  2       ∑    𝑛  =  0   ∞     1      2          𝑛       /        2     𝑛  !      𝑧  𝑛   (    𝑎  †     )  𝑛     |    𝜓  0   ⟩     =      e    −    1  4   |  𝑧    |  2       ∑    𝑛  =  0   ∞     1        2  𝑛   𝑛  !       𝑧  𝑛       |    𝜓  𝑛   ⟩     .    


       ‖    |    𝐶  𝑧   ⟩   ‖   2   =    e    −    1  2   |  𝑧    |  2       ∑    𝑛  =  0   ∞     1      2  𝑛   𝑛  !    |  𝑧    |    2  𝑛    =  1 


   [  𝑎  ,  (    𝑎  †     )  𝑛   ]  =  𝑛  (    𝑎  †     )    𝑛  −  1   


   𝑎      |    𝐶  𝑧   ⟩     =      e    −    1  4   |  𝑧    |  2       ∑    𝑛  =  1   ∞     1      2          𝑛       /        2     (  𝑛  −  1  )  !      𝑧  𝑛   (    𝑎  †     )    𝑛  −  1      |    𝜓  0   ⟩     =      𝑧    2        |  𝑧  ⟩     . 


   |    𝐶  𝑧   ⟩ 


     𝑧    2   


     𝑎  †       |    𝐶  𝑧   ⟩     =      e    −    1  4   |  𝑧    |  2       ∑    𝑛  =  0   ∞     1      2          𝑛       /        2     𝑛  !      𝑧  𝑛   (    𝑎  †     )    𝑛  +  1      |    𝜓  0   ⟩     =      2     e    −    1  4   |  𝑧    |  2       𝑑    𝑑  𝑧      e      1  4   |  𝑧    |  2         |    𝐶  𝑧   ⟩     =      2       (    𝑑    𝑑  𝑧    +    1  4     𝑧  ‾   )       |    𝐶  𝑧   ⟩     . 


   𝐻      |    𝐶  𝑧   ⟩     =    (    𝑎  †   𝑎  +    1  2   )    |    𝐶  𝑧   ⟩     =      (    𝑑    𝑑  𝑧    𝑧  +    1  4   |  𝑧    |  2   +    1  2   )       |    𝐶  𝑧   ⟩     =      (  𝑧    𝑑    𝑑  𝑧    +    1  4   |  𝑧    |  2   +    3  2   )       |    𝐶  𝑧   ⟩     . 


     e    −  𝑖  𝛼  𝑡        |    𝐶      𝑧  0     e    −  𝑖  𝑡      ⟩  


     𝑑    𝑑  𝑡        |    𝐶      𝑧  0     e    −  𝑖  𝑡      ⟩     =    −  𝑖    e    −    1  4   |    𝑧  0     |  2       ∑    𝑛  =  0   ∞     1      2          𝑛       /        2     𝑛  !    𝑛    𝑧  0  𝑛     e    −  𝑖  𝑛  𝑡    (    𝑎  †     )  𝑛     |    𝜓  0   ⟩     =          −  𝑖      (  𝑧    𝑑    𝑑  𝑧    +    1  4   |  𝑧    |  2   )       |    𝐶  𝑧   ⟩   |     𝑧  =    𝑧  0     e    −  𝑖  𝑡        . 


     𝑑    𝑑  𝑡        |    𝜓  𝑡   ⟩   =  −  𝑖  𝐻      |    𝜓  𝑡   ⟩  


   𝛼  =    3  2  


          (8.5)                     e    −  𝑖  𝑡  𝐻        |    𝐶  𝑧   ⟩     =      e    −  𝑖    3  2   𝑡        |    𝐶      e    −  𝑖  𝑡    𝑧    ⟩     .    


   𝑎      |    𝐶  𝑧   ⟩  


     𝐶  𝑧   ∈    𝐿  2  


   (    𝜕  𝑥   +  𝑥  )    𝐶  𝑧   (  𝑥  )  =  𝑧    𝐶  𝑧   (  𝑥  ) 


     𝐶  𝑧   (  𝑥  )  =    𝑓  𝑧   (  𝑥  )    𝜓  0   (  𝑥  ) 


     𝜕  𝑥     𝑓  𝑧   (  𝑥  )  =  𝑧    𝑓  𝑧   (  𝑥  ) 


     𝐶  𝑧   (  𝑥  )  =    e    −  (  ℜ  𝑧    )  2       e    𝑧  𝑥      𝜓  0   (  𝑥  )    , 


     e    −  (  ℜ  𝑧    )  2    


     ∫  ℝ   |    𝐶  𝑧   (  𝑥  )    |  2   𝑑  𝑥    =      1    𝜋      e    −  (  ℜ  𝑧    )  2       ∫  ℝ     e    −  |  𝑥    |  2   +  2  ℜ  𝑧  𝑥    𝑑  𝑥    =      1    𝜋      e    −  |  𝑥  −  ℜ  𝑧    |  2     𝑑  𝑥    =    1    . 


     𝐶  𝑧  


   𝑧  =  𝑞  +  𝑖  𝑝 


   𝑞  ,  𝑝  ∈  ℝ 


          (8.6)                     𝐶    𝑞  +  𝑖  𝑝    (  𝑥  )    =      1    𝜋          1       /        4        e    𝑖  𝑝  𝑥      e    −    1  2   (  𝑥  −  𝑞    )  2       .    


     ⟨    𝐶    𝑞  +  𝑖  𝑝    |     𝑄      |    𝐶    𝑞  +  𝑖  𝑝    ⟩     =    𝑞 


     ⟨    𝐶    𝑞  +  𝑖  𝑝    |     𝑃      |    𝐶    𝑞  +  𝑖  𝑝    ⟩     =    𝑝 


   𝑧  =  𝑝  +  𝑖  𝑞 


   𝑧    e    −  𝑖  𝑡   


     𝐶    𝑞  +  𝑖  𝑝   


     Δ    𝑞  +  𝑖  𝑝   2   (  𝑄  )    =      1    𝜋      ∫  ℝ   (  𝑥  −  𝑞    )  2     e    −  (  𝑥  −  𝑞    )  2     𝑑  𝑥    =      1  2     , 


             Δ    𝑞  +  𝑖  𝑝   2   (  𝑃  )    =      1    𝜋      ∫  ℝ     e    −    1  2   (  𝑥  −  𝑞    )  2       e    −  𝑖  𝑝  𝑥          (  −  𝑖    𝑑    𝑑  𝑥    −  𝑝  )   2       e    𝑖  𝑝  𝑥      e    −    1  2   (  𝑥  −  𝑞    )  2           =      1    𝜋      ∫  ℝ       [    𝑑    𝑑  𝑥      e    −    1  2   (  𝑥  −  𝑞    )  2     ]   2     =      1  2     .      


     Δ    𝑞  +  𝑖  𝑝    (  𝑄  )    Δ    𝑞  +  𝑖  𝑝    (  𝑄  )    =      1  2     , 


   [  𝑄  ,  𝑃  ]  =  𝑖 


          (8.7)                     1    2  𝜋      ∫  ℂ     |    𝐶  𝑧   ⟩       ⟨    𝐶  𝑧   |       𝑑  2   𝑧    =      1    2  𝜋      ∑    𝑛  ,  𝑚  =  0   ∞     ∫  ℂ     e    −    1  2   |  𝑧    |  2       1        2    𝑛  +  𝑚    𝑛  !  𝑚  !       𝑧  ‾     𝑧  𝑚     𝑑  2   𝑧      |    𝜓  𝑛   ⟩       ⟨    𝜓  𝑛   |     =      ∑    𝑛  =  0   ∞     |    𝜓  𝑛   ⟩       ⟨    𝜓  𝑛   |     ,    


     1    2  𝜋      ∫  ℂ     e    −    1  2   |  𝑧    |  2       𝑧  ‾     𝑧  𝑛     𝑑  2   𝑧    =      𝛿    𝑛  𝑚      ∫  0  ∞     𝑟    2  𝑛  +  1      e    −    1  2     𝑟  2     𝑑  𝑟    =      𝛿    𝑛  𝑚      2  𝑛     ∫  0  ∞     𝑠  𝑛     e    −  𝑠    𝑑  𝑠    =      𝛿    𝑛  𝑚      2  𝑛   𝑛  !    . 


     |  𝜓  ⟩     =      1    2  𝜋      ∫  ℂ     |    𝐶  𝑧   ⟩       ⟨    𝐶  𝑧   |  𝜓  ⟩       𝑑  2   𝑧    . 


     e    −  𝑖  𝑡  𝐻        |  𝜓  ⟩     =      1    2  𝜋      ∫  ℂ     e    −  𝑖    3  2   𝑡        |    𝐶      e    −  𝑖  𝑡    𝑧    ⟩       ⟨    𝐶  𝑧   |  𝜓  ⟩       𝑑  2   𝑧    . 


     𝑀  1  


     𝑀  2  


   𝑇  𝐵  ≅  𝐵  ×    R  3  


     𝐵  1  


     𝐵  2  


     𝑞  𝑗   ∈    𝐵  𝑗  


   (    𝑞  1   ,    𝑞  2   ) 


   (    𝑣  1   ,    𝑣  2   ) 


   𝑇    𝐵  1   ×  𝑇    𝐵  2  


     𝑀  1   ×    𝑀  2  


   𝑇  (    𝑀  1   ×    𝑀  2   ) 


     𝑇  (     𝑞  1   ,    𝑞  2   )  (    𝑀  1   ×    𝑀  2   )    =    (    𝑇    𝑞  1      𝑀  1   )  ⊕  (    𝑇    𝑞  2      𝑀  2   )    , 


   𝑇  (    𝑀  1   ×    𝑀  2   )  ≅  (  𝑇    𝑀  1   )  ×  (  𝑇    𝑀  2   ) 


   𝒜  =    𝐶  ∞   (  𝑇  (    𝑀  1   ×    𝑀  2   )  ) 


     𝒜  𝑗   =    𝐶  ∞   (  𝑇    𝑀  𝑗   ) 


   𝒜 


   𝑓  ∈    𝒜  𝑗  


     Π  𝑗   ∶  𝑇  (    𝑀  1   ×    𝑀  2   )  →  𝑇    𝑀  𝑗  


   (    𝑞  1   ,    𝑞  2   ,    𝑣  1   ,    𝑣  2   )    ↦    Π  𝑗    (    𝑞  𝑗   ,    𝑣  𝑗   )    . 


     𝒜  𝑗   ↪  𝒜 


   𝑓  ↦  𝑓  ∘    Π  𝑗  


   𝒜  ≠    𝒜  1   ×    𝒜  2  


   𝒜 


     𝒜  1   ⊗    𝒜  2  


   𝑓  ∶  𝑇  (    𝑀  1   ×    𝑀  2   )  →  ℝ 


     ∑    𝑗  =  1   𝑛     𝑔  𝑗   (    𝑞  1   ,    𝑣  1   )    ℎ  𝑗   (    𝑞  2   ,    𝑣  2   )    , 


   (    𝑔  𝑗     )    𝑗  =  1   𝑛  


   (    ℎ  𝑗     )    𝑗  =  1   𝑛  


     𝑉  ∗  


   ℓ  ∶  𝑉  →  ℂ 


   𝑉  ↪  (    𝑉  ∗     )  ∗  


   𝑥  (  ℓ  )  =  ℓ  (  𝑥  ) 


     𝑉  1  


     𝑉  2  


     𝑉  1   ×    𝑉  2  


   𝐹  ∶    𝑉  1   ×    𝑉  2   →  ℂ 


     𝑥  1   ↦  𝐹  (    𝑥  1   ,    𝑥  2   )     and       𝑥  2   ↦  𝐹  (    𝑥  1   ,    𝑥  2   ) 


     𝑥  1   ∈    𝑉  1  


     𝑥  2   ∈    𝑉  2  


     𝑥  1   ⊗    𝑥  2  


     𝑉  1  ∗   ×    𝑉  2  ∗  


     𝑥  1   ⊗    𝑥  2   (    ℓ  1   ,    ℓ  2   )    =      ℓ  1   (    𝑥  1   )    ℓ  2   (    𝑥  2   )    . 


     𝑉  1     ⊗  ˆ     𝑉  2  


   {    𝑥  1   ⊗    𝑥  2     ∶      𝑥  1   ∈    𝑉  1   ,    𝑥  2   ∈    𝑉  2   }  . 


          (9.1)                     𝑉  1     ⊗  ˆ     𝑉  2     =      {    ∑    𝑗  =  1   𝑛     𝑥  𝑗   ⊗    𝑦  𝑗     ∶    𝑛  ∈  ℕ     and       𝑥  𝑗   ∈    𝑉  1     ,      𝑦  𝑗   ∈    𝑉  2   ,    𝑗  =  1  ,  …  ,  𝑛  }     .    


   𝛼  (    𝑥  𝑗   ⊗    𝑦  𝑗   )  =  (  𝛼    𝑥  𝑗   )  ⊗    𝑦  𝑗   =    𝑥  𝑗   ⊗  (  𝛼    𝑦  𝑗   ) 


     𝑉  1     ⊗  ˆ     𝑉  2  


   𝑥  ⊗  𝑦 


   𝑅  ∶    ℋ  ∗   →  ℋ 


     ⟨    𝑅  ℓ   |  𝑥  ⟩   =  ℓ  (  𝑥  ) 


     ℋ  ∗  


       ⟨  ℓ  |    ℓ  ′   ⟩     ℋ  ∗      ∶  =        ⟨    𝑅    ℓ  ′    |    𝑅  ℓ   ⟩   ℋ     . 


   𝐵  (    ℋ  1  ∗   ,    ℋ  2  ∗   ) 


     ℋ  1  ∗   ×    ℋ  2  ∗   →  ℂ 


   𝐹  ∈  𝐵  (    ℋ  1  ∗   ,    ℋ  2  ∗   ) 


   𝐹  ∶    ℋ  1  ∗   ×    ℋ  2  ∗   →  ℂ 


     |    𝐹  (    ℓ  1   ,    ℓ  2   )   |     ≤  𝑐    ‖    ℓ  1   ‖     ‖    ℓ  2   ‖    


   𝑐  <  ∞ 


     𝐹  ˜   ∶    ℋ  1   ×    ℋ  2   →  ℂ 


          (9.2)                     𝐹  ˜   (    𝜙  1   ,    𝜙  2   )    =    𝐹  (    𝑅  1    −  1      𝜙  1   ,    𝑅  2    −  1      𝜙  2   )    ,    


     𝑅  𝑗  


     𝐹  ˜  


     𝐹  ˜   (    𝜙  1   +  𝛼    𝜙  1  ′   ,    𝜙  2   )  =    𝐹  ˜   (    𝜙  1   ,    𝜙  2   )  +    𝛼  ∗     𝐹  ˜   (    𝜙  1  ′   ,    𝜙  2   ) 


     𝜙  1   ,    𝜙  2   ∈  ℋ 


     𝜙  1   ⊗    𝜙  2  


   |    𝜙  1   ⊗    𝜙  2   (    ℓ  1   ,    ℓ  2   )  |    =      |      ℓ  1   (    𝜙  1   )   |     |      ℓ  2   (    𝜙  2   )   |     ≤      ‖    𝜙  1   ‖     ‖    𝜙  2   ‖     ‖    ℓ  1   ‖     ‖    ℓ  2   ‖     . 


     ℋ  1     ⊗  ˆ     ℋ  2   ⊂  𝐵  (    ℋ  1   ,    ℋ  2   ) 


   𝐹  =    𝜙  1   ⊗    𝜙  2  


     𝜙  1     ⊗  ˜     𝜙  2   =    𝐹  ˜  


     𝜙  1     ⊗  ˜     𝜙  2   (    𝜓  1   ,    𝜓  2   )    =        ⟨    𝜓  1   |    𝜙  1   ⟩   1         ⟨    𝜓  2   |    𝜙  2   ⟩   2     . 


     ℋ  1     ⊗  ˆ     ℋ  2  


          (9.3)                       ⟨      𝜓  1   ⊗    𝜓  2    |      𝜙  1   ⊗    𝜙  2    ⟩     1  ⊗  2      =        ⟨    𝜓  1   |    𝜙  1   ⟩   1         ⟨    𝜓  2   |    𝜙  2   ⟩   2     .    


   𝛼    =      ∑    𝑗  =  1   𝐽     𝜓  1    (  𝑗  )    ⊗    𝜓  2    (  𝑗  )       and     𝛽    =      ∑    𝑘  =  1   𝐾     𝜙  1    (  𝑘  )    ⊗    𝜙  2    (  𝑘  )     


          (9.4)                     ⟨  𝛼  |  𝛽  ⟩     =      ∑    𝑗  =  1   𝐽     ∑    𝑘  =  1   𝐾     ⟨    𝜓  1    (  𝑗  )    |    𝜙  1    (  𝑘  )    ⟩       ⟨    𝜓  2    (  𝑗  )    |    𝜙  2    (  𝑘  )    ⟩     .    


   𝛼  ,  𝛽  ∈    ℋ  1     ⊗  ˆ     ℋ  2  


     ∑    𝑗  =  1   𝐽     𝛽  ˜   (    𝜓  1    (  𝑗  )    ,    𝜓  2    (  𝑗  )    ) 


       (    ∑    𝑘  =  1   𝐾     𝛼  ˜   (    𝜙  1    (  𝑘  )    ,    𝜙  2    (  𝑘  )    )  )   ∗  


   (    𝜓  1    (  𝑗  )    ,    𝜓  2    (  𝑗  )      )    𝑗  =  1   𝐽  


   𝛽 


   (    𝜙  1    (  𝑘  )    ,    𝜙  2    (  𝑘  )      )    𝑘  =  1   𝐾  


     ⟨  𝛼  |  𝛼  ⟩   ≥  0 


   𝛼  ∈    ℋ  1     ⊗  ˆ     ℋ  2  


   (    𝜙  1    (  𝑗  )      )    𝑗  =  1   𝐽  


     ℋ  1  


   (    𝜙  2    (  𝑘  )      )    𝑘  =  1   𝐾  


     ℋ  2  


   𝛼    =      ∑    𝑗  =  1   𝐽     ∑    𝑘  =  1   𝐾     𝑐    𝑗  ,  𝑘      𝜙  1    (  𝑗  )    ⊗    𝜙  2    (  𝑘  )   


     ⟨  𝛼  |  𝛼  ⟩   =    ∑    𝑗  ,  𝑘    |    𝑐    𝑗  ,  𝑘      |  2  


     𝑐    𝑗  ,  𝑘    =  0 


   𝑗  ,  𝑘 


     ℋ  1   ⊗    ℋ  2  


     ℋ  1     ⊗  ˆ     ℋ  2  


     ℋ  1  ∗   ×    ℋ  2  ∗   →  ℂ 


       ‖  𝐹  ‖   𝐵     =       sup         ‖    ℓ  𝑗   ‖     ℋ  𝑗   ∗   =  1  ,    𝑗  =  1  ,  2        |    𝐹  (    ℓ  1   ,    ℓ  2   )   |     . 


   𝛼  ∈    ℋ  1     ⊗  ˆ     ℋ  2  


       ‖  𝛼  ‖   𝐵     ≤        (    ⟨  𝛼  |  𝛼  ⟩   )     1  2      . 


       ‖  ⋅  ‖   𝐵  


     |    𝛼  (    ℓ  1   ,    ℓ  2   )   |     =      |      ∑    𝑗  ,  𝑘  =  1     𝐽  ,  𝐾      𝑐    𝑗  ,  𝑘      ℓ  1   (    𝜙  1    (  𝑗  )    )    ℓ  2   (    𝜙  2    (  𝑘  )    )   |     , 


     |  𝛼  |   𝛼  =    ∑    𝑗  ,  𝑘    =  |    𝑐    𝑗  ,  𝑘      |  2  


   (    𝜙  1    (  𝑗  )      )  𝑗  


   (    𝜙  2    (  𝑘  )      )  𝑘  


     |    𝛼  (    ℓ  1   ,    ℓ  2   )   |     ≤        (    ∑    𝑗  ,  𝑘  =  1     𝐽  ,  𝐾    |    𝑐    𝑗  ,  𝑘      |  2   )     1  2          (    ∑    𝑗  =  1   𝐽       |      ℓ  1   (    𝜙  1    (  𝑗  )    )   |   2   )     1  2          (    ∑    𝑘  =  1   𝐾       |      ℓ  2   (    𝜙  2    (  𝑘  )    )   |   2   )     1  2      ≤        (    ⟨  𝛼  |  𝛼  ⟩   )     1  2        ‖    ℓ  1   ‖     ‖    ℓ  2   ‖     , 


   (    𝜙  1    (  𝑗  )      )    𝑗  =  1   𝐽  


   𝐽  ,  𝐾  ∈  ℕ  ∪  {  ∞  } 


   (    𝜙  1    (  𝑗  )    ⊗    𝜙  2    (  𝑘  )      )    𝑗  ,  𝑘  =  1     𝐽  ,  𝐾   


   (    𝛼  𝑗     )    𝑗  =  1   ∞  


   (    𝜙  1    (  𝑗  )    ⊗    𝜙  2    (  𝑘  )      )    𝑗  ,  𝑘   


   𝜙  ⊗  𝜓 


   𝜙  ⊗  𝜓    =       lim     𝑁  →  ∞      ∑    𝑗  ,  𝑘  =  1   𝑁     𝛼  𝑗     𝛽  𝑘     𝜙  1    (  𝑗  )    ⊗    𝜙  2    (  𝑘  )      , 


     𝛼  𝑗   =    ⟨    𝜙  1    (  𝑗  )    |  𝜙  ⟩  


     𝛽  𝑘   =    ⟨    𝜙  2    (  𝑘  )    |  𝜓  ⟩  


   (    𝐴  𝑇   ℓ  )  (  𝜙  )  =  ℓ  (  𝐴  𝜙  ) 


     ⟨    𝑅    𝐴  𝑇   ℓ   |  𝜙  ⟩     =      ⟨    𝑅  ℓ   |    𝐴  𝜙   ⟩     =      ⟨      𝐴  †   𝑅  ℓ   |  𝜙  ⟩     . 


     𝐴  𝑇   =    𝑅    −  1      𝐴  †   𝑅 


   𝑅  ∶    ℋ  ∗   →  ℋ 


     ‖    𝐴  𝑇   ‖     =       sup       ‖  ℓ  ‖   =  1        ‖      𝐴  𝑇   ℓ   ‖     =       sup       ‖  ℓ  ‖   =    ‖  𝜙  ‖   =  1        |    (    𝐴  𝑇   ℓ  )  (  𝜙  )   |     =       sup       ‖  ℓ  ‖   =    ‖  𝜙  ‖   =  1        |    ℓ  (  𝐴  𝜙  )   |     =       sup       ‖  𝜙  ‖   =  1        ‖    𝐴  𝜙   ‖     =    ‖  𝐴  ‖   . 


     𝐴  1  


     𝐴  2  


   𝐹  ∶    ℋ  1  ∗   ×    ℋ  2  ∗   →  ℂ 


   (  (    𝐴  1   ⊗    𝐴  2   )  ⋅  𝐹  )  (    ℓ  1   ,    ℓ  2   )    =    𝐹  (    𝐴  1  𝑇     ℓ  1   ,    𝐴  2  𝑇     ℓ  2   )    . 


     ‖    (    𝐴  1   ⊗    𝐴  2   )  ⋅  𝐹   ‖     =       sup       ‖    ℓ  1   ‖   =  1  ,      ‖    ℓ  2   ‖   =  1        |    𝐹  (    𝐴  1  𝑇     ℓ  1   ,    𝐴  2  𝑇     ℓ  2   )   |     ≤      ‖  𝐹  ‖     ‖    𝐴  1   ‖     ‖    𝐴  2   ‖     , 


   (    𝐴  1   ⊗    𝐴  2   )  ⋅  𝐹 


     𝜙  𝑗   ∈    ℋ  𝑗  


          (10.1)                   (    𝐴  1   ⊗    𝐴  2   )  ⋅  (    𝜙  1   ⊗    𝜙  2   )    =    (    𝐴  1     𝜙  1   )  ⊗  (    𝐴  2     𝜙  2   )    𝑚    


     𝐴  1   ⊗    𝐴  2   ∶    ℋ  1     ⊗  ˆ     ℋ  2   →    ℋ  1     ⊗  ˆ     ℋ  2  


     𝐴  1   ⊗    𝐴  2   ∈  ℬ  (    ℋ  1   ⊗    ℋ  2   ) 


     𝐴  𝑗   ∈  ℬ  (    ℋ  𝑗   ) 


     𝐴  1   ⊗    𝐴  2   ∈  ℬ  (    ℋ  1   ⊗    ℋ  2   ) 


     𝔄  𝑗   ⊂  ℬ  (    ℋ  𝑗   ) 


     𝔄  1   ⊗    𝔄  2  


   ℬ  (    ℋ  1   ⊗    ℋ  2   ) 


   {    𝐴  1   ⊗    𝐴  2     ∶      𝐴  𝑗   ∈    𝔄  𝑗     ,    𝑗  =  1  ,  2  } 


   ℬ  (    ℋ  1   )  ⊗  ℬ  (    ℋ  2   )  =  ℬ  (    ℋ  1   ⊗    ℋ  2   ) 


     𝔄  𝑗   =  {  𝐴  ∈  ℬ  (    ℋ  𝑗   )  ∶  𝐴  =    𝐴  †   } 


   ℬ  (    ℋ  1   ⊗    ℋ  2   ) 


   ℬ  (    ℋ  1   )  ⊗  ℬ  (    ℋ  2   ) 


   ℬ  (    ℋ  1   )    ⊗   min    ℬ  (    ℋ  2   ) 


   (    ℋ  1   ⊗    ℋ  2   )  ⊗    ℋ  3  


     ℋ  1   ⊗  (    ℋ  2   ⊗    ℋ  3   ) 


     ℋ  1   ⊗  ⋯  ⊗    ℋ  𝑛  


     ℋ  1  ∗   ×  ⋯  ×    ℋ  𝑛  ∗  


     𝜙  𝑗   ∈    ℋ  𝑗  


     𝜙  1   ⊗  ⋯  ⊗    𝜙  𝑛  


     𝜙  1   ⊗  ⋯  ⊗    𝜙  𝑛   (    ℓ  1   ,  …  ,    ℓ  𝑛   )    =      ∏    𝑗  =  1   𝑛     ℓ  𝑗   (    𝜙  𝑗   )    . 


   (    ℋ  1   ⊗    ℋ  2   )  ⊗    ℋ  3   ≅    ℋ  1   ⊗  (    ℋ  2   ⊗    ℋ  3   )  ≅    ℋ  1   ⊗    ℋ  2   ⊗    ℋ  3  


   (    ℋ  1   ⊗  ⋯  ⊗    ℋ    𝑛  −  1    )  ⊗    ℋ  𝑛   ≅    ℋ  1   ⊗  ⋯    ℋ  𝑛  


    dim       ℋ  𝑗   <  ∞ 


     |  Ψ  ⟩       ⟨  Ψ  |  


   Ψ  ∈    ℋ  1   ⊗    ℋ  2  


     ‖  Ψ  ‖   =  1 


   (    𝜙  𝑗     )    𝑗  =  1   𝐽  


   (    𝜓  𝑘     )    𝑘  =  1   𝐾  


   (    𝜙  𝑗   ⊗    𝜓  𝑘     )    𝑗  ,  𝑘  =  1     𝐽  ,  𝐾   


     |  Ψ  ⟩     =      ∑    𝑗  ,  𝑘  =  1     𝐽  ,  𝐾      𝛼    𝑗  ,  𝑘        |      𝜓  𝑗   ⊗    𝜓  𝑘    ⟩     , 


     𝛼    𝑗  ,  𝑘    =    ⟨      𝜓  𝑗   ⊗    𝜓  𝑘    |  Ψ  ⟩  


     𝛼    𝑗  ,  𝑘   


   𝐽  𝐾 


         |  Ψ  ⟩     ⟨  Ψ  |        ‖  Ψ  ‖   2   


   Ψ 


   𝐽  𝐾  −  1 


     |  Ψ  ⟩     =      (    ∑    𝑗  =  1   𝐽     𝑎  𝑗       |    𝜙  𝑗   ⟩   )   ⊗    (    ∑    𝑘  =  1   𝐾     𝑏  𝑗       |    𝜓  𝑗   ⟩   )     . 


   𝐽  +  𝐾  −  2 


   𝐽  ,  𝐾  ≥  2 


   𝐽  𝐾  −  1  >  𝐽  +  𝐾  −  2 


     𝜌  𝑡   =    e    −  𝑖  𝑡  𝐻      𝜌  0     e    𝑖  𝑡  𝐻   


   (    𝑀  𝑎     )    𝑎  ∈  𝑆   


   𝑎  ∈  𝑆 


     ∑    𝑎  ∈  𝑆      𝑀  𝑎  †     𝑀  𝑎   =  𝐼 


     𝑝  𝑎   =   tr       𝑀  𝑎   𝜌    𝑀  𝑎  †  


     1    𝑝  𝑎      𝑀  𝑎   𝜌    𝑀  𝑎  †  


     ∑  𝑎     𝑝  𝑎   =  1 


     𝑀  𝑎  


   𝐴  ∈  𝔄 


   (    𝑃  𝑎     )    𝑎  ∈  𝜎  (  𝐴  )   


   𝐴    =      ∑    𝑎  ∈  𝜎  (  𝐴  )    𝑎    𝑃  𝑎     , 


   𝜎  (  𝐴  )  = 


     𝑃  𝑎   = 


     ∑  𝑎   𝑎    𝑝  𝑎     =      ∑  𝑎   𝑎     tr       𝑃  𝑎   𝜌    𝑃  𝑎     =     tr       [    ∑  𝑎   𝑎    𝑃  𝑎   𝜌  ]     =     tr     𝐴  𝜌    . 


     ∑  𝑎     𝑎  2     𝑝  𝑎   −      (    ∑  𝑎   𝑎    𝑃  𝑎   )   2     =     tr       𝐴  2   𝜌  −      (   tr     𝐴  𝜌  )   2     . 


   𝜌  =    |  𝜓  ⟩       ⟨  𝜓  |  


     𝑀  𝑎       |  𝜓  ⟩       ⟨  𝜓  |       𝑀  𝑎  


     𝑀  𝑎   ∈  ℬ  (  ℋ  ) 


     ⟨  𝜓  |       𝑀  𝑎  †     𝑀  𝑎       |  𝜓  ⟩  


     1      𝑝  𝑎       𝑀  𝑎   𝜓 


     e    𝑖  𝜃    𝜓 


   (    e    𝑖    𝜃  𝑎       𝑀  𝑎     )    𝑎  ∈  𝑆   


   ℋ  =  ℂ 


   |  0  ⟩ 


   |  1  ⟩ 


   (          1           0      ) 


   (          0           1      ) 


   𝑋    =      𝜎  1     =      (          0        1           1        0      )     ,    𝑌    =      𝜎  2     =      (          0        −  𝑖           𝑖        0      )     ,     and     𝑍    =      𝜎  3     =      (          1        0           0        −  1      )     . 


   𝑍 


   𝑎  =  1 


   𝑋 


   ±  1 


         1       /        2  


     1    2    (    |  0  ⟩   ±    |  1  ⟩   ) 


     1    2    (    |  0  ⟩   ±  𝑖      |  1  ⟩   ) 


   𝒗  ⋅  𝝈 


   𝝈  =  (  𝑋  ,  𝑌  ,  𝑍  ) 


   (  𝒗  ⋅  𝝈    )  2   =  𝐼 


     𝜌  𝒘   =    1  2   [  𝐼  +  𝒘  ⋅  𝝈  ] 


   |  𝒘  |  ≤  1 


     𝜌  𝒘  


   𝑂 


   𝑂  𝒗  =    𝒆  3  


     𝜌    𝒘  ′   


     𝒘  ′   =  𝑂  𝒘 


    Prob   [  𝒗  ⋅  𝝈  =  ±  1  ]    =      1  2   (  1  ±    𝑤  3  ′   )    =      1  2   (  1  ±  𝒗  ⋅  𝒘  )    . 


     𝜌  𝒘   =    1  2   [  𝐼  +  𝒘  ⋅  𝝈  ] 


    Prob   [  𝒗  ⋅  𝝈  =  ±  1  ]    =        1  2    (  1  ±  𝒗  ⋅  𝒘  )    , 


     𝜌    ±  𝒗    =    1  2   [  𝐼  ±  𝒗  ⋅  𝝈  ] 


     𝑍  1     =    𝑍  ⊗  𝐼    ,      𝑍  2     =    𝐼  ⊗  𝑍    , 


     |    𝜎    𝜎  ′    ⟩   =    |  𝜎  ⟩   ⊗    |    𝜎  ′   ⟩         𝜎  ,    𝜎  ′   ∈  {  0  ,  1  }    . 


          (11.1)                     |  Ψ  ⟩     =      1    2        (    |   01   ⟩   −    |   10   ⟩   )     ,    


     𝑍  1  


   |   00   ⟩ 


   |   11   ⟩ 


     𝑍  2  


     𝑠  1   =  ± 


     𝑠  2   =  ±  1 


     𝑠  2   =  −    𝑠  1  


   𝒗  ⋅    𝝈  𝑗   =    𝑣  1     𝑋  𝑗   +    𝑣  2     𝑌  𝑗   +    𝑣  3     𝑍  𝑗  


     𝑃    𝒗  ,  𝑗  ,  ±  1    =    1  2       [  𝐼  ±  𝒗  ⋅    𝝈  𝑗   ]  


     𝜌  1     =       tr   2       |  Ψ  ⟩       ⟨  Ψ  |     =        1  2         tr   2       (    |   01   ⟩       ⟨   01   |   +    |   10   ⟩       ⟨   10   |   −    |   01   ⟩       ⟨   10   |   −    |   10   ⟩       ⟨   01   |   )     =        1  2    𝐼 


     𝜌  2     =       tr   1       |  Ψ  ⟩       ⟨  Ψ  |   =    1  2   𝐼 


   𝒗  ⋅    𝝈  𝑗  


   𝒗  ⋅    𝝈  1  


     𝑠  1  


   𝒗  ⋅    𝝈  2  


     𝑠  2  


   |  Ψ  ⟩ 


     𝑠  1   =  ±  1 


     1  2  


               |  Ψ  ⟩   1        =        1  2        (    |   01   ⟩   −    |   10   ⟩   +    𝑠  1     𝑣  1   (    |   11   ⟩   −    |   00   ⟩   )  +    𝑠  1   𝑖    𝑣  2   (    |   11   ⟩   +    |   00   ⟩   )  +    𝑠  1     𝑣  3   (    |   01   ⟩   +    |   10   ⟩   )  )             =        1  2        (  (  1  +    𝑠  1     𝑣  3   )    |   01   ⟩   −  (  1  −    𝑠  1     𝑣  3   )    |   10   ⟩   +    𝑠  1   (    𝑣  1   +  𝑖    𝑣  2   )    |   11   ⟩   +    𝑠  1   (    𝑣  1   −  𝑖    𝑣  2   )    |   00   ⟩   )     .    


              Prob   (    𝑠  2   =  1  )    =        1  4        (  (  1  −    𝑠  1     𝑣  3     )  2   +    𝑣  1  2   +    𝑣  2  2   )     =        1  2        (  1  −    𝑠  1     𝑣  3   )            and        Prob   (    𝑠  2   =  −  1  )    =        1  2        (  1  +    𝑠  1     𝑣  3   )     .      


          (11.2)                    Prob       (    𝒗  2   ⋅    𝝈  2   =    𝑠  2     |      𝒗  1   ⋅    𝝈  1   =    𝑠  1   )     =        1  2        (  1  −    𝑠  1     𝑠  2     𝒗  1   ⋅    𝒗  2   )     .    


   𝑄  =    𝑍  1  


   𝑅  =    𝑋  1  


   𝑆  =      −    𝑍  2   −    𝑋  2      2   


   𝑇  =        𝑍  2   −    𝑋  2      2   


     𝑀  2    (  𝑗  )    =  𝑆 


   𝑝  (  𝑞  ,  𝑟  ,  𝑠  ,  𝑡  ) 


   𝑞  ,  𝑟  ,  𝑠  ,  𝑡  ∈  {  −  1  ,  1  } 


    Prob   [  𝑄  =  𝑞    and    𝑆  =  𝑠  ]    =      ∑    𝑟  ,  𝑡  =  ±  1    𝑝  (  𝑞  ,  𝑟  ,  𝑠  ,  𝑡  )    , 


   𝑄  𝑆  +  𝑅  𝑆  +  𝑅  𝑇  −  𝑄  𝑇  =  (  𝑄  +  𝑅  )  𝑆  +  (  𝑅  −  𝑄  )  𝑇 


   𝑄  ,  𝑅  ,  𝑆  ,  𝑇  =  ±  1 


   𝑄  +  𝑅  =  0 


   𝑄  −  𝑅  =  0 


   (  𝑄  +  𝑅  )  𝑆  +  (  𝑅  −  𝑄  )  𝑇  =  ±  2 


          (11.3)                   𝔼  (  𝑄  𝑆  )  +  𝔼  (  𝑅  𝑆  )  +  𝔼  (  𝑅  𝑇  )  −  𝔼  (  𝑄  𝑇  )    =    𝔼  (  𝑄  𝑆  +  𝑅  𝑆  +  𝑅  𝑇  −  𝑄  𝑇  )    ≤    2    .    


   𝔼  (  𝑄  𝑆  )  +  𝔼  (  𝑅  𝑆  )  +  𝔼  (  𝑅  𝑇  )  −  𝔼  (  𝑄  𝑇  ) 


   𝑁 


     𝑁  4  


   𝔼  (  𝑄  𝑆  ) 


   𝑄  =    𝑍  1  


   𝑆  =  −        𝑍  2   +    𝑋  2      2   


   𝔼  (  𝑄  𝑆  )    =        1  4        [    (  1  +      1    2     )   −    (  1  −      1    2     )   −    (  1  −      1    2     )   +    (  1  +      1    2     )   ]     =      1    2      . 


   𝔼  (  𝑄  𝑇  )    =    −    1    2      ,    𝔼  (  𝑅  𝑆  )    =      1    2      ,     and     𝔼  (  𝑅  𝑇  )    =      1    2      . 


          (11.4)                   𝔼  (  𝑄  𝑆  )  +  𝔼  (  𝑅  𝑆  )  +  𝔼  (  𝑅  𝑇  )  −  𝔼  (  𝑄  𝑇  )    =    2    2     >    2    ,    


   |  𝜓  ⟩ 


     ⟨  𝜓  |       𝑃  𝑎       |  𝜓  ⟩  


     𝑃  𝑎  


   𝑈  (  𝑡  ,  𝑠  ) 


   |    𝜓  (  𝑠  )   ⟩ 


   𝑠 


     |    𝜓  (  𝑡  )   ⟩   =  𝑈  (  𝑡  ,  𝑠  )    |    𝜓  (  𝑠  )   ⟩  


   𝑈  (  𝑡  ,  𝑠  )  𝜌  𝑈  (  𝑠  ,  𝑡    )  †  


     ∑    𝑎  ∈  𝑆      𝑀  𝑎  †     𝑀  𝑎  


     𝑝  𝑎   =   tr       𝑀  𝑎  †     𝑀  𝑎   𝜌 


     1    𝑝  𝑎      𝑀  𝑎   𝜌    𝑀  𝑎  †  


     ℋ  1   ⊗  ⋯  ⊗    ℋ  2  


     𝜌  𝑗  


     𝜌  1   ⊗  ⋯  ⊗    𝜌  𝑛  


   𝑡  ↦  𝑈  (  𝑡  ,  𝑠  ) 


   𝑈  (  𝑡  ,  𝑠  )  𝑈  (  𝑠  ,  𝑟  )  =  𝑈  (  𝑡  ,  𝑟  ) 


   𝑈  (  𝑡  ,  𝑠  )  =  𝑉  (  𝑡  −  𝑠  ) 


   (  𝑉  (  𝑡  )    )    𝑡  ∈  ℝ   


   𝑉  (  𝑡  )  𝑉  (  𝑠  )  =  𝑉  (  𝑡  +  𝑠  ) 


   𝑉  (  𝑡  )  =    e    −  𝑖  𝑡  𝐻   


   (    𝑝  𝑖   ,    |    𝜓  𝑖   ⟩     )    𝑖  =  1   𝑛  


   𝐿 


   𝐿      𝑑  2     𝑑    𝑡  2     𝜃  +  𝑔     sin       (  𝜃  )     =    0 


   𝜃 


   𝑔 


   𝐻  (  𝑝  ,  𝜃  )  =      𝑝  2     2  𝐿    +  𝑔  (  1  −   cos       (  𝜃  )   ) 


   𝑝  =  0 


     𝜃  0   >  0 


   𝜃  =  0 


   𝜃  =  −    𝜃  0  


   𝑇  =  4      𝐿    2  𝑔       ∫  0    𝜃  0      1       cos     𝜃  −   cos       𝜃  0      𝑑    𝜃  0     , 


     𝜃  0   <  <  1 


   𝑇    ≈    2  𝜋      𝐿  𝑔      . 


          (13.1)                     𝑑    𝑑  𝑡    𝑝  (  𝑡  )    =    −  𝑔     sin       (  𝜃  )   −  𝜈  𝑝  +  𝜂  (  𝑡  )     and     𝐿    𝑑    𝑑  𝑡    𝜃  (  𝑡  )    =    𝑝  (  𝑡  )    ,    


   𝜈  >  0 


   𝜂  (  𝑡  ) 


    sin       (  𝜃  )   ≈  𝜃 


          (13.2)                     𝑑    𝑑  𝑡    𝑝  (  𝑡  )    =    −  𝑔  𝜃  (  𝑡  )  −  𝜈  𝑝  (  𝑡  )  +  𝜂  (  𝑡  )     and     𝐿    𝑑    𝑑  𝑡    𝜃  (  𝑡  )    =    𝑝  (  𝑡  )    .    


     𝜌  𝑡   (  𝑝  ,  𝜃  ) 


     𝜌  𝑡   (  𝑝  ,  𝜃  |  {  𝜂  (  𝑠  )    }    𝑠  ∈  ℝ    ) 


   (  𝑝  ,  𝜃  ) 


   𝔼      (  𝜂  (  𝑡  )  𝜂  (  𝑠  )  )     =    𝐷  𝛿  (  𝑡  −  𝑠  )    . 


   𝜂  (  𝑡  )  =    𝐷     𝑏  ′   (  𝑡  ) 


   𝑏  (  𝑡  ) 


   𝜂 


          (13.3)                   𝑑  𝑝  (  𝑡  )    =    −  (  𝑔  𝜃  (  𝑡  )  +  𝜈  𝑝  (  𝑡  )  )  𝑑  𝑡  +    𝐷   𝑑  𝑏  (  𝑡  )     and     𝐿  𝑑  𝜃  (  𝑡  )  =  𝑝  (  𝑡  )  𝑑  𝑡    .    


          (13.4)                       𝜕    𝜌  𝑡      𝜕  𝑡    (  𝑝  ,  𝜃  )    =    𝐷        𝜕  2     𝜌  𝑡      𝜕    𝑝  2     (  𝑝  ,  𝜃  )  −    𝑝  𝐿       𝜕    𝜌  𝑡      𝜕  𝜃    (  𝑝  ,  𝜃  )  +    𝜕    𝜕  𝑝        (  (  𝑔  𝜃  +  𝜈  𝑝  )    𝜌  𝑡   (  𝑝  ,  𝜃  )  )     .    


   𝑋  =  {    𝑥  1   ,  …  ,    𝑥  𝑛   } 


   𝑡  =  0  ,  1  ,  … 


     𝑥  𝑗  


   𝜎  ∶  𝑋  →  𝑋 


   𝑡  +  1 


   𝜎  (    𝑥  𝑗   ) 


   {  𝐴  ,  𝐵  } 


     𝑤  𝑗   ∈  {  𝐴  ,  𝐵  } 


   0  ,  1  ,  2  ,  … 


     𝑤  𝑗  


   𝑗  −  1 


     𝑤    𝑗  −  1   


    Prob   (    𝑤  𝑗   =  𝐴  |  (    𝑤  1   ,  …  ,    𝑤    𝑗  −  1    )  )    =     Prob   (    𝑤  𝑗   =  𝐴  |    𝑤    𝑗  −  1    )    . 


     𝑇  𝑗     =      (               Prob   (    𝑤  𝑗   =  𝐴  |    𝑤    𝑗  −  1    =  𝐴  )      Prob   (    𝑤  𝑗   =  𝐴  |    𝑤    𝑗  −  1    =  𝐵         Prob   (    𝑤  𝑗   =  𝐵  |    𝑤    𝑗  −  1    =  𝐴  )      Prob   (    𝑤  𝑗   =  𝐵  |    𝑤    𝑗  −  1    =  𝐵  )          )     , 


          (13.5)                     (               Prob   (    𝑤  𝑗   =  𝐴  )         Prob   (    𝑤  𝑗   =  𝐵  )          )     =      𝑇  𝑗       (               Prob   (    𝑤    𝑗  −  1    =  𝐴  )         Prob   (    𝑤    𝑗  −  1    =  𝐵  )          )     .    


     𝑤  0   ∈  𝑋 


     𝑇  1   ,    𝑇  2   ,  … 


     ⟨  𝑗  |       𝑇  𝑚       |  𝑘  ⟩   ≥  0 


     ∑  𝑗     ⟨  𝑗  |       𝑇  𝑚       |  𝑘  ⟩   =  1 


     𝑤  1   ,    𝑤  2   ,  … 


          (13.6)                     𝒑  𝑚     =      𝑇  𝑚     𝒑    𝑚  −  1      


     𝒑  𝑚   =  (   Prob   (    𝑤  𝑚   =    𝑥  1   )  ,  …  ,   Prob   (    𝑤  𝑚   =    𝑥  𝑛   )    )  𝑇  


     ℋ  𝑆  


   𝑅 


     ℋ  𝑅  


   𝜌  ⊗    𝜌  𝑅  


   𝑈  (  𝜌  ⊗    𝜌  𝑅   )    𝑈  †  


   𝑈  =    e    −  𝑖  𝑡  𝐻   


          (13.7)                     𝜌  ′     =       tr   𝑅       [  𝑈  (  𝜌  ⊗    𝜌  𝑅   )    𝑈  †   ]     .    


     𝜌  ′   =  ℰ  (  𝜌  ) 


   ℰ  ∶    𝔄  1  +   →    𝔄  1  +  


   ℰ 


     |    1  ;  𝑅   ⟩   ,  …    |    𝑁  ;  𝑅   ⟩  


     𝜌  𝑅  


     𝜌  𝑅     =      ∑    𝑘  =  1   𝑁     𝜆  𝑘       |    𝑘  ;  𝑅   ⟩       ⟨    𝑘  ;  𝑅   |     . 


   ℰ  (  𝜌  )    =      ∑  𝑘     𝜆  𝑘        tr   𝑅       [  𝑈  𝜌  ⊗    |    𝑘  ;  𝑅   ⟩       ⟨    𝑘  ;  𝑅   |       𝑈  †   ]     . 


   𝑛  ,  𝑘  ∈  {  1  ,  …  ,  𝑁  } 


   𝐸  (  𝑛  ,  𝑘  )  =      𝜆  𝑘        ⟨    𝑛  ;  𝑅   |     𝑈      |    𝑘  ;  𝑅   ⟩  


     ⟨  𝜓  |     𝐸  (  𝑛  ,  𝑘  )    |  𝜙  ⟩     =        𝜆  𝑘        ⟨  𝜓  |   ⊗    ⟨    𝑛  ;  𝑅   |     𝑈      |  𝜙  ⟩   ⊗    |    𝑘  ;  𝑅   ⟩     . 


          (13.8)                   ℰ  (  𝜌  )    =      ∑    𝑛  ,  𝑘  =  1   𝑁   𝐸  (  𝑛  ,  𝑘  )  𝜌  𝐸  (  𝑛  ,  𝑘    )  †     .    


   𝐸  (  𝑛  ,  𝑘  ) 


          (14.1)                   ℰ  (  𝜌  )    =      ∑    𝑘  =  1   𝑛   𝐸  (  𝑘  )  𝜌  𝐸  (  𝑘    )  †     ,    


   𝐸  (  𝑘  ) 


          (14.2)                     ∑    𝑘  =  1   𝑛   𝐸  (  𝑘    )  †   𝐸  (  𝑘  )    =    𝐼    .    


          (14.3)                     ∑    𝑘  =  1   𝑛   𝐸  (  𝑘    )  †   𝐸  (  𝑘  )    ≤    𝐼    .    


    tr     ℰ  (  𝜌  )    =      ∑    𝑘  =  1   𝑛    tr     𝐸  (  𝑘  )  𝜌  𝐸  (  𝑘    )  †     =      ∑    𝑘  =  1   𝑛    tr     𝐸  (  𝑘    )  †   𝐸  (  𝑘  )  𝜌    ≤     tr     𝜌    . 


    tr     ℰ  (  𝜌  ) 


   ℰ  (  𝜌  )    =       tr   𝑅       𝑃  𝐷   𝑈  𝜌  ⊗    𝜌  𝑅     𝑈  †     𝑃  𝐷  


     𝑃  𝐷  


   |    𝑒  1   ⟩ 


     |    𝑒  1   ⟩   ,  …  ,    |    𝑒  𝑛   ⟩  


   ℰ  (  𝜌  )    =       tr   𝑅     𝑈  𝜌  ⊗    |    𝑒  1   ⟩       ⟨    𝑒  1   |       𝑈  †     =      ∑    𝑘  =  1   𝑛     ⟨    𝑒  𝑘   |     𝑈      |    𝑒  1   ⟩     𝜌      ⟨    𝑒  1   |       𝑈  †       |    𝑒  𝑘   ⟩     =      ∑    𝑘  =  1   𝑛     𝐸  𝑘   𝜌    𝐸  𝑘  †    


     𝐸  𝑘   =    ⟨    𝑒  𝑘   |     𝑈      |    𝑒  1   ⟩  


          (14.4)                   ℰ  (  𝜌  )    =      ∑    𝑘  =  1   𝑛   𝑝  (  𝑘  )    𝜌  𝑘     


   𝑝  (  𝑘  )    =     tr       𝐸  𝑘   𝜌    𝐸  𝑘  †     =     tr       ⟨    𝑒  𝑘   |     𝑈      |    𝑒  1   ⟩     𝜌      ⟨    𝑒  1   |       𝑈  †       |    𝑒  𝑘   ⟩  


   |    𝑒  𝑘   ⟩ 


     𝜌  𝑘     =          𝐸  𝑘   𝜌    𝐸  𝑘  †      𝑝  (  𝑘  )      . 


   𝑘  ∈  {  1  ,  …  ,  𝑛  } 


   𝑝  (  𝑘  ) 


             𝐸  𝑘   𝜌    𝐸  𝑘  †         /          𝑝  (  𝑘  )   


    Prob   (  𝜌  ↦            𝐸  𝑘   𝜌    𝐸  𝑘  †         /           tr       𝐸  𝑘   𝜌    𝐸  𝑘  †     )    =     tr       𝐸  𝑘   𝜌    𝐸  𝑘  †     . 


   (    |    𝑒  𝑗   ⟩       ⟨    𝑒  𝑗   |     )    𝑗  =  1   𝑛  


   (    𝐸  𝑘     )    𝑘  =  1   𝑛  


   ℰ  (  𝜌  ) 


     ℋ  𝐷  


     ℋ  𝐼  


     ℋ  𝐹  


     𝒟  𝐼  


   ℰ  ∶    𝒟  𝐼   →  ℬ  (    ℋ  𝐹   ) 


    tr     ℰ  (  𝜌  )  ≤  1 


   𝜌  ∈    𝒟  𝐼  


   ℰ  (  𝑡    𝜌  1   +  (  1  −  𝑡  )    𝜌  0   )  =  𝑡  ℰ  (    𝜌  1   )  +  (  1  −  𝑡  )  ℰ  (    𝜌  0   ) 


    tr     ℰ  (  𝜌  )  ≤  1 


     𝜌  𝑖  


   {    𝑝  𝑖   ,    𝜌  𝑖     }    𝑖  =  1   𝑛  


   𝜌  =    ∑  𝑖     𝑝  𝑖     𝜌  𝑖  


   ℰ  (  𝑄  )  =   tr     𝑄  ℰ  (        𝑄       /           tr     𝑄    ) 


   ℰ  (  𝐴  )  =  ℰ  (    𝐴  +   )  −  ℰ  (    𝐴  −   ) 


     𝐴  ±  


           ℰ  (  𝜌  )        /           tr     ℰ  (  𝜌  )   


     ℋ  𝑂  


   (  𝐼  ,  𝑂  ) 


   ℰ  ⊗  ℐ 


   ℰ  ⊗  ℐ  (  𝐴  ⊗  𝐵  )    =    ℰ  (  𝐴  )  ⊗  𝐵 


     ℋ  𝐼   ⊗    ℋ  𝑂  


   ℰ  ⊗  ℐ  (  𝑄  )  /   tr     ℰ  ⊗  ℐ  (  𝑄  ) 


    dim       ℋ  𝐼  


    dim       ℋ  𝐹   <  ∞ 


   ℰ  ∶  ℬ  (    ℋ  𝐼   )  →  ℬ  (    ℋ  𝐹   ) 


          (14.5)                   ℰ  (  𝜌  )    =      ∑    𝑖  =  1   𝑛     𝐸  𝑖   𝜌    𝐸  𝑖  †     


     𝐸  𝑖   ∈  ℬ  (    ℋ  𝐼   ,    ℋ  𝐹   ) 


     ∑  𝑖     𝐸  𝑖  †     𝐸  𝑖   ≤  𝐼 


    tr     ℰ  (  𝜌  )    =      ∑    𝑖  =  1   𝑛    tr       𝐸  𝑖   𝜌    𝐸  𝑖  †     =      ∑    𝑖  =  1   𝑛    tr       𝐸  𝑖  †     𝐸  𝑖   𝜌    ≤     tr     𝜌    =    1   


     |  Ψ  ⟩   ∈    ℋ  𝐹   ⊗    ℋ  𝑂  


     |    𝜙  𝑖   ⟩   =    𝐸  𝑖  †   ⊗    𝐼  𝑂       |  Ψ  ⟩   ∈    ℋ  𝐼   ⊗    ℋ  𝑂  


     ⟨  Ψ  |   (    𝐸  𝑖   ⊗    𝐼  𝑂   )  𝑄  (    𝐸  𝑖  †   ⊗    𝐼  𝑂   )    |  Ψ  ⟩     =      ⟨    𝜙  𝑖   |     𝑄      |    𝜙  𝑖   ⟩     ≥    0    , 


     ⟨  Ψ  |     ℰ  (  𝑄  )    |  Ψ  ⟩     =      ∑  𝑖     ⟨  Ψ  |   (    𝐸  𝑖   ⊗    𝐼  𝑂   )  𝑄  (    𝐸  𝑖  †   ⊗    𝐼  𝑂   )    |  Ψ  ⟩     ≥    . 


   ℰ  (  𝑄  ) 


    dim       ℋ  𝑅   =   dim       ℋ  𝐼  


   (    |    𝑗  𝑅   ⟩     )    𝑗  =  1   𝑛  


   (    |    𝑗  𝐼   ⟩     )    𝑗  =  1   𝑛  


          (14.6)                     |  𝛼  ⟩     =      ∑    𝑗  =  1   𝑛     |    𝑗  𝐼   ⟩   ⊗    |    𝑗  𝑅   ⟩     .    


   𝜎  =  ℰ  ⊗    ℐ  𝑅   (    |  𝛼  ⟩       ⟨  𝛼  |   )    . 


   𝜎 


     ℋ  𝐹   ⊗    ℋ  𝑂  


     |  𝜓  ⟩   =    ∑  𝑗     𝜓  𝑗       |    𝑗  𝐼   ⟩  


     |    𝜓  ˜   ⟩   =    ∑  𝑗     𝜓  𝑗       |    𝑗  𝑅   ⟩  


     ⟨    𝜓  ˜   |     𝜎      |    𝜓  ˜   ⟩  


     ℋ  𝐸  


     𝐻  𝑇  


     𝐻  𝑇     =      𝐻  𝑆   ⊗    𝟙  𝐸   +    𝟙  𝑆   ⊗    𝐻  𝐸   +  𝑔    𝐻  𝐼  


     𝐻  𝑆  


     𝐻  𝐸  


   𝑔    𝐻  𝐼  


     𝜌  𝑇  


       𝜌  .   𝑇   (  𝑡  )    =    −  𝑖      [    𝐻  𝑇   ,    𝜌  𝑇   (  𝑡  )  ]     . 


     𝐻  0   =    𝐻  𝑆   ⊗    𝟙  𝐸   +    𝟙  𝑆   ⊗    𝐻  𝐸  


       𝜌  ˆ   𝑇   (  𝑡  )    =      e    𝑖  𝑡    𝐻  0       𝜌  𝑇   (  𝑡  )    e    −  𝑖  𝑡    𝐻  0       . 


       𝜌  ˆ   𝑇   (  𝑡  ) 


     𝜌  𝑇   (  𝑡  ) 


       𝑑    𝜌  ˆ   (  𝑡  )     𝑑  𝑡      =    −  𝑖  𝑔      [      𝐻  ˆ   𝐼   (  𝑡  )  ,      𝜌  ˆ   𝑇   (  𝑡  )  ]     , 


          (16.1)                       𝐻  ˆ   𝐼   (  𝑡  )    =      e    𝑖  𝑡    𝐻  0       𝐻  𝐼     e    −  𝑖  𝑡    𝐻  0       .    


       𝜌  ˆ   𝑇   (  0  )  =    𝜌  𝑇   (  0  ) 


          (16.2)                       𝜌  ˆ   𝑇   (  𝑡  )    =      𝜌  𝑇   (  0  )  −  𝑖  𝑔    ∫  0  𝑡   𝑑  𝑠      [      𝐻  ˆ   𝐼   (  𝑠  )  ,      𝜌  ˆ   𝑇   (  𝑠  )  ]     .    


       𝜌  ˆ   𝑇   (  𝑡  )    =      𝜌  𝑇   (  𝑡  )  +    ∑    𝑛  =  1   ∞   (  −  𝑖  𝑔    )  𝑛     ∫      Σ  𝑛   (  𝑡  )      [      𝐻  ˆ   𝐼   (    𝑠  𝑛   )  ,    [      𝐻  ˆ   𝐼   (    𝑠    𝑛  −  1    )  ,  ⋯    [      𝐻  ˆ   𝐼   (    𝑠  1   )  ,    𝜌  𝑇   (  0  )  ]   ⋯  ]   ]     𝑑    𝑠  1   …  𝑑    𝑠  𝑛     , 


   Σ  (  𝑡  )    =      {  (    𝑠  1   ,  ⋯  ,    𝑠  𝑛   )  ∶  0  ≤    𝑠  1   ≤  ⋯  ≤    𝑠  𝑛   ≤  𝑡  }  


          (16.3)                       𝑑      𝜌  ˆ   𝑇   (  𝑡  )     𝑑  𝑡      =    −  𝑖  𝑔      [      𝐻  ˆ   𝐼   (  𝑡  )  ,  𝜌  (  0  )  ]   −    𝑔  2     ∫  0  𝑡   𝑑  𝑠      [      𝐻  ˆ   𝐼   (  𝑡  )  ,    [      𝐻  ˆ   𝐼   (  𝑠  )  ,      𝜌  ˆ   𝑇   (  𝑠  )  ]   ]     .    


       𝜌  ˆ   𝑆   (  𝑡  )  =     tr   𝐸         𝜌  ˆ   𝑇   (  𝑡  ) 


          (16.4)                       𝑑      𝜌  ˆ   𝑆   (  𝑡  )     𝑑  𝑡      =    −  𝑖  𝑔       tr   𝐸       (    [      𝐻  ˆ   𝐼   (  𝑡  )  ,  𝜌  (  0  )  ]   )   −    𝑔  2     ∫  0  𝑡   𝑑  𝑠       tr   𝐸       (    [      𝐻  ˆ   𝐼   (  𝑡  )  ,    [      𝐻  ˆ   𝐼   (  𝑠  )  ,      𝜌  ˆ   𝑇   (  𝑠  )  ]   ]   )       ,    


       𝜌  ˆ   𝑇  


       𝜌  ˆ   𝑆   (  𝑡  ) 


          (16.5)                       𝑑      𝜌  ˆ   𝑆   (  𝑡  )     𝑑  𝑡      =    ℒ  (      𝜌  ˆ   𝑆   (  𝑡  )  )    ,    


   ℒ 


     ℋ  𝑆   =    ℋ  𝐸   =    ℂ  2  


     𝐻  𝑆   =  −  𝑍  ⊗  𝟙 


     𝐻  𝐸   =  −  𝟙  ⊗  𝑍 


   𝑍  = 


     𝐻  𝐼   =  𝑋  ⊗  𝑋 


     |    𝑒  1   ⟩   =    |    0  ,  0   ⟩   ,      |    𝑒  2   ⟩   =    |    1  ,  0   ⟩   ,      |    𝑒  3   ⟩   =    |    0  ,  1   ⟩   ,      |    𝑒  4   ⟩   =    |    1  ,  1   ⟩     , 


     𝐻  𝑆   +    𝐻  𝐸     =      (              −  2     0     0     0        0     0     0     0        0     0     0     0        0     0     0     2          )        and       𝐻  𝐼     =      (              0     0     0     1        0     0     1     0        0     1     0     0        1     0     0     0          )     . 


     𝐻  𝑇     =      (              −  2     0     0     𝑔        0     0     𝑔     0        0     𝑔     0     0        𝑔     0     0     2          )     ≅      (              −  2     𝑔        𝑔     2          )   ⊕    (              0     𝑔        𝑔     0          )     . 


             𝜆  0     =    −      4  +    𝑔  2       ,      |    𝑣  0   ⟩     =      1      2      4  +    𝑔  2            (  −          4  +    𝑔  2     +  2        |    0  ,  0   ⟩   +    1          4  +    𝑔  2     +  2         |    1  ,  1   ⟩   )     ,          𝜆  1     =    −  𝑔    ,      |    𝑣  1   ⟩     =      1    2        (    |    1  ,  0   ⟩   −    |    0  ,  1   ⟩   )     ,      𝜆  2     =    𝑔    ,      |    𝑣  2   ⟩     =      1    2        (    |    1  ,  0   ⟩   +    |    0  ,  1   ⟩   )     ,   and           𝜆  3     =        4  +    𝑔  2       ,      |    𝑣  3   ⟩     =      1      2      4  +    𝑔  2            (  −          4  +    𝑔  2     −  2        |    0  ,  0   ⟩   +    1          4  +    𝑔  2     −  2         |    1  ,  1   ⟩   )   .      


             𝑈  𝑡     =         e    −  𝑖  𝑡    𝐻  𝑇       =      e    𝑖  𝑡      4  +    𝑔  2           |    𝑣  0   ⟩       ⟨    𝑣  0   |     +      e    𝑖  𝑡  𝑔        |    𝑣  1   ⟩       ⟨    𝑣  1   |                 +      e    −  𝑖  𝑡  𝑔        |    𝑣  2   ⟩       ⟨    𝑣  2   |     +      e    −  𝑖  𝑡      4  +    𝑔  2           |    𝑣  3   ⟩       ⟨    𝑣  3   |           =         (               cos       (      4  +    𝑔  2     𝑡  )   +      2  𝑖       4  +    𝑔  2         sin       (      4  +    𝑔  2     𝑡  )      0     0     −      𝑖  𝑔       4  +    𝑔  2         sin       (      4  +    𝑔  2     𝑡  )         0      cos       (  𝑔  𝑡  )      −  𝑖     sin       (  𝑔  𝑡  )      0        0     −  𝑖     sin       (  𝑔  𝑡  )       cos       (  𝑔  𝑡  )      0        −      𝑖  𝑔       4  +    𝑔  2         sin       (      4  +    𝑔  2     𝑡  )      0     0      cos       (      4  +    𝑔  2     𝑡  )   −      2  𝑖       4  +    𝑔  2         sin       (      4  +    𝑔  2     𝑡  )           )      .    


   𝜌  (  0  )  =    (              𝑎     0        0     1  −  𝑎          )   ⊗    ⟨  0  |  0  ⟩     =      (              𝑎     0     0     0        0     1  −  𝑎     0     0        0     0     0     0        0     0     0     0          )     , 


           𝜌  (  𝑡  )  =    𝑈  𝑡   𝜌  (  0  )    𝑈  𝑡  †     =       𝑎      (              |  𝐹  (  𝑡  )    |  2      0     0         𝑖  𝑔       4  +    𝑔  2      𝐹  (  𝑡  )   sin       (      4  +    𝑔  2     𝑡  )         0     0     0     0        0     0     0     0        −      𝑖  𝑔       4  +    𝑔  2      𝐹  (  𝑡    )  ∗    sin       (      4  +    𝑔  2     𝑡  )      0     0         𝑔  2     4  +    𝑔  2          sin   2   (      4  +    𝑔  2     𝑡  )          )                +  (  1  −  𝑎  )    (              0     0     0     0        0        cos   2   (  𝑔  𝑡  )     𝑖     cos       (  𝑔  𝑡  )      sin       (  𝑔  𝑡  )      0        9     −  𝑖     cos       (  𝑔  𝑡  )      sin       (  𝑔  𝑡  )         sin   2   (  𝑔  𝑡  )     0        0     0     0     0          )     


   𝐹  (  𝑡  )  =   cos       (      4  +    𝑔  2     𝑡  )   +      2  𝑖       4  +    𝑔  2         sin       (      4  +    𝑔  2     𝑡  )  


             𝜌  𝑆   (  𝑡  )    =       tr   𝐸     𝜌  (  𝑡  )        =    𝑎      (              1  −      𝑔  2     4  +    𝑔  2          sin   2   (      4  +    𝑔  2     𝑡  )     0        0         𝑔  2     4  +    𝑔  2          sin   2   (      4  +    𝑔  2     𝑡  )          )     +    (  1  −  𝑎  )    (                 sin   2   (  𝑔  𝑡  )     0        0        cos   2   (  𝑔  𝑡  )          )         =      (              𝑎     0        0     1  −  𝑎          )   +    (  (  1  −  𝑎  )     sin   2   (  𝑔  𝑡  )  −  𝑎        𝑔  2        sin   2   (      4  +    𝑔  2     𝑡  )     4  +    𝑔  2     )     𝑍    .      


   ⋅    𝜌  𝑆   (  𝑡  )  =  ℒ  (    𝜌  𝑆   (  𝑡  )  ) 


          (16.6)                       𝜌  ˆ   𝑇   (  𝑠  )    =        𝜌  ˆ   𝑇   (  𝑡  )  +  𝑖  𝑔    ∫  𝑠  𝑡     [      𝐻  ˆ   𝐼   (  𝑟  )  ,      𝜌  ˆ   𝐼   (  𝑡  )  ]     𝑑  𝑟    =        𝜌  ˆ   𝑇   (  𝑡  )  +  𝑂  (  𝑔  )    .    


          (16.7)                       𝑑      𝜌  ˆ   𝑇   (  𝑡  )     𝑑  𝑡      =    −  𝑖  𝑔      [      𝐻  ˆ   𝐼   (  𝑡  )  ,  𝜌  (  0  )  ]   −    𝑔  2     ∫  0  𝑡   𝑑  𝑠      [      𝐻  ˆ   𝐼   (  𝑡  )  ,    [      𝐻  ˆ   𝐼   (  𝑠  )  ,      𝜌  ˆ   𝑇   (  𝑡  )  ]   ]     +    𝑂  (    𝑔  3   )    .    


   𝑂  (    𝑔  3   ) 


   𝑂  (    𝑔  3   𝑡  ) 


   𝑔  <  <    𝑡    −        1       /        3    


   𝜌  (  0  ) 


     𝐻  𝐼  


   𝜌  (  0  )  =    𝜌  𝑆   (  0  )  ⊗    𝜌  𝐸  


     𝜌  𝑆   (  0  ) 


     𝜌  𝐸  


     [    𝐻  𝐸   ,    𝜌  𝐸   ]   =  0 


          (16.8)                     𝐻  𝐼     =      ∑  𝑖     𝐴  𝑖   ⊗    𝐵  𝑖     


     𝐴  𝑖   ∈  ℬ  (    ℋ  𝑆   ) 


     𝐵  𝑖   ∈  ℬ  (    ℋ  𝐸   ) 


     𝐴  𝑖  


     𝐵  𝑖  


          (16.9)                     𝐻  𝐼     =      ∑  𝑖     𝐴  𝑖  †   ⊗    𝐵  𝑖  †     .    


          (16.10)                    tr       𝐵  𝑖     𝜌  𝐸   (  0  )    =    0    .    


     𝐻  𝐼     =      ∑  𝑖     𝐴  𝑖   ⊗      𝐵  ˜   𝑖     +      (    ∑  𝑖     𝑏  𝑖     𝐴  𝑖   )   ⊗    𝟙  𝐸  


     𝑏  𝑖   =   tr       𝐵  𝑖     𝜌  𝐸   (  0  ) 


       𝐵  ˜   𝑖   =    𝐵  𝑖   −    𝑏  𝑖   𝔼 


   |  𝛼  ⟩ 


   𝛼  =  1  ,  …  ,  𝑑 


     𝐸  𝛼  


   ℱ  =  {    𝐸  𝛼   −    𝐸    𝛼  ′    ∶  𝛼  ,    𝛼  ′   =  1  ,  …  ,  𝑑  } 


     𝐴  𝑖     =      ∑    𝜔  ∈  ℱ      𝐴  𝑖   (  𝜔  )   


     ⟨  𝛼  |       𝐴  𝑖   (  𝜔  )    |  𝛽  ⟩   =  𝐼  [    𝐸  𝛼   −    𝐸  𝛽   =  𝜔  ]    ⟨  𝛼  |       𝐴  𝑖       |  𝛽  ⟩  


     𝐴  𝑖   (  𝜔  ) 


     [    𝐻  𝑆   ,    𝐴  𝑖   (  𝜔  )  ]   =  𝜔    𝐴  𝑖   (  𝜔  ) 


          (16.11)                     𝐻  𝐼     =      ∑  𝑖     ∑  𝜔     𝐴  𝑖   (  𝜔  )  ⊗    𝐵  𝑖     =      ∑  𝑖     𝐴  𝑖  †   (  𝜔  )  ⊗    𝐵  𝑖  †     ,    


          (16.12)                       𝐻  ˆ   𝐼   (  𝑡  )    =      ∑    𝑖  ,  𝜔      e    𝑖  𝑡  𝜔      𝐴  𝑖   (  𝜔  )  ⊗      𝐵  ˆ   𝑖   (  𝑡  )    =      ∑    𝑖  ,  𝜔      e    −  𝑖  𝑡  𝜔      𝐴  𝑖  †   (  𝜔  )  ⊗      𝐵  ˆ   𝑖   (  𝑡  )    


       𝐵  ˆ   𝑖   (  𝑡  )  =    e    𝑖  𝑡    𝐻  𝐸       𝐵  𝑖     e    −  𝑖  𝑡    𝐻  𝐸    


              tr   𝐸       (    [    𝐴  𝑖   (  𝜔  )  ⊗      𝐵  ˆ   𝑖   (  𝑡  )  ,    𝜌  𝑆   (  0  )  ⊗    𝜌  𝐸   ]   )      =       tr   𝐸       (    [    𝐴  𝑖   (  𝜔  )  ⊗      𝐵  ˆ   𝑖   (  𝑡  )  ,    𝜌  𝑆   (  0  )  ⊗    𝜌  𝐸   ]   )             =      𝐴  𝑖   (  𝜔  )    𝜌  𝑆   (  0  )   tr       (      𝐵  ˆ   𝑖   (  𝑡  )    𝜌  𝐸   )   −   tr       (    𝜌  𝐸       𝐵  ˆ   𝑖   (  𝑡  )  )       𝜌  𝑆   (  0  )    𝐴  𝑖   (  𝜔  )            =     tr       (    e    −  𝑖  𝑡    𝐻  𝐸       𝜌  𝐸     e    𝑖  𝑡    𝐻  𝐸       𝐵  𝑖   )       [    𝐴  𝑖   (  𝜔  )  ,    𝜌  𝑆   (  0  )  ]             =     tr       (    𝜌  𝐸     𝐵  𝑖   )       [    𝐴  𝑖   (  𝜔  )  ,    𝜌  𝑆   (  0  )  ]     =    0    ,    


          (16.13)                       𝑑      𝜌  ˆ   𝑆   (  𝑡  )     𝑑  𝑡      =    −    𝑔  2     ∫  0  𝑡   𝑑  𝑠       tr   𝐸       (    [      𝐻  ˆ   𝐼   (  𝑡  )  ,    [      𝐻  ˆ   𝐼   (  𝑠  )  ,      𝜌  ˆ   𝑇   (  𝑡  )  ]   ]   )   +  𝑂  (    𝑔  3   )    .    


       𝜌  ˆ   𝑇   (  𝑡  ) 


       𝜌  ˆ   𝑆   (  𝑡  )  ⊗    𝜌  𝐸  


       𝜌  ˆ   𝑇   (  𝑡  )  =      𝜌  ˆ   𝑆   (  𝑡  )  ⊗    𝜌  𝐸  


          (16.14)                       𝑑      𝜌  ˆ   𝑆   (  𝑡  )     𝑑  𝑡      ≈    −    𝑔  2     ∫  0  𝑡   𝑑  𝑠       tr   𝐸       (    [      𝐻  ˆ   𝐼   (  𝑡  )  ,    [      𝐻  ˆ   𝐼   (  𝑠  )  ,      𝜌  ˆ   𝑆   (  𝑡  )  ⊗    𝜌  𝐸   ]   ]   )     .    


   𝑠  ↦  𝑡  −  𝑠 


          (16.15)                       𝑑    𝜌  𝑆   (  𝑡  )     𝑑  𝑡      ≈    −    𝑔  2        tr   𝐸       (    [      𝐻  ˆ   𝐼   (  𝑡  )  ,    [    ∫  0  ∞   𝑑  𝑠      𝐻  ˆ   𝐼   (  𝑡  −  𝑠  )  ,    𝜌  𝑆   (  𝑡  )  ⊗    𝜌  𝐸   ]   ]   )     .    


       𝐻  ˆ   𝐼  


             ∫  0  ∞      tr   𝐸       (      𝐻  ˆ   𝐼   (  𝑡  )      𝐻  ˆ   𝐼   (  𝑡  −  𝑠  )      𝜌  ˆ   𝑆   (  𝑡  )  ⊗    𝜌  𝐸   )     𝑑  𝑠                =      ∑    𝑖  ,  𝑗  ,  𝜔  ,    𝜔  ′       [    e    −  𝑖  𝑡    𝜔  ′       ∫  0  ∞     e    𝑖  (  𝑡  −  𝑠  )  𝜔       tr       (      𝐵  ˆ   𝑗  †   (  𝑡  )      𝐵  ˆ   𝑖   (  𝑡  −  𝑠  )    𝜌  𝐸   )     𝑑  𝑠  ]       𝐴  𝑗  †   (    𝜔  ′   )    𝐴  𝑖   (  𝜔  )      𝜌  ˆ   𝑆   (  𝑡  )               =      ∑    𝑖  ,  𝑗  ,  𝜔  ,    𝜔  ′       [    e    𝑖  𝑡  (  𝜔  −    𝜔  ′   )      ∫  0  ∞     e    −  𝑖  𝑠  𝜔       tr       (      𝐵  ˆ   𝑖   (  −  𝑠  )    𝜌  𝐸     𝐵  𝑗  †   )     𝑑  𝑠  ]       𝐴  𝑗  †   (    𝜔  ′   )    𝐴  𝑖   (  𝜔  )      𝜌  ˆ   𝑆   (  𝑡  )               =      ∑    𝑖  ,  𝑗  ,  𝜔  ,    𝜔  ′       [    e    𝑖  𝑡  (  𝜔  −    𝜔  ′   )      ∫  0  ∞     e    −  𝑖  𝑠  𝜔      𝑄    𝑖  ,  𝑗    (  −  𝑠  )  𝑑  𝑠  ]       𝐴  𝑗  †   (    𝜔  ′   )    𝐴  𝑖   (  𝜔  )      𝜌  ˆ   𝑆   (  𝑡  )    ,              


          (16.16)                     𝑄    𝑖  ,  𝑗    (  𝑠  )    =     tr       (      𝐵  ˆ   𝑖   (  𝑠  )    𝜌  𝐸     𝐵  𝑗  †   )     =     tr       (    𝐵  𝑖     𝜌  𝐸       𝐵  ˆ   𝑗  †   (  −  𝑠  )  )     .    


             ∫  0  ∞      tr   𝐸       (      𝐻  ˆ   𝐼   (  𝑡  )      𝜌  ˆ   𝑆   (  𝑡  )  ⊗    𝜌  𝐸       𝐻  ˆ   𝐼   (  𝑡  −  𝑠  )  )     𝑑  𝑠              =         ∑    𝑖  ,  𝑗  ,  𝜔  ,    𝜔  ′       [    e    𝑖  𝑡  (    𝜔  ′   −  𝜔  )      ∫  0  ∞     e    𝑖  𝑠  𝜔       tr       (    𝐵  𝑖     𝜌  𝐸       𝐵  ˆ   𝑗  †   (  −  𝑠  )  )     𝑑  𝑠  ]       𝐴  𝑖   (    𝜔  ′   )      𝜌  ˆ   𝑆   (  𝑡  )    𝐴  𝑗  †   (  𝜔  )             =         ∑    𝑖  ,  𝑗  ,  𝜔  ,    𝜔  ′       [    e    𝑖  𝑡  (    𝜔  ′   −  𝜔  )      ∫  0  ∞     e    𝑖  𝑠  𝜔      𝑄    𝑖  ,  𝑗    (  𝑠  )  𝑑  𝑠  ]       𝐴  𝑖   (    𝜔  ′   )      𝜌  ˆ   𝑆   (  𝑡  )    𝐴  𝑗  †   (  𝜔  )    .              


             ∫  0  ∞      tr   𝐸       (      𝐻  ˆ   𝐼   (  𝑡  −  𝑠  )      𝜌  ˆ   𝑆   (  𝑡  )  ⊗    𝜌  𝐸       𝐻  ˆ   𝐼   (  𝑡  )  )     𝑑  𝑠        =      ∑    𝑖  ,  𝑗  ,  𝜔  ,    𝜔  ′       ∑      𝛼  ′   ,    𝛽  ′       [    e    𝑖  𝑡  (  𝜔  −    𝜔  ′   )      ∫  0  ∞     e    −  𝑖  𝑠  𝜔      𝑄    𝑖  ,  𝑗    (  −  𝑠  )  𝑑  𝑠  ]       𝐴  𝑖   (  𝜔  )      𝜌  ˆ   𝑆   (  𝑡  )    𝐴  𝑗  †   (    𝜔  ′   )    ,      


             ∫  0  ∞      tr   𝐸       (      𝜌  ˆ   𝑆   (  𝑡  )  ⊗    𝜌  𝐸       𝐻  ˆ   𝐼   (  𝑡  −  𝑠  )      𝐻  ˆ   𝐼   (  𝑡  )  )     𝑑  𝑠        =      ∑    𝑖  ,  𝑗  ,  𝜔  ,    𝜔  ′       [    e    𝑖  𝑡  (    𝜔  ′   −  𝜔  )      ∫  0  ∞     e    𝑖  𝑠  𝜔      𝑄    𝑖  ,  𝑗    (  𝑠  )  𝑑  𝑠  ]         𝜌  ˆ   𝑆   (  𝑡  )    𝐴  𝑗  †   (  𝜔  )    𝐴  𝑖   (    𝜔  ′   )    .      


       𝑄  ˆ     𝑖  ,  𝑗    (  𝜔  )  =    ∫  0  ∞     e    𝑖  𝑠  𝜔      𝑄    𝑖  ,  𝑗    (  𝑠  )  𝑑  𝑠 


          (16.17)                             𝑄  ˆ     𝑖  ,  𝑗    (  𝜔    )  ∗     =      ∫  0  ∞     e    −  𝑖  𝑠  𝜔      𝑄    𝑖  ,  𝑗    (  𝑠    )  ∗   𝑑  𝑠        =      ∫  0  ∞     e    −  𝑖  𝑠  𝜔       tr       𝐵  𝑗     𝜌  𝐸       𝐵  ˆ   𝑖  †   (  𝑠  )  𝑑  𝑠    =      ∫  0  ∞     e    −  𝑖  𝑠  𝜔      𝑄    𝑗  ,  𝑖    (  −  𝑠  )  𝑑  𝑠    .       


          (16.18)                           𝑑    𝑑  𝑡        𝜌  ˆ   𝑆   (  𝑡  )    =    −    𝑔  2     ∫  0  ∞      tr   𝐸       (    [      𝐻  ˆ   𝐼   (  𝑡  )  ,    [      𝐻  ˆ   𝐼   (  𝑡  −  𝑠  )  ,    𝜌  𝑆   (  𝑡  )  ⊗    𝜌  𝐸   ]   ]   )     𝑑  𝑠        =      𝑔  2     ∑    𝑖  ,  𝑗  ,  𝜔  ,    𝜔  ′       e    𝑖  𝑡  (    𝜔  ′   −  𝜔  )        𝑄  ˆ     𝑖  ,  𝑗    (  𝜔  )    [    𝐴  𝑖   (    𝜔  ′   )  ,      𝜌  ˆ   𝑆   (  𝑡  )    𝐴  𝑗  †   (  𝜔  )  ]         +    𝑔  2     ∑    𝑖  ,  𝑗  ,  𝜔  ,    𝜔  ′       e    𝑖  𝑡  (  𝜔  −    𝜔  ′   )        𝑄  ˆ     𝑗  ,  𝑖    (  𝜔    )  ∗     [    𝐴  𝑖   (  𝜔  )      𝜌  ˆ   𝑆   (  𝑡  )  ,    𝐴  𝑗  †   (    𝜔  ′   )  ]     .       


   𝜔  ≠    𝜔  ′  


     e    ±  𝑖  𝑡  (  𝜔  −    𝜔  ′   )   


     𝑑    𝑑  𝑡        𝜌  ˆ   𝑆   (  𝑡  )    =      𝑔  2     ∑    𝑖  ,  𝑗  ,  𝜔      (      𝑄  ˆ     𝑖  ,  𝑗    (  𝜔  )    [    𝐴  𝑖   (  𝜔  )  ,      𝜌  ˆ   𝑆   (  𝑡  )    𝐴  𝑗  †   (  𝜔  )  ]     +        𝑄  ˆ     𝑗  ,  𝑖    (  𝜔    )  ∗     [    𝐴  𝑖   (  𝜔  )      𝜌  ˆ   𝑆   (  𝑡  )  ,    𝐴  𝑗  †   (  𝜔  )  ]   )     . 


     e    −  𝑖  𝑡    𝐻  𝑆    


     e    −  𝑖  𝑡    𝐻  𝑆       𝐴  𝑖   (  𝜔  )    e    𝑖  𝑡    𝐻  𝑆       =      e    −  𝑖  𝑡  𝜔      𝐴  𝑖   (  𝜔  )     and       e    −  𝑖  𝑡    𝐻  𝑆       𝐴  𝑗   (  𝜔    )  †     e    𝑖  𝑡    𝐻  𝑆       =      e    𝑖  𝑡  𝜔      𝐴  𝑗  †   (  𝜔  )    , 


          (16.19)                           𝑑    𝑑  𝑡      𝜌  𝑆   (  𝑡  )    =    −  𝑖      [    𝐻  𝑆   ,    𝜌  𝑆   (  𝑡  )  ]     +      𝑔  2     ∑    𝑖  ,  𝑗  ,  𝜔    (      𝑄  ˆ     𝑖  ,  𝑗    (  𝜔  )    [    𝐴  𝑖   (  𝜔  )  ,    𝜌  𝑆   (  𝑡  )    𝐴  𝑗  †   (  𝜔  )  ]         +        𝑄  ˆ     𝑗  ,  𝑖    (  𝜔    )  ∗     [    𝐴  𝑖   (  𝜔  )    𝜌  𝑆   (  𝑡  )  ,    𝐴  𝑗  †   (  𝜔  )  ]   )  .       


       𝑄  ˆ     𝑖  ,  𝑗    (  𝜔  ) 


       𝑄  ˆ     𝑖  ,  𝑗    (  𝜔  )    =      𝛾    𝑖  ,  𝑗    (  𝜔  )  +  𝑖    𝜎    𝑖  ,  𝑗    (  𝜔  ) 


     𝛾    𝑖  ,  𝑗    (  𝜔  )  =    1  2       [      𝑄  ˆ     𝑖  ,  𝑗    (  𝜔  )  +      𝑄  ˆ     𝑗  ,  𝑖   ∗   (  𝜔  )  ]  


     𝜎    𝑖  ,  𝑗    (  𝜔  )  =    1    2  𝑖        [      𝑄  ˆ     𝑖  ,  𝑗    (  𝜔  )  −      𝑄  ˆ     𝑗  ,  𝑖   ∗   (  𝜔  )  ]  


     𝛾    𝑖  ,  𝑗    (  𝜔  )    =      1  2     ∫    −  ∞   ∞     e    𝑖  𝑠  𝜔      𝑄    𝑖  ,  𝑗    (  𝑠  )  𝑑  𝑠 


     𝜎    𝑖  ,  𝑗    (  𝜔  )    =      1    2  𝑖      ∫    −  ∞   ∞     e    𝑖  𝑠  𝜔       sgn   (  𝑠  )    𝑄    𝑖  ,  𝑗    (  𝑠  )  𝑑  𝑠    . 


     𝑄    𝑖  ,  𝑗    (  𝜔  ) 


     𝛾    𝑖  ,  𝑗    (  𝜔  ) 


     𝜎    𝑖  ,  𝑗    (  𝜔  ) 


     𝜎    𝑖  ,  𝑗    (  𝜔  )    =      1  𝜋    p.v.     ∫    −  ∞   ∞     1    𝜔  −    𝜔  ′       𝛾    𝑖  ,  𝑗    (    𝜔  ′   )  𝑑    𝜔  ′     , 


    p.v.   ∫ 


          (16.20)                     𝑑    𝑑  𝑡      𝜌  𝑆   (  𝑡  )    =    −  𝑖      [    𝐻  𝑆   +    𝑔  2     𝐻  𝐿   ,    𝜌  𝑆   (  𝑡  )  ]     +      𝑔  2   ℒ  (    𝜌  𝑆   (  𝑡  )  )    


          (16.21)                     𝐻  𝐿     =    −    ∑    𝑖  ,  𝑗  ,  𝜔      𝜎    𝑖  ,  𝑗    (  𝜔  )    𝐴  𝑗  †   (  𝜔  )    𝐴  𝑖   (  𝜔  )    ,    


          (16.22)                   ℒ  (  𝜌  )    =      ∑    𝑖  ,  𝑗  ,  𝜔    2    𝛾    𝑖  ,  𝑗    (  𝜔  )    [    𝐴  𝑖   (  𝜔  )  𝜌    𝐴  𝑗  †   (  𝜔  )  −    1  2       {    𝐴  𝑗  †   (  𝜔  )    𝐴  𝑖   (  𝜔  )    ,    𝜌  }   ]       


   {  𝑆  ,  𝑇  }  =  𝑆  𝑇  +  𝑇  𝑆 


   ℒ  (  𝜌  )    =    Φ  (  𝜌  )  −    1  2       {    Φ  𝑇   (  𝟙  )    ,    𝜌  }     , 


          (16.23)                   Φ  (  𝜌  )    =      ∑    𝑖  ,  𝑗  ,  𝜔    2    𝛾    𝑖  ,  𝑗    (  𝜔  )    𝐴  𝑖   (  𝜔  )  𝜌    𝐴  𝑗  †   (  𝜔  )    ,    


     Φ  𝑇  


    tr   (    Φ  𝑇   (  𝑆  )  𝑇  )  =   tr   (  𝑆  Φ  (  𝑇  )  ) 


     Φ  𝑇   (  𝟙  )    =      ∑    𝑖  ,  𝑗  ,  𝜔    2    𝛾    𝑖  ,  𝑗    (  𝜔  )    𝐴  𝑗  †   (  𝜔  )    𝐴  𝑖   (  𝜔  )    . 


    tr     ℒ  (  𝜌  )    =     tr     Φ  (  𝜌  )  −    1  2      tr   {    Φ  𝑇   (  𝟙  )  ,  𝜌  }    =     tr     Φ  (  𝜌  )  −   tr     Φ  (  𝜌  )    =    0    , 


    tr       𝜌  .   (  𝑡  )  =  0 


   𝑓  ∶  ℝ  →  ℂ 


     𝑡  1   ,  …  ,    𝑡  𝑛  


     𝑀    𝑖  ,  𝑗    =  𝑓  (    𝑡  𝑖   −    𝑡  𝑗   ) 


     𝑣  𝑖   ∈  ℂ 


   𝑖  =  1  ,  …  ,  𝑑 


   𝑓  (  𝑡  )  =    ∑    𝑖  ,  𝑗      𝑄    𝑖  ,  𝑗    (  𝑡  )    𝑣  𝑖   ∗    𝑣  𝑗  


     𝑡  1   ,  …  ,    𝑡  𝑛   ∈  ℝ 


     𝑤  𝑖   ∈  ℂ 


   𝑖  =  1  ,  …  ,  𝑛 


     ∑    𝑘  ,  ℓ    𝑓  (    𝑡  𝑘   −    𝑡  ℓ   )    𝑤  𝑘  ∗     𝑤  ℓ     =      ∑    𝑘  ,  ℓ  ,    𝑖  ,  𝑗      𝑄    𝑖  ,  𝑗    (    𝑡  𝑘   −    𝑡  ℓ   )    𝑤  𝑘  ∗     𝑣  𝑖  ∗     𝑤  ℓ     𝑣  𝑗     ≥  0    . 


             ∑    𝑘  ,  ℓ  ,    𝑖  ,  𝑗      𝑄    𝑖  ,  𝑗    (    𝑡  𝑘   −    𝑡  ℓ   )    𝑤  𝑘  ∗     𝑣  𝑖  ∗     𝑤  ℓ     𝑣  𝑗        =      ∑    𝑘  ,  ℓ  ,    𝑖  ,  𝑗       tr   𝐸       (      𝐵  ˆ   𝑖   (    𝑡  𝑘   −    𝑡  ℓ   )    𝜌  𝐸     𝐵  𝑗  †   )       𝑤  𝑘  ∗     𝑣  𝑖  ∗     𝑤  ℓ     𝑣  𝑗             =       tr   𝐸       (    ∑    𝑖  ,  𝑘      𝑤  𝑘  ∗     𝑣  𝑖  ∗       𝐵  ˆ   𝑖   (    𝑡  𝑘   )    𝜌  𝐸     ∑    ℓ  ,  𝑗      𝑤  ℓ     𝑣  𝑗       𝐵  ˆ   𝑗   (    𝑡  ℓ   )  )     =       tr   𝐸       (    𝑆  †   𝑆    𝜌  𝐸   )     ,    


   𝑆  =    ∑    𝑖  ,  𝑘      𝑤  𝑘  ∗     𝑣  𝑖  ∗       𝐵  ˆ   𝑖   (    𝑡  𝑘   ) 


   Φ 


          (16.24)                     𝑑    𝑑  𝑡      𝜌  𝑡     =    −  𝑖      [  𝐻  ,    𝜌  𝑡   ]   +  Φ  (  𝜌  )  −    1  2   {    Φ  𝑇   (  𝟙  )    ,    𝜌  }    


     𝜌  𝑡   =    𝒮  𝑡   (    𝜌  0   ) 


     𝒮  𝑡  


    tr       𝒮  𝑡   (    𝜌  0   )  =   tr       𝜌  0  


     𝒮    𝑡  ′    ∘    𝒮  𝑡     =      𝒮    𝑡  +    𝑡  ′    


   𝑡  ,    𝑡  ′  


     𝐻  𝑆   =  −  𝛼  𝑍 


     𝐻  𝐼   =  𝑋  ⊗  𝜉 


   𝜉 


   𝑔  =  1 


   𝑋    =      (              0     1        1     0          )     =              (              0     1        0     0          )    ⏟   𝑎     +              (              0     0        1     0          )    ⏟     𝑎  †      , 


     [    𝐻  𝑆   ,  𝑎  ]   =  −  2  𝛼  𝑎 


     [    𝐻  𝑆   ,    𝑎  †   ]   =  2  𝛼    𝑎  †  


   𝑋  (  2  𝛼  )  =    𝑎  †  


     𝑋  (  −  2  𝛼  )  =  𝑎 


   𝑋  (  𝜔  ) 


     𝐻  𝐿     =    −  𝜎  (  2  𝛼  )  𝑎    𝑎  †   −  𝜎  (  −  2  𝛼  )    𝑎  †   𝑎    =      (              −  𝜎  (  2  𝛼  )     0        0     −  𝜎  (  −  2  𝛼  )          )     =    −    𝜎  ‾   𝐼  −  𝜆  𝑍    , 


     𝜎  ‾   =      𝜎  (  2  𝛼  )  +  𝜎  (  −  2  𝛼  )   2  


   𝜆  =      𝜎  (  2  𝛼  )  −  𝜎  (  −  2  𝛼  )   2  


     𝜎  ‾  


   2  𝛼  ↦  2  (  𝛼  +  𝜆  ) 


   ℒ  (  𝜌  )    =    Φ  (  𝜌  )  −    1  2       {    Φ  𝑇   (  𝟙  )    ,    𝜌  }     ,     with     Φ  (  𝜌  )    =    2  𝛾  (  2  𝛼  )      𝑎  †   𝜌  𝑎  +  2  𝛾  (  −  2  𝛼  )    𝑎  𝜌    𝑎  †     . 


     Φ  𝑇   (  𝟙  )    =    2  𝛾  (  2  𝛼  )  𝑎    𝑎  †   +  2  𝛾  (  −  2  𝛼  )    𝑎  †   𝑎    =    Γ  𝟙  +  Δ  𝑍    , 


   Γ  =  𝛾  (  2  𝛼  )  +  𝛾  (  −  2  𝛼  ) 


   Δ  =  𝛾  (  2  𝛼  )  −  𝛾  (  −  2  𝛼  ) 


   Φ  (  𝜌  )    =    (  Γ  +  Δ  )    𝑎  †   𝜌  𝑎    +    (  Γ  −  Δ  )  𝑎  𝜌    𝑎  †     =      Γ  2   (  𝑋  𝜌  𝑋  +  𝑌  𝜌  𝑌  )  +  𝑖    Δ  2   (  𝑋  𝜌  𝑌  −  𝑌  𝜌  𝑋  )    , 


   𝑎  =    1  2   (  𝑋  +  𝑖  𝑌  ) 


     𝑎  †   =    1  2   (  𝑋  −  𝑖  𝑌  ) 


   ℒ  (  𝟙  )    =    −  2  Δ  𝑍    ,    ℒ  (  𝑋  )    =    −  Γ  𝑋    ,    ℒ  (  𝑌  )    =    −  Γ  𝑌    ,    ℒ  (  𝑍  )    =    −  2  Γ  𝑍    . 


   𝜌  (  𝑡  )  =    1  2       [  𝟙  +  𝒗  (  𝑡  )  ⋅  𝝈  ]  


             𝒗  .   ⋅  𝝈    =    −  𝑖    𝑣  1   (  𝛼  +  𝜆  )    [  𝑍  ,  𝑋  ]   −  𝑖    𝑣  2   (  𝛼  +  𝜆  )    [  𝑍  ,  𝑌  ]   −  2  Δ  𝑍  −  Γ    𝑣  1   𝑋  −  Γ    𝑣  2   𝑌  −  2  Γ    𝑣  3   𝑍        =    −  (  Γ    𝑣  1   +  2  (  𝛼  +  𝜆  )    𝑣  2   )  𝑋  −  (  Γ    𝑣  2   −  (  𝛼  +  𝜆  )    𝑣  1   )  𝑌  −  (  2  Δ  +  2  Γ    𝑣  3   )  𝑍    .      


          (17.1)                     𝒗  .     =    −  2    𝛼  ˜     𝒆  3   ×  𝒗  −  Γ      (              1     0     0        0     1     0        0     0     2          )     𝒗  −  2  Δ    𝒆  3     ,    


     𝛼  ˜   =  𝛼  +  𝜆 


          (17.2)                   𝒗  (  𝑡  )    =      (                e    −  Γ  𝑡       cos       (  2    𝛼  ˜   𝑡  )      −    e    −  Γ  𝑡       sin       (  2    𝛼  ˜   𝑡  )      0          e    −  Γ  𝑡       sin       (  2    𝛼  ˜   𝑡  )        e    −  Γ  𝑡       cos       (  2    𝛼  ˜   𝑡  )      0        0     0       e    −  2  Γ  𝑡            )       (                𝑣  1   (  0  )          𝑣  2   (  0  )          𝑣  3   (  0  )          )   −    (              0        0        (  1  −    e    −  2  Γ  𝑡    )    Δ  Γ           )     .    


   𝒗  (  𝑡  )  →      (              0     0       Δ  Γ           )   𝑇  


   𝑡  →  ∞ 


   𝜌  (  𝑡  )    →      1  2       [  𝟙  +    Δ  Γ   𝑍  ]     =      1  2       (              1  +    Δ  Γ      0        0     1  −    Δ  Γ     .          )  


     |  0  ⟩       ⟨  0  |  


     |  1  ⟩       ⟨  1  |  


     Δ  Γ  


   𝜌  (  𝑡  )  =    Ψ  𝑡   (    e    𝑖    𝛼  ˜   𝑡  𝑍    𝜌  (  0  )    e    −  𝑖  𝑡    𝛼  ˜   𝑍    ) 


     Ψ  𝑡  


             Ψ  𝑡   (  𝜌  )    =        1  2        (  1  +      Δ  Γ    )       [    (          1        0           0          e    −  Γ  𝑡        )     𝜌      (          1        0           0          e    −  Γ  𝑡        )   +    (          0            1  −    e    −  2  Γ  𝑡               0        0      )     𝜌      (          0        0               1  −    e    −  2  Γ  𝑡            0      )   ]         +        1  2        (  1  −      Δ  Γ    )       [    (            e    −  Γ  𝑡          0           0        1      )     𝜌      (            e    −  Γ  𝑡          0           0        1      )   +    (          0        0               1  −    e    −  2  Γ  𝑡            0      )     𝜌      (          0            1  −    e    −  2  Γ  𝑡               0        0      )   ]     .      


     𝐻  ˜   =  −    𝛼  ˜   𝑍 


   Δ 


   Γ 


   𝛾  (  𝜔  )  =   Re     𝑄  ˆ   (  𝜔  ) 


     𝑄  ˆ   (  𝜔  )  =    ∫  0  ∞     e    𝑖  𝜔  𝑡       tr   (    𝐵  ˆ   (  𝑡  )    𝜌  𝐸   𝐵  )  𝑑  𝑡 


     𝑄  ˆ   (  𝜔  ) 


     𝑄  ˆ  


     𝑄  ˆ   (  𝜔  +  𝑖  0  )    =       lim     𝜖  ↓  0        𝑄  ˆ   (  𝜔  +  𝑖  𝜖  )    =       lim     𝜖  ↓  0      ∫  0  ∞     e    𝑖  (  𝜔  +  𝑖  𝜖  )  𝑡       tr   (    𝐵  ˆ   (  𝑡  )    𝜌  𝐸   𝐵  )  𝑑  𝑡    . 


     𝜌  𝐸   =    |    𝜓  0   ⟩       ⟨    𝜓  0   |  


      tr   𝐸       𝜉  ˆ   (  𝑡  )    𝜌  𝐸   𝜉    =      ⟨    𝜓  0   |     𝜉    e    𝑖  𝑡  (  𝐻  −    𝐸  0   )    𝜉      |    𝜓  0   ⟩  


     𝐸  0  


     𝑄  ˆ   (  𝜔  )    =      1  𝑖        lim     𝜀  →  0        ⟨    𝜓  0   |     𝜉  (    𝐸  0   −  𝐻  −  𝜔  −  𝑖  𝜀    )    −  1    𝜉      |    𝜓  0   ⟩     . 


          (17.3)                   𝛾  (  𝜔  )    =     Im       ⟨    𝜓  0   |     𝜉  (    𝐸  0   −  𝐻  −  𝜔  −  𝑖  0    )    −  1    𝜉      |    𝜓  0   ⟩     =    𝜋      ⟨    𝜓  0   |     𝜉  𝛿  (  𝐻  −    𝐸  0   +  𝜔  )  𝜉      |    𝜓  0   ⟩     ,    


      lim     𝜀  →  0       Im     1    𝑥  −  𝑖  𝜀      =       lim     𝜀  →  0        𝜀      𝑥  2   +    𝜀  2       =    𝜋  𝛿  (  𝑥  )    . 


   𝛾 


   𝐻  −    𝐸  0   ≥  0 


   𝛾  (  𝜔  ) 


   Γ  =  Δ  =  𝛾  (  −  2  𝛼  ) 


     Φ  𝑡   (  𝜌  )    =      (          1        0           0          e    −  Γ  𝑡        )     𝜌      (          1        0           0          e    −  Γ  𝑡        )   +    (          0            1  −    e    −  2  Γ  𝑡               0        0      )     𝜌      (          0        0               1  −    e    −  2  Γ  𝑡            0      )     . 


   𝑡  →  ∞ 


     𝜌  𝐸     =      1    𝑍  (  𝛽  )      e    −  𝛽    𝐻  𝐸       , 


   𝛽  =        1       /            𝑘  𝐵   𝑇   


   𝑍  (  𝛽  )  =   tr       e    −  𝛽    𝐻  𝐸    


          (17.4)                    tr       𝛼  𝑡   (  𝐴  )  𝐵    𝜌  𝐸     =     tr     𝐵    𝛼    𝑡  +  𝑖  𝛽    (  𝐴  )    𝜌  𝐸       


     𝛼  𝑡   (  𝐴  )  =    e    𝑖  𝑡    𝐻  𝐸     𝐴    e    −  𝑖  𝑡    𝐻  𝐸    


   𝑄  (  𝑡  ) 


     𝐶  ∗  


     𝛼  𝑡  


   𝐴  ↦  ⟨  𝐴  ⟩ 


          (17.5)                   ⟨    𝛼  𝑡   (  𝐴  )  𝐵  ⟩    =    ⟨  𝐵    𝛼    𝑡  +  𝑖  𝛽    (  𝐴  )  ⟩    .    


   ⟨  𝐴  ⟩    =      ⟨    𝜓  0   |     𝐴      |    𝜓  0   ⟩  


   |    𝜓  0   ⟩ 


     𝐿    𝐺  𝑁  𝑆   


   ⟨    𝛼  𝑡   (  𝐴  )  𝐵  ⟩    =      ⟨    𝜓  0   |     𝐴    e    −  𝑖  𝑡    𝐿    𝐺  𝑁  𝑆      𝐵      |    𝜓  0   ⟩    


   ⟨  𝐴    𝛼  𝑡   (  𝐵  )  ⟩    =      ⟨    𝜓  0   |     𝐴    e    𝑖  𝑡    𝐿    𝐺  𝑁  𝑆      𝐵      |    𝜓  0   ⟩     . 


   𝐴  ↦    [    𝐻  𝐸   ,  𝐴  ]  


     ⟨    𝜓  0   |     𝐴    e    −  𝑖  𝑡    𝐿    𝐺  𝑁  𝑆      𝐵      |    𝜓  0   ⟩     =      ⟨    𝜓  0   |     𝐵    e    𝑖  (  𝑡  +  𝑖  𝛽  )    𝐿    𝐺  𝑁  𝑆      𝐴      |    𝜓  0   ⟩     . 


   𝑄  (  𝑡  )    =      ⟨    𝜓  0   |     𝜉    e    −  𝑖  𝑡    𝐿    𝐺  𝑁  𝑆      𝜉      |    𝜓  0   ⟩     =      ⟨    𝜓  0   |     𝜉    e    𝑖  (  𝑡  +  𝑖  𝛽  )    𝐿    𝐺  𝑁  𝑆      𝜉      |    𝜓  0   ⟩     =    𝑄  (  −  𝑡  −  𝑖  𝛽  )    . 


   𝛾  (  𝜔  )    =    𝜋      ⟨    𝜓  0   |     𝜉  𝛿  (    𝐿    𝐺  𝑁  𝑆    −  𝜔  )  𝜉      |    𝜓  0   ⟩     =    𝜋      ⟨    𝜓  0   |     𝜉  𝛿  (    𝐿    𝐺  𝑁  𝑆    +  𝜔  )    e    −  𝛽    𝐿    𝐺  𝑁  𝑆      𝜉      |    𝜓  0   ⟩     =      e    𝛽  𝜔    𝛾  (  −  𝜔  )    . 


       𝛾  (  𝜔  )     𝛾  (  −  𝜔  )      =      e    𝛽  𝜔      . 


     Δ  Γ     =        1  −    e    −  2  𝛽  𝛼       1  +    e    −  2  𝛽  𝛼     


     1  2       (  1  +    Δ  Γ   )     =      1    1  +    e    2  𝛽  𝛼         and       1  2       (  1  −    Δ  Γ   )     =        e    −  2  𝛽  𝛼      1  +    e    −  2  𝛽  𝛼        . 


   𝜌  (  𝑡  →  ∞  )    =      1     tr       e    −  𝛽    𝐻  𝑆         e    −  𝛽    𝐻  𝑆       . 


     ℋ  𝑆   ≅    ℂ  𝑛  


     Φ  𝑡   ∶  ℬ  (    ℋ  𝑆   )  →  ℬ  (    ℋ  𝑆   ) 


   𝑡  ≥  0 


     Φ  0  


     Φ  0   (  𝐴  )  =  𝐴 


   𝐴  ∈  ℬ  (    ℋ  𝑆   ) 


     Φ  𝑡   ∘    Φ  𝑠   =    Φ    𝑡  +  𝑠   


   𝑡  ,  𝑠  ≥  0 


   𝑡  ↦    Φ  𝑡   (  𝐴  ) 


    tr       Φ  𝑡   (  𝐴  )  =   tr     𝐴 


     Φ  𝑡   (  𝟙  )  =  𝟙 


   𝑡  >  0 


     Φ  𝑡   (  𝐴  )  =  𝑃  𝐴  𝑃 


     Φ  0   (  𝐴  )  =  𝐴 


   ℬ  (    ℋ  𝑆   ) 


   𝐿  (  𝐴  )    =       lim     𝑡  ↓  0        1  𝑡       (    Φ  𝑡   (  𝐴  )  −  𝐴  )     . 


     Φ  𝑡   (  𝐴  )    =      e    𝑡  𝐿    (  𝐴  )    , 


     e    𝑡  𝐿    (  𝐴  )    =      ∑    𝑛  =  0   ∞     1    𝑛  !      𝑡  𝑛     𝐿  𝑛   (  𝐴  )    . 


   ℒ 


          (18.1)                   ℒ  (  𝐴  )    =    Ψ  (  𝐴  )  −    1  2       {  Ψ  (  𝟙  )    ,    𝐴  }   +  𝑖      [  𝐻  ,  𝐴  ]     .    


     Φ  𝑡  𝑇  


    tr       Φ  𝑡  𝑇   (  𝐴  )  𝜌    =     tr     𝐴    Φ  𝑡   (  𝐴  ) 


          (18.2)                   ℒ  (  𝜌  )    =    Ψ  (  𝜌  )  −    1  2       {    Ψ  𝑇   (  𝟙  )    ,    𝜌  }   −  𝑖      [  𝐻  ,  𝜌  ]     .    


   Φ  ∶  ℬ  (  ℋ  )  →  ℬ  (  ℋ  ) 


   𝑋  ∈  ℬ  (  ℋ  ) 


          (18.3)                   Φ  (    𝑋  †   )  Φ  (  𝟙    )    −  1    Φ  (  𝑋  )    ≤    Φ  (    𝑋  †   𝑋  )    .    


   Φ  (  𝟙  )  =  𝟙 


          (18.4)                   Φ  (    𝑋  †   )  Φ  (  𝑋  )    ≤    Φ  (    𝑋  †   𝑋  )    .    


   Ψ  (  𝑋  )    =    Φ  (  𝟙    )    −    1  2     Φ  (  𝑋  )  Φ  (  𝟙    )    −    1  2       . 


   Φ  (  𝑋  )    =      ∑    𝑗  =  1   𝑛     𝐾  𝑗  †   𝑋    𝐾  𝑗      with       ∑  𝑗     𝐾  𝑗  †     𝐾  𝑗   =  𝟙    . 


   𝑉  ∶  ℋ  →    ℋ  𝑛  


   𝑉  𝒖  =  (    𝐾  1   𝒖  ,  …  ,    𝐾  𝑛   𝒖  ) 


       ‖    𝑉  𝒖   ‖   2     =      ∑    𝑗  =  1   𝑛       ‖      𝐾  𝑗   𝒖   ‖   2     =      ⟨  𝒖  |     ∑    𝑗  =  1   𝑛     𝐾  𝑗  †     𝐾  𝑗       |  𝒖  ⟩     =        ‖  𝒖  ‖   2     . 


   𝑉    𝑉  †  


     ℋ  𝑛  


     ‖      𝑉  †   𝝃   ‖   ≤    ‖  𝝃  ‖  


   𝝃  ∈    ℋ  𝑛  


     𝑉  †   (    𝒖  1   ,  …  ,    𝒖  𝑛   )  =    ∑    𝑗  =  1   𝑛     𝐾  𝑗  †     𝒖  𝑗   . 


   𝑋  ∈  ℬ  (  ℋ  ) 


   𝜋  (  𝑋  ) 


     ℋ  𝑛  


   𝜋  (  𝑋  )  (    𝒖  1   ,  …  ,    𝒖  𝑛   )  =  (  𝑋    𝒖  1   ,  …  ,  𝑋    𝒖  𝑛   )  . 


               ⟨  𝒖  |     Φ  (    𝑋  †   𝑋  )    |  𝒖  ⟩     =      ∑    𝑗  =  1   𝑁     ⟨  𝒖  |       𝐾  𝑗  †     𝑋  †   𝑋    𝐾  𝑗       |  𝒖  ⟩     =      ∑    𝑗  =  1   𝑛       ‖    𝑋    𝐾  𝑗   𝒖   ‖   2         =        ‖    𝜋  (  𝑋  )  𝑉  𝒖   ‖   2     ≥        ‖      𝑉  †   𝜋  (  𝑋  )  𝑉  𝒖   ‖   2     =      ⟨  𝒖  |     Φ  (    𝑋  †   )  Φ  (  𝑋  )    |  𝒖  ⟩     .      


     Φ  𝑡   =    𝑒    𝑡  𝐿   


     Φ  𝑡    (  𝑛  )    =    Φ  𝑡   ⊗    𝐼  𝑛  


          (18.5)                     ℬ  𝑛   (  ℋ  )    =    ℬ  (  ℋ  )  ⊗  ℬ  (    ℂ  𝑛   )    =    {  𝑛  ×  𝑛    matrices with entries in     ℬ  (  ℋ  )    }    .    


     𝐿  𝑛   =  𝐿  ⊗    𝐼  𝑛  


     Φ  𝑡    (  𝑛  )   


          (18.6)                     𝐿  𝑛   (    𝑋  †   𝑋  )  −    𝐿  𝑛   (    𝑋  †   )  𝑋  −    𝑋  †     𝐿  𝑛   (  𝑋  )    ≥    0    .    


   𝐿  ∶  ℬ  (  ℋ  )  →  ℬ  (  ℋ  ) 


   𝐷  (  𝐿  ) 


   𝐷  (  𝐿  ;  𝑋  ,  𝑌  )    =    𝐿  (    𝑋  †   𝑌  )  −  𝐿  (    𝑋  †   )  𝑌  −    𝑋  †   𝐿  (  𝑌  )   


   𝑋  ,  𝑌  ∈  ℬ  (  ℋ  ) 


   𝐿  (    𝑋  †   )  =  𝐿  (  𝑋    )  †  


   𝐿  (  𝐼  )  =  0 


   𝐷  (    𝐿  𝑛   ;  𝑋  ,  𝑋  )  ≥  0 


   𝑋  ∈    ℬ  𝑛   (  ℋ  ) 


     Φ  𝑡   =    e    𝑡  𝐿   


     Φ  𝑡   (    𝑋  †   )    Φ  𝑡   (  𝑋  )  ≤    Φ  𝑡   (    𝑋  †   𝑋  ) 


     Φ  𝑡   (  𝟙  )  =  𝟙 


   𝐷  (  𝐿  ;  𝑋  ,  𝑋  )  ≥  0 


   𝐿  (  𝟙  )  =  0 


   𝒰  (  ℋ  ) 


       ‖  𝑋  ‖   2   (    𝑈  1   +    𝑈  2   ) 


     𝑈  1   ,    𝑈  2   ∈  𝒰  (  ℋ  ) 


   𝑋  =  0 


     ‖  𝑋  ‖   =  1 


   𝑋  =  𝑉  |  𝑋  | 


    ker     𝑋 


   |  𝑋  | 


   0  ≤    𝜆  𝑗   ≤  1 


     ‖  𝑋  ‖   =    ‖    |  𝑋  |   ‖   =  1 


   |  𝑋  |    =        1  2    (    𝑈  +   +    𝑈  −   )     with       𝑈  ±   =    ∑    𝑗  =  1   𝑛     e    ±  𝑖     arccos       (    𝜆  𝑗   )         |    𝜓  𝑗   ⟩       ⟨    𝜓  𝑗   |     . 


   𝑋  =    1  2   (  𝑉    𝑈  +   +  𝑉    𝑈  −   ) 


   𝜎  ∶  ℬ  (  ℋ  )  →  ℂ 


   𝜎  (  𝟙  )  ≤  1 


     ‖  𝜎  ‖   =  1 


   𝜎  (  𝐴  )  ≥  0 


     ‖  𝜎  ‖   ≥    |    𝜎  (  1  )   |  


   𝜎  (  𝐴  )  =   tr     𝑆  𝐴 


   𝑆  ∈  ℬ  (  ℋ  ) 


    tr     𝑆  =  𝜎  (  𝟙  )  =  1 


   𝑆  =  𝑉  |  𝑆  | 


   𝜙  (    𝑉  †   )  =   tr       𝑉  †   𝑉  |  𝑆  |  =   tr   |  𝑆  |    . 


   1  ≤  |   tr     𝑆  |  ≤   tr   |  𝑆  |  ≤    ‖  𝜙  ‖   =  1 


    tr   |  𝑆  |  =  1 


     𝜆  𝑗   ,    𝜓  𝑗  


   |  𝑆  | 


   1    =     tr     𝑆    =      ∑    𝑗  =  1   𝑛     ⟨    𝜓  𝑗   |     𝑉  |  𝑆  |    |    𝜓  𝑗   ⟩     =      ∑    𝑗  =  1   𝑛     𝜆  𝑗       ⟨    𝜓  𝑗   |     𝑉      |    𝜓  𝑗   ⟩     . 


     ∑  𝑗     𝜆  𝑗   =   tr   |  𝑆  |  =  1 


     |      ⟨    𝜓  𝑗   |     𝑉      |    𝜓  𝑗   ⟩    |   ≤  1 


     ⟨    𝜓  𝑗   |     𝑉      |    𝜓  𝑗   ⟩   =  1 


     |    𝜓  𝑗   ⟩   =  𝑉      |    𝜓  𝑗   ⟩  


   𝑉  =  𝟙 


   𝜙  ∶  ℬ  (  ℋ  )  →  ℬ  (  ℋ  ) 


      sup     𝑈  ∈  𝒰  (  ℋ  )        ‖    𝜙  (  𝑈  )   ‖  


   𝜙  (  𝟙  )  =  𝟙 


       ‖  𝜙  ‖   𝑈   =     sup     𝑈  ∈  𝒰  (  ℋ  )        ‖    𝜙  (  𝑈  )   ‖  


       ‖  𝜙  ‖   𝑈   ≤    ‖  𝜙  ‖  


     ‖    𝜙  (  𝑋  )   ‖     ≤          ‖  𝑋  ‖   2        (    ‖    𝜙  (    𝑈  1   )   ‖   +    ‖    𝜙  (    𝑈  2   )   ‖   )     ≤        ‖  𝜙  ‖   𝑈     ‖  𝑋  ‖     , 


     𝜙  𝑇  


     ⟨  𝒖  |       𝜙  𝑇   (  𝐴  )    |  𝒖  ⟩     =     tr       𝜙  𝑇   (  𝐴  )    |  𝒖  ⟩       ⟨  𝒖  |     =     tr     𝐴  𝜙  (    |  𝒖  ⟩       ⟨  𝒖  |   )    =     tr       𝐴    1  2        |  𝒖  ⟩       ⟨  𝒖  |       𝐴    1  2      ≥    0    . 


     |     tr     𝜌  𝜙  (  𝐴  )   |   ≤    ‖  𝐴  ‖  


    tr       𝜙  𝑇   (  𝜌  )  =   tr     𝜌  𝜙  (  𝟙  )  =  1 


     𝜙  𝑇   (  𝜌  ) 


     |     tr     𝜌  𝜙  (  𝐴  )   |     =      |     tr       𝜙  𝑇   (  𝜌  )  𝐴   |     ≤     tr       𝜙  𝑇   (  𝜌  )    ‖  𝐴  ‖     =      ‖  𝐴  ‖     . 


   𝒖 


   𝜎  (  𝐴  )  =    ⟨  𝒖  |     𝜙  (  𝐴  )    |  𝒖  ⟩  


   𝜎  (  𝟙  )  =  1 


     ‖  𝜎  ‖   ≤  1 


     ⟨  𝒖  |     𝜙  (  𝐴  )    |  𝒖  ⟩   ≥  0 


   Φ  (  𝐴  )  ≥  0 


     ⟹   


          (18.7)                     Φ  𝑡     =       lim     𝑛  →  ∞    (  𝐼  +      1  𝑛    𝐿    )  𝑛     .    


               ‖    𝐼  +  𝑡  𝐿   ‖   2     =       sup     𝑈  ∈  ℬ  (  𝒰  )          ‖    𝑈  +  𝑡  𝐿  (  𝑈  )   ‖   2     =       sup     𝑈  ∈  ℬ  (  𝒰  )        ‖    𝐼  +  𝑡    𝑈  †   𝐿  (  𝑈  )  +  𝑡  𝐿  (    𝑈  †   )  +    𝑡  2   𝐿  (  𝑈    )  †   𝐿  (  𝑈  )   ‖           ≤       sup     𝑈  ∈  ℬ  (  𝒰  )        ‖    𝐼  +  𝑡  𝐿  (    𝑈  †   𝑈  )  +    𝑡  2   𝐿  (  𝑈    )  †   𝐿  (  𝑈  )   ‖     ≤    1  +    𝑡  2        sup     𝑈  ∈  ℬ  (  𝒰  )          ‖    𝐿  (  𝑈  )   ‖   2     =    1  +    𝑡  2       ‖  𝐿  ‖   2     ,      


   𝐿  (    𝑈  †   𝑈  )  =  𝐿  (  𝟙  )  =  0 


   𝑡  =    1  𝑛  


     ‖    𝐼  +    1  𝑛   𝐿   ‖   ≤  1  +    1    2    𝑛  2         ‖  𝐿  ‖   2  


     ‖    Φ  𝑡   ‖   ≤  1 


     Φ  𝑡   (  𝟙  )  =  𝟙 


     ‖    Φ  𝑡   ‖   =  1 


     𝑆  𝜆   =  𝜆    ∫  0  ∞     e    −  𝜆  𝑡      Φ  𝑡   𝑑  𝑡  =  𝜆  (  𝜆  −  𝐾    )    −  1    ,      for    𝜆  >  0    . 


     𝑆  𝜆  


     ‖    𝑆  𝜆   ‖   ≤  1 


     𝑆  𝜆   (  𝟙  )  =  𝟙 


     ‖    𝑆  𝜆   ‖   =  1 


   𝑌  =  (  𝜆  −  𝐿    )    −  1    (  𝑋  ) 


   𝑋  =  𝜆  𝑌  −  𝐿  (  𝑌  ) 


             𝑆  𝜆   (    𝑋  †   𝑋  )       =      𝑆  𝜆   [    𝜆  2     𝑌  †   𝑌  −  𝜆  (  𝐿  (    𝑌  †   )  𝑌  +    𝑌  †   𝐿  (  𝑌  )  )  +  𝐿  (    𝑌  †   )  𝐿  (  𝑌  )  ]            ≥      𝑆  𝜆   [    𝜆  2     𝑌  †   𝑌  −  𝜆  𝐿  (    𝑌  †   𝑌  )  ]    =    𝜆    𝑆  𝜆   [  (  𝜆  −  𝐿  )  (    𝑌  †   𝑌  )  ]    =      𝜆  2     𝑌  †   𝑌  =    𝑆  𝜆   (    𝑋  †   )    𝑆  𝜆   (  𝑋  )    .    


     𝑆  𝜆  𝑛   (    𝑋  †   𝑋  )  ≥    𝑆  𝜆  𝑛   (    𝑋  †   )    𝑆  𝜆  𝑛   (  𝑋  ) 


     Φ  𝑡   =     lim   𝑛       𝑆    𝑡  𝑛   𝑛  


     Φ  𝑡   =    e    𝑡  𝐿   


     𝐿  𝑛  


   𝐻  ∈  ℬ  (  ℋ  ) 


   𝑥  ∈  ℬ  (  ℋ  ) 


   𝐿  (  𝑋  )    =    Ψ  (  𝑋  )  =    1  2   {  Ψ  (  𝑋  )    ,    𝑋  }  +  𝑖      [  𝐻  ,  𝑋  ]     . 


   𝐾    =      ∫    𝒰  (  ℋ  )    𝐿  (    𝑈  †   )  𝑈  𝑑  ℎ  (  𝑈  )    . 


     ‖  𝐾  ‖   ≤    ‖  𝐿  ‖  


   𝐾  𝑉    =      ∫    𝒰  (  ℋ  )    𝐿  (    𝑈  †   )  𝑈  𝑉  𝑑  ℎ  (  𝑈  )    =      ∫    𝒰  (  ℋ  )    𝐿  (  𝑉    𝑈  †   )  𝑈  𝑑  ℎ  (  𝑈  )    . 


   𝐾  𝑋    =      ∫    𝒰  (  ℋ  )    𝐿  (  𝑋    𝑈  †   )  𝑈  𝑑  ℎ  (  𝑈  ) 


     ∫    𝒰  (  ℋ  )    𝐷  (  𝐿  ;  𝑈  𝑋  ,  𝑈  𝑌  )  𝑑  ℎ  (  𝑈  )    =    𝐿  (    𝑋  †   𝑌  )  −  𝐾    𝑋  †   𝑌  −    𝑋  †   𝑌    𝐾  †     . 


   Ψ  ∶  ℬ  (  ℋ  )  →  ℬ  (  ℋ  ) 


   Ψ  (  𝑋  )    =    𝐿  (  𝑋  )  −  𝐾  𝑋  −  𝑋    𝐾  †     . 


   Ψ  (    𝑋  †   𝑋  )    =      ∫    𝒰  (  ℋ  )    𝐷  (  𝐿  ;  𝑈  𝑋  ,  𝑈  𝑋  )  𝑑  ℎ  (  𝑈  )    ≥    0    , 


     ℬ  𝑛   (  ℋ  ) 


   𝐾  ⊗    𝐼  𝑛     =      ∫      𝒰  𝑛   (  ℋ  )      𝐿  𝑛   (    𝑈  †   )  𝑈  𝑑    ℎ  𝑛   (  𝑈  )    , 


     𝒰  𝑛   (  ℋ  ) 


   Ψ    ⊗  𝑛  


   𝐿  (  𝑋  )  =  Ψ  (  𝑋  )  +  𝐾  𝑋  +  𝑋    𝐾  †  


   Ψ  (  𝟙  )    =    𝐿  (  𝟙  )  −  𝐾  −    𝐾  †     =    −  (  𝐾  +  𝐾    )  †     . 


   𝐻  =    1    2  𝑖    (  𝐾  −    𝐾  †   ) 


   𝐾  𝑋  +  𝑋    𝐾  †     =    −    1  2   {  Ψ  (  𝟙  )    ,    𝑋  }  +  𝑖      [  𝐻  ,  𝑋  ]     . 


   𝐿  (  𝑋  )  =  Ψ  (  𝑥  )  −    1  2   {  Ψ  (  𝟙  )  ,  𝑋  }  +  𝑖      [  𝐻  ,  𝑋  ]  


   Ψ  (  𝑋  )  =    𝑊  †   𝜋  (  𝐴  )  𝑊 


   𝒦 


     𝑊  †   𝑊  =  𝜓  (  𝟙  ) 


           𝐿  (    𝑋  †   𝑋  )  −    𝑋  †   𝐿  (  𝑋  )  −  𝐿  (    𝑋  †   )  𝑋    =    Ψ  (    𝑋  †   𝑋  )  −    𝑋  †   Ψ  (  𝑋  )  −  Ψ  (    𝑋  †   )  𝑋  +    𝑋  †   Ψ  (  𝟙  )  𝑋        =      𝑊  †   𝜋  (    𝑋  †   )  𝜋  (  𝑋  )  𝑊  −    𝑋  †     𝑊  †   𝜋  (  𝑋  )  𝑊  −    𝑉  †   𝜋  (  𝑋  )  𝑊  𝑋  +    𝑋  †     𝑊  †   𝑊  𝑋        =    (  𝜋  (  𝑋  )  𝑊  −  𝑊  𝑋    )  †   (  𝜋  (  𝑋  )  𝑊  −  𝑊  𝑋  )    ≥    0    ,      


   𝐷  (  𝐿  ;  𝑋  ,  𝑋  )  ≥  0 


     Ψ  𝑛  


   𝑅  (  𝑥  ,  𝑦  ) 


     ℝ  𝑑   ×    ℝ  𝑑  


   𝜉  (  𝑡  ) 


     ℝ  𝑑  


   𝜉  (  𝑡  )  =  𝑥 


   𝜉  (  𝑡  +  𝑑  𝑡  )  ∈  𝐾 


   𝐾  ⊂    ℝ  𝑑  


   [    ∫  𝐾   𝑅  (  𝑥  ,  𝑦  )  𝑑  𝑦  ]  𝑑  𝑡 


   𝑑  𝑡  →  0 


     ∫  𝐾   𝑅  (  𝑥  ,  𝑦  )  𝑑  𝑦 


   𝐾 


   𝐷  (  𝑥  )  =    ∫    ℝ  𝑑    𝑅  (  𝑥  ,  𝑦  )  𝑑  𝑦 


      sup   𝑥     𝐷  (  𝑥  )  <  ∞ 


   Ω  ,   Prob  


   Ω 


   𝜉  ∶  [  0  ,  ∞  )  ×  Ω  →    ℝ  𝑑  


   𝜔  ∈  Ω 


   𝑡  ↦  𝜉  (  𝑡  ,  𝜔  ) 


     𝑝  0   𝜉  (  0  ) 


   0  <    𝜏  1   <    𝜏  2   <  ⋯ 


     𝜏  1  


   ℎ  (  𝑡  )  =   Prob   (    𝜏  1   ≥  𝑡  ) 


       ℎ  (  𝑡  )  −  ℎ  (  𝑡  +  𝑑  𝑡  )     ℎ  (  𝑡  ,    ℝ  𝑑   )      =     Prob   (    𝜏  1   <  𝑡  +  𝑑  𝑡  |    𝜏  1   ≥  𝑡  )    ≈    𝐷  (    𝑝  0   )  𝑑  𝑡    . 


     ℎ  ′   (  𝑡  )  =  𝐷  (    𝑝  0   )  ℎ  (  𝑡  ) 


   ℎ  (  0  )  =  1 


    Prob   (    𝜏  1   >  𝑡  )    =    ℎ  (  𝑡  )    =      e    −  𝐷  (    𝑝  0   )  𝑡      . 


   𝐷  (    𝑝  0   ) 


     𝑝  1   =  𝜉  (    𝜏  1   ) 


    Prob   (    𝑝  1   ∈  𝐾    and      𝜏  1   <  𝑡  +  𝑑  𝑡  |    𝜏  1   ≥  𝑡  )    ≈      [    ∫  𝐾   𝑅  (    𝑝  0   ,  𝑦  )  𝑑  𝑦  ]     𝑑  𝑡    . 


    Prob   (    𝑝  1   ∈  𝐾    and    𝑡  ≤    𝜏  1   <  𝑡  +  𝑑  𝑡  )    =      [    ∫  𝐾   𝑅  (    𝑝  0   ,  𝑦  )  𝑑  𝑦  ]       e    −  𝐷  (    𝑝  0   )  𝑡    𝑑  𝑡    . 


              Prob   (    𝑝  1   ∈  𝐾    and      𝜏  1   ≥  𝑡  )    =      [    1    𝐷  (    𝑝  0   )      ∫  𝐾   𝑅  (    𝑝  0   ,  𝑦  )  𝑑  𝑦  ]       e    −  𝐷  (    𝑝  0   )  𝑡          =      [    1    𝐷  (    𝑝  0   )      ∫  𝐾   𝑅  (    𝑝  0   ,  𝑦  )  𝑑  𝑦  ]      Prob   (    𝜏  1   ≥  𝑡  )    .      


     𝑝  1  


    Prob   (    𝑝  1   ∈  𝐾  )    =      1    𝐷  (    𝑝  0   )      ∫  𝐾   𝑅  (    𝑝  0   ,  𝑦  )  𝑑  𝑦    . 


     𝜏  𝑗  


   𝑗  =  2  ,  … 


   𝜉  (    𝜏  𝑗   )  =    𝑝  𝑗  


     ℱ  𝑗  


   (    𝜏  𝑖   ,    𝑝  𝑖     )    𝑖  =  0   𝑗  


   𝜉  (  ⋅  ) 


     𝜏    𝑗  +  1   


     𝑝    𝑗  +  1   


          (19.1)                    Prob   (    𝜏    𝑗  +  1    >    𝜏  𝑗   +  𝑡  |    ℱ  𝑗   )    =      e    −  𝐷  (    𝑝    𝑗  −  1    )  𝑡        


          (19.2)                    Prob   (    𝑝    𝑗  +  1    ∈  𝐾  |    ℱ  𝑗   )    =      1    𝐷  (    𝑝  𝑗   )      ∫  𝐾   𝑅  (    𝑝  𝑗   ,  𝑦  )  𝑑  𝑦    .    


   𝑅  (  𝑥  ,  𝑦  )  ≥  0 


   𝐷  (  𝑥  )  =    ∫    ℝ  𝑑    𝑅  (  𝑥  ,  𝑦  )  𝑑  𝑦 


      sup   𝑥     𝐷  (  𝑥  )  <  ∞ 


     𝑝  0   ∈    ℝ  𝑑  


   𝜉  (  0  )  =    𝑝  0  


          (19.3)                    Prob   (  𝜉  (  𝑡  +  ℎ  )  ∈  𝐾  |  (  𝜉  (  𝑠  )    )    0  ≤  𝑠  ≤  𝑡    )    =    ℎ    ∫  𝐾   𝑅  (  𝜉  (  𝑡  )  ,  𝑦  )  𝑑  𝑦    +    𝑜  (  ℎ  )    .    


   0  <    𝜏  1   <    𝜏  2   <    𝜏  3   <  ⋯ 


     𝑝  𝑗   =  𝜉  (    𝜏  𝑗   ) 


   𝑗  =  1  ,  2  ,  … 


   (    𝜏  𝑖   ,    𝑝  𝑖   ) 


   0  ≤  𝑖  ≤  𝑗 


   𝜌  (  𝑥  ,  𝑡  )  𝑑  𝑦 


          (19.4)                       𝜕  𝜌     𝜕  𝑡    (  𝑥  ,  𝑡  )    =      ∫    ℝ  𝑑    𝑅  (  𝑦  ,  𝑥  )  𝜌  (  𝑦  ,  𝑡  )  𝑑  𝑦    −    𝐷  (  𝑥  )  𝜌  (  𝑥  ,  𝑡  )    .    


   (    𝑤  𝑗     )    𝑗  =  1   ∞  


    Prob   (    𝑤  𝑗   >  𝑡  )  =    e    −  𝑡   


   (    𝑝  𝑗     )    𝑗  =  1   ∞  


    Prob   (    𝑝  𝑗   ∈  𝐾  |  (    𝑝  𝑖     )    𝑖  =  0     𝑗  −  1    )    =     Prob   (    𝑝  𝑗   ∈  𝐾  |    𝑝    𝑗  −  1    )    =      1    𝐷  (    𝑝  𝑗   )      ∫  𝐾   𝑅  (    𝑝    𝑗  −  1    ,  𝑦  )  𝑑  𝑦    . 


   Ω  =    Ω  𝑤   ×    Ω  𝑝  


     Ω  𝑤   =    ℝ  ℕ  


     Ω  𝑝   =  (    ℝ  𝑑     )  ℕ  


     𝜏  𝑗   =    ∑    𝑖  =  1   𝑗       𝑤  𝑖     𝐷  (    𝑝    𝑖  −  1    )   


   𝜉  (  𝑡  )    =      𝑝  𝑗      if       𝜏  𝑗   ≤  𝑡  <    𝜏    𝑗  +  1      . 


   𝑓  ∶    ℝ  𝑑   →  ℝ 


   𝔼      (  𝑓  (  𝜉  (  𝑡  )  )  )   =  ∫  𝑓  (  𝑥  )  𝜌  (  𝑥  ,  𝑡  ) 


   𝔼      (  𝑓  (  𝜉  (  𝑡  +  𝑑  𝑡  )  )  |  𝜉  (  𝑡  )  )     ≈      [  ∫  𝑅  (  𝜉  (  𝑡  )  ,  𝑦  )  𝑓  (  𝑦  )  𝑑  𝑦  ]     𝑑  𝑡  +  (  1  −  𝐷  (  𝜉  (  𝑡  )  )  𝑑  𝑡  )  𝑓  (  𝜉  (  𝑡  )  )    , 


   𝑓  (  𝜉  (  𝑡  +  𝑑  𝑡  )  ) 


   [  𝑡  ,  𝑡  +  𝑑  𝑡  ] 


   𝔼      (  𝑓  (  𝜉  (  𝑡  +  𝑑  𝑡  )  )  −  𝑓  (  𝜉  (  𝑡  )  )  )     ≈      [  ∫  𝔼      (  𝑅  (  𝜉  (  𝑡  )  ,  𝑦  )  )     𝑓  (  𝑦  )  𝑑  𝑦  −  𝔼      (  𝐷  (  𝜉  (  𝑡  )  )  𝑓  (  𝜉  (  𝑡  )  )  )   ]     𝑑  𝑡    . 


           ∫  𝑓  (  𝑥  )      𝜕  𝜌     𝜕  𝑡    (  𝑥  ,  𝑡  )  𝑑  𝑥    =    ∫    [  ∫  𝑅  (  𝑥  ,  𝑦  )  𝑓  (  𝑦  )  𝑑  𝑦  −  𝐷  (  𝑥  )  𝑓  (  𝑥  )  ]     𝜌  (  𝑥  )  𝑑  𝑥        =    ∫    [  ∫  𝑅  (  𝑦  ,  𝑥  )  𝜌  (  𝑦  )  𝑑  𝑦  −  𝐷  (  𝑥  )  𝜌  (  𝑥  )  ]     𝑓  (  𝑥  )  𝑑  𝑥    ,      


          (20.1)                       𝑑    𝜌  𝑡      𝑑  𝑡      =    −  𝑖      [  𝐻  ,    𝜌  𝑡   ]     +      ∑    𝑚  =  1   𝑛     𝐾  𝑚     𝜌  𝑡     𝐾  𝑚  †   −      1  2    {    𝐾  𝑚  †     𝐾  𝑚     ,      𝜌  𝑡   }    .    


          (20.2)                     [  𝐻  ,    𝐾  𝑚  †     𝐾  𝑚   ]     =    0    ,     for    𝑚  =  1  ,  …  ,  𝑛    .    


          (20.3)                   𝐷    ∶  =      ∑    𝑗  =  1   𝑚     𝐾  𝑚  †     𝐾  𝑚   .    


   |    𝜓  (  𝑡  )   ⟩ 


     𝜌  0   =    |    𝜓  (  0  )   ⟩       ⟨    𝜓  (  0  )   |  


          (20.4)                     𝜌  𝑡     =    𝔼      [    |    𝜓  (  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  )   |   ]     ,    


   𝔼 


          (20.5)                    Prob   (    |    𝜓  (  𝑡  +  𝑑  𝑡  )   ⟩   ∝    𝐾  𝑚       |    𝜓  (  𝑡  )   ⟩   |  (    |    𝜓  (  𝑠  )   ⟩     )    0  ≤  𝑠  ≤  𝑡    )    =      ⟨    𝜓  (  𝑡  )   |       𝐾  𝑚  †     𝐾  𝑚       |    𝜓  (  𝑡  )   ⟩     𝑑  𝑡  +  𝑜  (  𝑑  𝑡  )    .    


     e    𝑖  𝑡  𝐺   


   𝐺 


   𝐺  =  𝐻 


          (20.6)                   𝐷  (  𝑡  )    ∶  =      ∑    𝑚  =  1   𝑛     ⟨    𝜓  (  𝑡  )   |       𝐾  𝑚  †     𝐾  𝑚       |    𝜓  (  𝑡  )   ⟩     =      ⟨    𝜓  (  𝑡  )   |     𝐷      |    𝜓  (  𝑡  )   ⟩     ,    


           𝔼      [    |    𝜓  (  𝑡  +  𝑑  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  +  𝑑  𝑡  )   |     |    (    |    𝜓  (  𝑠  )   ⟩     )    0  ≤  𝑠  ≤  𝑡    ]               =       (  1  −  𝐷  (  𝑡  )  𝑑  𝑡  )        e    −  𝑖  𝑑  𝑡  𝐺        |    𝜓  (  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  )   |       e    𝑖  𝑑  𝑡    𝐺  †          ⟨    𝜓  (  𝑡  )   |       e    𝑖  𝑑  𝑡  (    𝐺  †   −  𝐺  )        |    𝜓  (  𝑡  )   ⟩                  +    [    ∑    𝑚  =  1   𝑛     ⟨    𝜓  (  𝑡  )   |       𝐾  𝑚  †     𝐾  𝑚       |    𝜓  (  𝑡  )   ⟩           𝐾  𝑚       |    𝜓  (  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  )   |       𝐾  𝑚  †        ⟨    𝜓  (  𝑡  )   |       𝐾  𝑚  †     𝐾  𝑚       |    𝜓  (  𝑡  )   ⟩     ]     𝑑  𝑡    +    𝑜  (  𝑑  𝑡  )             =           |    𝜓  (  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  )   |     +    [    (    ⟨    𝜓  (  𝑡  )   |     𝑖  (  𝐺  −    𝐺  †   )    |    𝜓  (  𝑡  )   ⟩   −  𝐷  (  𝑡  )  )       |    𝜓  (  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  )   |                  −  𝑖  𝐺      |    𝜓  (  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  )   |     +    𝑖      |    𝜓  (  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  )   |       𝐺  †     +      ∑    𝑚  =  1   𝑛     𝐾  𝑚       |    𝜓  (  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  )   |       𝐾  𝑚  †   ]    +    𝑜  (  𝑑  𝑡  )  .              


   𝐺  =  𝐻  −  𝑖    1  2   𝐷 


          (20.7)                         𝔼      [    |    𝜓  (  𝑡  +  𝑑  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  +  𝑑  𝑡  )   |     |    (    |    𝜓  (  𝑠  )   ⟩     )    0  ≤  𝑠  ≤  𝑡    ]         =      |    𝜓  (  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  )   |     +    [  −  𝑖      [  𝐻  ,    |    𝜓  (  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  )   |   ]     −        1  2        {  𝐷    ,    |    𝜓  (  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  )   |   }           +      ∑    𝑚  =  1   𝑛     𝐾  𝑚       |    𝜓  (  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  )   |       𝐾  𝑚  †   ]  𝑑  𝑡    +    𝑜  (  𝑑  𝑡  )    .       


   𝔼      [    |    𝜓  (  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  )   |   ]  


     𝜌  0   =    |    𝑣  0   ⟩       ⟨    𝑣  0   |  


   |    𝑣  0   ⟩ 


     |    𝜓  (  0  )   ⟩   =    |    𝑣  0   ⟩  


     |    𝜓  (  𝑡  )   ⟩   =     lim     𝑠  ↓  𝑡        |    𝜓  (  𝑠  )   ⟩  


      lim     𝑠  ↑  𝑡        |    𝜓  (  𝑡  )   ⟩  


   0  <    𝜏  1   <    𝜏  2   <  … 


      lim   𝑗       𝜏  𝑗   =  ∞ 


     𝜏  𝑗   =  ∞ 


   𝐷 


     |    𝑣  𝑗   ⟩   =    |    𝜓  (    𝜏  𝑗   )   ⟩  


   𝑗  =  1  ,  … 


     𝜏  𝑗   ≤  𝑡  <    𝜏    𝑗  +  1   


          (20.8)                     |    𝜓  (  𝑡  )   ⟩     ∝      e    −  (  𝑡  −    𝜏  𝑗   )  (  𝑖  𝐻  +    1  2   𝐷  )        |    𝑣  𝑗   ⟩     .    


   (    𝜏  𝑖   ,    𝑣  𝑖     )    𝑖  =  1   𝑗  


          (20.9)                    Prob   (    𝜏    𝑗  +  1    >  𝑡  +    𝜏  𝑗   |  (    𝜏  𝑖   ,    𝑣  𝑖     )    𝑖  =  1   𝑗   )    =      ⟨    𝑣  𝑗   |       e    −  𝑡  𝐷        |    𝑣  𝑗   ⟩     ,    


     |    𝑢  𝑗   ⟩   =     lim     𝑡  ↑    𝜏    𝑗  +  1          |    𝜓  (  𝑡  )   ⟩  


   1  ≤  𝑚  ≤  𝑛 


          (20.10)                    Prob       (    |    𝑣    𝑗  +  1    ⟩   ∝    𝐾  𝑚       |    𝑢  𝑗   ⟩   |  (    𝜏  𝑖   ,    𝑣  𝑖     )    𝑖  =  1   𝑗   ,    𝜏    𝑗  +  1    )     =          ⟨    𝑢  𝑗   |       𝐾  𝑚  †     𝐾  𝑚       |    𝑢  𝑗   ⟩        ⟨    𝑢  𝑗   |     𝐷      |    𝑢  𝑗   ⟩       .    


   𝑖  𝐻  +    1  2   𝐷 


     |    𝜙  (  𝑡  )   ⟩   =    e    −  (  𝑡  −    𝜏  𝑗   )  (  𝑖  𝐻  +    1  2   𝐷  )        |    𝑣  𝑗   ⟩  


     [  𝐻  ,  𝐷  ]   =  0 


     ⟨    𝜙  (  𝑡  )   |    𝜙  (  𝑡  )   ⟩     =      ⟨    𝑣  𝑗   |       e    −  (  𝑡  −    𝜏  𝑗   )  𝐷        |    𝑣  𝑗   ⟩     . 


     |    𝜓  (  𝑡  )   ⟩     =      1      ⟨    𝜙  (  𝑡  )   |    𝜙  (  𝑡  )   ⟩         |    𝜙  (  𝑡  )   ⟩     =        1        ⟨    𝑣  𝑗   |     e    −  (  𝑡  −    𝜏  𝑗   )  𝐷      |    𝑣  𝑗   ⟩         e    −  (  𝑡  −    𝜏  𝑗   )  (  𝑖  𝐻  +    1  2   𝐷  )        |    𝑣  𝑗   ⟩     . 


   𝑟  (  𝑡  ) 


   𝐷  (  𝑡  )    =    −    𝑑    𝑑  𝑡       log       ⟨    𝑣  𝑗   |       e    −  (  𝑡  −    𝜏  𝑗   )  𝐷        |    𝑣  𝑗   ⟩     =          ⟨    𝜙  (  𝑡  )   |     𝐷      |    𝜙  (  𝑡  )   ⟩      ⟨    𝜙  (  𝑡  )   |    𝜙  (  𝑡  )   ⟩      =      ⟨    𝜓  (  𝑡  )   |     𝐷      |    𝜓  (  𝑡  )   ⟩     , 


     𝐾  𝑚       |    𝜓  (  𝑡  )   ⟩  


   𝐷  (  𝑡  )        ⟨    𝜓  (  𝑡  )   |       𝐾  𝑚  †     𝐾  𝑚       |    𝜓  (  𝑡  )   ⟩        ⟨    𝜓  (  𝑡  )   |     𝐷      |    𝜓  (  𝑡  )   ⟩       =      ⟨    𝜓  (  𝑡  )   |       𝐾  𝑚  †     𝐾  𝑚       |    𝜓  (  𝑡  )   ⟩     , 


   (    𝑦  𝑗     )    𝑗  =  1   ∞  


   [  0  ,  1  ] 


   𝑦 


   𝑤 


   (    𝜏  𝑗   ,    |    𝑣  𝑗   ⟩     )    𝑗  =  1   𝑁  


   (    𝜏  𝑖   ,    |    𝑣  𝑖   ⟩     )    𝑖  =  1   𝑗  


     𝜏    𝑗  +  1    =    𝜏  𝑗   +    𝛿    𝑗  +  1   


     𝛿    𝑗  +  1   


     ⟨    𝑣  𝑗   |       e    −    𝛿    𝑗  +  1    𝐷        |    𝑣  𝑗   ⟩     =      e    −    𝑤    𝑗  +  1        , 


     𝜏    𝑗  +  1    =  ∞ 


     𝑤    𝑗  +  1    <  −     lim     𝛿  →  ∞       log       ⟨    𝑣  𝑗   |       e    −  𝛿  𝐷        |    𝑣  𝑗   ⟩     =    −   log       ⟨    𝑣  𝑗   |       𝑃  0       |    𝑣  𝑗   ⟩     , 


     𝑃  0   = 


    Prob   (    𝜏    𝑗  +  1    >  𝑡  +    𝜏  𝑗   |  (    𝜏  𝑖   ,    |    𝑣  𝑖   ⟩     )    𝑖  =  0   𝑗   )    =     Prob   (    𝑤    𝑗  +  1    >  −   log       ⟨    𝑣  𝑗   |       e    −  𝑡  𝐷        |    𝑣  𝑗   ⟩   )    =      ⟨    𝑣  𝑗   |       e    −  𝑡  𝐷        |    𝑣  𝑗   ⟩     . 


     𝜏    𝑗  +  1    <  ∞ 


     |    𝑢  𝑗   ⟩   =    e    −  (    𝜏    𝑗  +  1    −    𝜏  𝑗   )  (  𝑖  𝐻  +    1  2   𝐷  )        |    𝑣  𝑗   ⟩  


     𝑝  𝑗   (  𝑚  )    =          ⟨    𝑢  𝑗   |       𝐾  𝑚  †     𝐾  𝑚       |    𝑢  𝑗   ⟩        ⟨    𝑢  𝑗   |     𝐷      |    𝑢  𝑗   ⟩       ,    𝑚  =  1  ,  …  ,  𝑛    . 


     ∑    𝑚  =  1   𝑛     𝑝  𝑗   (  𝑚  )  =  1 


     𝑚    𝑗  +  1   


     ∑      𝑚  ′   =  1   𝑚     𝑝  𝑗   (    𝑚  ′   )  >    𝑦  𝑗  


     |    𝑣    𝑗  +  1    ⟩     =        1        ⟨    𝑢  𝑗   |     𝐾    𝑚    𝑗  +  1    †     𝐾    𝑚    𝑗  +  1       |    𝑢  𝑗   ⟩         𝐾    𝑚    𝑗  +  1         |    𝑢  𝑗   ⟩     , 


    Prob       [    |    𝑣    𝑗  +  1    ⟩     =        1        ⟨    𝑢  𝑗   |     𝐾  𝑚  †     𝐾  𝑚     |    𝑢  𝑗   ⟩         𝐾  𝑚       |    𝑢  𝑗   ⟩     |    (    𝜏  𝑖   ,    |    𝑣  𝑖   ⟩     )    𝑖  =  0   𝑗     ,    𝜏    𝑗  +  1    ]     =      𝑝  𝑗   (  𝑚  )    =          ⟨    𝑢  𝑗   |       𝐾  𝑚  †     𝐾  𝑚       |    𝑢  𝑗   ⟩        ⟨    𝑢  𝑗   |     𝐷      |    𝑢  𝑗   ⟩       , 


   𝑚  =  1  ,  …  ,  𝑛 


     𝑑  𝑚   >  0 


     ⟨    𝑣  𝑗   |       e    −  𝑡  𝐷        |    𝑣  𝑗   ⟩   ≥    e    −  𝑡    𝑑  𝑚    


     𝛿    𝑗  +  1    ≥      𝑤    𝑗  +  1      𝑑  𝑚   


     𝜏    𝑗  +  1      ≥      1    𝑑  𝑚      ∑    𝑖  =  1     𝑗  +  1      𝑤  𝑖     →    ∞ 


     1    𝑗  +  1      ∑    𝑖  =  1     𝑗  +  1      𝑤  𝑖   →  1 


     |    𝜙  (  𝑡  )   ⟩     =      e    −  (  𝑡  −    𝜏  𝑗   )  (  𝑖  𝐻  +    1  2   𝐷  )        |    𝑣  𝑗   ⟩        if      𝜏  𝑗   ≤  𝑡  <    𝜏    𝑗  +  1      , 


     |    𝜓  (  𝑡  )   ⟩     =      1      ⟨    𝜙  (  𝑡  )   |    𝜙  (  𝑡  )   ⟩         |    𝜙  (  𝑡  )   ⟩     . 


    ker     𝐷 


     e    −  (  𝑡  −    𝜏  𝑗   )  (  𝑖  𝐻  +  𝐷  )        |    𝜓  (  𝑡  )   ⟩  


     [  𝐻  ,    𝐾  𝑚  †     𝐾  𝑚   ]   =  0 


     |    𝜓  (    𝜏  𝑗   )   ⟩   =    |    𝑣  𝑗   ⟩  


           𝐷  (  𝑡  )    =      ⟨    𝜓  (  𝑡  )   |     𝐷      |    𝜓  (  𝑡  )   ⟩     =          ⟨    𝑣  𝑗   |       e    −  (  𝑡  −    𝜏  𝑗   )  (  −  𝑖  𝐻  +    1  2   𝐷  )    𝐷    e    −  (  𝑡  −    𝜏  𝑗   )  (  𝑖  𝐻  +    1  2   𝐷  )        |    𝑣  𝑗   ⟩        ⟨    𝑣  𝑗   |       e    −  (  𝑡  −    𝜏  𝑗   )  (  −  𝑖  𝐻  +    1  2   𝐷  )      e    −  (  𝑡  −    𝜏  𝑗   )  (  𝑖  𝐻  +    1  2   𝐷  )        |    𝑣  𝑗   ⟩           =    −    𝑑    𝑑  𝑡       log       ⟨    𝑣  𝑗   |       e    −  (  𝑡  −    𝜏  𝑗   )  (  −  𝑖  𝐻  +    1  2   𝐷  )      e    −  (  𝑡  −    𝜏  𝑗   )  (  𝑖  𝐻  +    1  2   𝐷  )        |    𝑣  𝑗   ⟩     =    −    𝑑    𝑑  𝑡        ‖      e    −  (  𝑡  −    𝜏  𝑗   )  (  𝑖  𝐻  +    1  2   𝐷  )        |    𝑣  𝑗   ⟩    ‖   2   .      


       ‖      e    −    𝛿    𝑗  +  1    (  𝑖  𝐻  +    1  2   𝐷  )        |    𝑣  𝑗   ⟩    ‖   2     =      e    −    𝑤    𝑗  +  1        , 


   |    𝑣    𝑗  +  1    ⟩ 


     |    𝑣    𝑗  +  1    ⟩     ∝      𝐾  𝑚       |    𝑢  𝑗   ⟩         with probability          ⟨    𝑢  𝑗   |       𝐾  𝑚  †     𝐾  𝑚       |    𝑢  𝑗   ⟩        ⟨    𝑢  𝑗   |     𝐷      |    𝑢  𝑗   ⟩    


     |    𝑢  𝑗   ⟩   =     lim     𝑡  ↑    𝜏    𝑗  +  1          |    𝜓  (  𝑡  )   ⟩  


          (20.11)                       𝑑  𝜌     𝑑  𝑡      =    𝑖  𝛼      [  𝑍  ,  𝜌  ]   +  (  Γ  −  Δ  )    𝑎  †   𝜌  𝑎  +  (  Γ  +  Δ  )  𝑎  𝜌    𝑎  †   −      1  2        {  Γ  𝐼  −  Δ  𝑍    ,    𝜌  }     ,    


   |  Δ  |  ≤  Γ 


   𝐷  =  Γ  𝐼  +  Δ  𝑍  ≥  0 


   |  Δ  |  <  Γ 


   𝑎  =    |  0  ⟩       ⟨  1  |  


     𝑎  †       |  1  ⟩       ⟨  0  |  


   𝑖  𝛼  𝑍  −    1  2   Δ  𝑍  +    1  2   Γ 


     |    𝑣  0   ⟩       ⟨    𝑣  0   |  


     |    𝑣  0   ⟩   =  𝑎      |  0  ⟩   +  𝑏      |  1  ⟩  


   |  Δ  |  <  Γ 


    Prob   (    𝜏  1   >  𝑡  )    =    |  𝑎    |  2     e    −  (  Γ  −  Δ  )  𝑡    +  |  𝑏    |  2     e    −  (  Γ  +  Δ  )  𝑡      . 


   |    𝑣  1   ⟩ 


     𝑣  1   =  0 


     |    𝑣  1   ⟩     ∝      {            |  1  ⟩            with probability        |  𝑎    |  2   (  Γ  −  Δ  )    e    Δ    𝜏  1        |  𝑎    |  2   (  Γ  −  Δ  )    e    Δ    𝜏  1     +  |  𝑏    |  2   (  Γ  +  Δ  )    e    −  Δ    𝜏  1         ,        |  0  ⟩            with probability        |  𝑏    |  2   (  Γ  +  Δ  )    e    −  Δ    𝜏  1        |  𝑎    |  2   (  Γ  −  Δ  )    e    Δ    𝜏  1     +  |  𝑏    |  2   (  Γ  +  Δ  )    e    −  Δ    𝜏  1         .          


     |    𝑣  𝑗   ⟩   ∝    |  0  ⟩  


     |    𝑣    𝑗  +  1    ⟩   ∝    |  1  ⟩  


    Prob   (    𝜏    𝑗  +  1    >  𝑡  +    𝜏  𝑗   |  (    𝜏  𝑖   ,    𝑣  𝑖     )    𝑖  =  1   𝑗   )    =      e    −  (  Γ  −  Δ  )  𝑡      , 


     |    𝜓  (  𝑡  )   ⟩     =      e    𝑖  𝛼  (  𝑡  −    𝜏  𝑗   )        |    𝑣  𝑗   ⟩  


   𝑡  ∈  [    𝜏  𝑗   ,    𝜏    𝑗  +  1    ] 


     |    𝑣  𝑗   ⟩   ∝    |  1  ⟩  


     |    𝑣    𝑗  +  1    ⟩   ∝    |  0  ⟩  


    Prob   (    𝜏    𝑗  +  1    >  𝑡  +    𝜏  𝑗   |  (    𝜏  𝑖   ,    𝑣  𝑖     )    𝑖  =  1   𝑗     =      e    −  (  Γ  +  Δ  )  𝑡      , 


     |    𝜓  (  𝑡  )   ⟩     =      e    −  𝑖  𝛼  (  𝑡  −    𝜏  𝑗   )        |    𝑣  𝑗   ⟩  


     |    𝜓  (  𝑡  )   ⟩       ⟨    𝜓  (  𝑡  )   |  


   Δ  =  Γ 


   |  𝑎    |  2  


     |    𝜓  (  𝑡  )   ⟩     =        𝑎    e    𝑖  𝛼  𝑡  +    1  2   Δ  𝑡        |  0  ⟩   +  𝑏    e    −  𝑖  𝛼  𝑡  −    1  2   Δ  𝑡        |  1  ⟩        |  𝑎    |  2     e    Δ  𝑡    +  |  𝑏    |  2     e    −  Δ  𝑡         . 


   |  𝑏    |  2   =  1  −  |  𝑎    |  2  


    Prob   (    𝜏  1   >  𝑡  )    =      e    −  2  Δ  𝑡      . 


     |    𝜓  (  𝑡  )   ⟩   ∝    |  0  ⟩  


   𝒫  (  𝑆  ) 


   𝑃  ∶  𝑆  →  [  0  ,  1  ] 


     ∑    𝑠  ∈  𝑆    𝑃  (  𝑠  )  =  1 


   𝑃  ∈  𝒫  (  𝑆  ) 


          (21.1)                   𝐻  (  𝑃  )    =    −    ∑    𝑠  ∈  𝑆    𝑃  (  𝑠  )   log     𝑃  (  𝑠  )    .    


    log  


   0     log     0  ≡  0 


   𝑡     log     𝑡 


   𝐻  (  𝑃  )  =  0 


   𝑃  (  𝑆  )  ⊂  {  0  ,  1  } 


   (  𝑝  ,  1  −  𝑝  ) 


          (21.2)                     𝐻   bin    (  𝑝  )    ∶  =    −  𝑝     log     𝑝  −  (  1  −  𝑝  )   log       (  1  −  𝑝  )     =    𝐻  (  𝑝  ,  1  −  𝑝  )    .    


   𝐻  (  𝑝  ) 


     𝐻   bin    (  𝑝  ) 


   𝐻  (  𝑝  )  =  𝐻  (  1  −  𝑝  ) 


      max   𝑝     𝐻  (  𝑝  )  =  𝐻  (    1  2   )  =  1 


    ln     2 


     𝐻  ″   (  𝑝  )    =    −    1  𝑝   −    1    1  −  𝑝      =    −    1    𝑝  (  1  −  𝑝  )      <    0    , 


          (21.3)                   𝐻  (  𝑡  𝑝  +  (  1  −  𝑡  )  𝑞  )    >    𝑡  𝐻  (  𝑝  )  +  (  1  −  𝑡  )  𝐻  (  𝑞  )          if    𝑝  ≠  𝑞    and    0  <  𝑡  <  1    .    


   𝑆  =  {    𝑠  1   ,  …  ,    𝑠  𝑛   } 


      max     𝑃  ∈  𝒫  (  𝑆  )      𝐻  (  𝑃  )    =    𝐻  (      1  𝑛    ,  ⋯  ,      1  𝑛    )    =     log     𝑛    . 


   𝑃  ,  𝑄  ∈  𝒫  (  𝑆  ) 


   𝑃  ≠  𝑄 


   0  <  𝑡  <  1 


   𝐻  (  𝑡  𝑃  +  (  1  −  𝑡  )  𝑄  )  >  𝑡  𝐻  (  𝑃  )  +  (  1  −  𝑡  )  𝐻  (  𝑄  ) 


   (  Ω  ,   Prob   ) 


    ran     𝑋 


     𝑝  𝑋  


     𝑃  𝑋   (  𝑥  )  =   Prob   [  𝑋  =  𝑥  ] 


   𝑥  ∈   ran     𝑋 


   𝐻  (  𝑋  )  =  𝐻  (    𝑃  𝑋   ) 


   Σ 


     Σ  𝑛         ⟶    𝐶  𝑛      {  0  ,  1    }    ⌊  𝑛  𝑅  ⌋        ⟶    𝐷  𝑛        Σ  𝑛     . 


     Σ  𝑛  


     𝐶  𝑛  


   {  0  ,  1    }    ⌊  𝑛  𝑅  ⌋   


     𝐷  𝑛  


     𝐷  𝑛   ∘    𝐶  𝑛  


   𝑠  ∈  Σ 


   ⌈   log   |  Σ  |  ⌉ 


     Σ  𝑛         ⟶    𝐶  𝑛      {  0  ,  1    }    𝑛  ⌈   log   |  Σ  |  ⌉        ⟶    𝐷  𝑛          Σ  𝑛     , 


     𝐷  𝑛   ∘    𝐶  𝑛   =   Id  


   𝑅  =  ⌈   log   |  Σ  |  ⌉ 


   𝑃  ∈  𝒫  (  Σ  ) 


     𝑃  𝑛   (  𝒂  )    =    𝑃  (    𝑎  1   )  ⋯  𝑃  (    𝑎  𝑛   )    . 


          (21.4)                      lim     𝑛  →  ∞       Prob       [    𝐷  𝑛   (    𝐶  𝑛   (  𝒂  )  )    =    𝒂  ]     =    1    ,    


   𝒂  =  (    𝑎  1   ,  …  ,    𝑎  𝑛   ) 


     ∑    𝒂  ∈    𝐺  𝑛       𝑃  𝑛   (  𝒂  )  =  1 


     𝐺  𝑛     =    {  𝒂  =  (    𝑎  1   ,  …  ,    𝑎  𝑛   )  ∈    Σ  𝑛     ∶    𝐷  𝑛   (    𝐶  𝑛   (  𝒂  )  )    =    𝒂  } 


   𝑃  ∈  𝒫  (  Σ  ) 


   𝑅  >  𝐻  (  𝑃  ) 


   𝑅  <  𝐻  (  𝑃  ) 


   𝒂  ∈    Σ  𝑛  


   𝑥  ∈  Σ 


   𝑛  𝑃  (  𝑥  ) 


   𝒂 


     𝑃  𝑛   (  𝒂  )    ≈      ∏    𝑥  ∈  Σ    𝑃  (  𝑥    )    𝑛  𝑃  (  𝑥  )      ≈      2    −  𝑛  𝐻  (  𝑃  )      . 


   𝜖 


     2    −  𝑛  (  𝐻  (  𝑃  )  +  𝜖  )      ≤      𝑃  𝑛   (  𝒂  )    ≤      2    −  𝑛  (  𝐻  (  𝑋  )  −  𝜖  )      , 


          (21.5)                     |      1  𝑛      log       1      𝑃  𝑛   (  𝒂  )    −  𝐻  (  𝑃  )   |     ≤    𝜖    .    


      lim     𝑛  →  ∞       Prob   [  𝒂  ∈    Σ  𝑛     is    𝜖   - typical   ]    =    1    . 


      lim     𝑛  →  ∞      ∑    𝒂  ∈  𝑇  (  𝑛  ,  𝜖  )      𝑃  𝑛   (  𝒂  )    =    1  , 


   𝑇  (  𝑛  ,  𝜖  ) 


   −   log     𝑃  (    𝑎  𝑗   ) 


   𝜖  ,  𝛿  >  0 


    Prob       (    |    −    1  𝑛     ∑    𝑗  =  1   𝑛    log     𝑃  (    𝑎  𝑗   )  +  𝔼  (   log     𝑃  (  𝑎  )  )   |   ≤  𝜖  )     ≥    1  −  𝛿    , 


   𝔼  (   log     𝑃  (  𝑎  )  )    =      ∑    𝑥  ∈  Σ    𝑃  (  𝑥  )   log     𝑃  (  𝑥  )    =    −  𝐻  (  𝑃  )    , 


     ∑    𝑗  =  1   𝑛    log     𝑃  (    𝑎  𝑗   )  =   log       𝑃  𝑛   (  𝒂  ) 


   𝑆  (  𝑛  ) 


     2    𝑛  𝑅   


      lim     𝑛  →  ∞      ∑    𝒂  ∈  𝑆  (  𝑛  )      𝑃  𝑛   (  𝒂  )    =    0    . 


   𝑅  +  𝜖  <  𝐻  (  𝑋  ) 


   𝑇  (  𝑛  )  =  𝑆  (  𝑛  )  ∩  𝑇  (  𝑛  ,  𝜖  ) 


   𝐴  (  𝑛  )  =  𝑆  (  𝑛  )  ∖  𝑇  (  𝑛  ,  𝜖  ) 


      lim     𝑛  →  ∞      ∑    𝒂  ∈  𝐴  (  𝑛  )      𝑃  𝑛   (  𝒂  )    ≤       lim     𝑛  →  ∞      ∑    𝒂  ∉  𝑇  (  𝑛  ,  𝜖  )      𝑃  𝑛   (  𝒂  )    0    , 


     ∑    𝒂  ∈  𝑇  (  𝑛  )      𝑃  𝑛   (  𝒂  )    ≤    |  𝑆  (  𝑛  )  |    2    −  𝑛  (  𝐻  (  𝑃  )  −  𝜖  )      ≤      2    −  𝑛  (  𝐻  (  𝑃  )  −  𝑅  −  𝜖  )      →    0    . 


     𝐺  𝑛  


   |  {  0  ,  1    }    ⌊  𝑅  𝑛  ⌋    |  ≤    2    𝑛  𝑅   


   |  𝑇  (  𝑛  ,  𝜖  )  |    ≤      2    𝑛  (  𝐻  (  𝑃  )  +  𝜖  )      ∑    𝒂  ∈  𝑇  (  𝑛  ,  𝜖  )      𝑃  𝑛   (  𝒂  )    ≤      2    𝑛  (  𝐻  (  𝑃  )  +  𝜖  )      . 


   𝐻  (  𝑃  )  +  𝜖  <  𝑅 


   {  0  ,  1    }    ⌊  𝑛  𝑅  ⌋   


     𝐺  𝑛   ⊃  𝑇  (  𝑛  ,  𝜖  ) 


          (21.6)                   𝐻  (  𝑃  |  |  𝑄  )    ∶  =      ∑    𝑠  ∈  𝑆    𝑃  (  𝑠  )   log           𝑃  (  𝑠  )     𝑄  (  𝑠  )       =    𝐻  (  𝑃  )  −    ∑  𝑠   𝑃  (  𝑠  )   log     𝑄  (  𝑠  )    ,    


   𝐻  (  𝑃  |  |  𝑄  )  =  ∞ 


   𝑃  (  𝑠  )  ≠  0 


   𝑄  (  𝑠  )  =  0 


   𝐻  (  𝑃  |  |  𝑄  )  ≥  0 


   𝑃  ≡  𝑄 


    log     𝑥    <    𝑐  (  𝑥  −  1  ) 


   𝑥  ≠  0 


   𝑐  =    1     ln     2    =    𝑑    𝑑  𝑥       log     𝑥    |    𝑥  =  1   


         𝐻  (  𝑃  |  |  𝑄  )       =    −    ∑  𝑠   𝑃  (  𝑆  )   log           𝑄  (  𝑠  )     𝑃  (  𝑠  )                  ≥    𝑐    ∑  𝑠   𝑃  (  𝑠  )    (  1  −        𝑄  (  𝑠  )     𝑃  (  𝑠  )     )     =    𝑐    ∑  𝑠   (  𝑃  (  𝑠  )  −  𝑄  (  𝑠  )  )    =    𝑐  (  1  −  1  )    =    0    .         


       𝑄  (  𝑠  )     𝑃  (  𝑠  )    =  1 


          (21.7)                   𝐻  (  𝑋  ,  𝑌  )    =    −    ∑    𝑥  ∈   ran     𝑋  ,    𝑦  ∈   ran     𝑌    𝑃  (  𝑥  ,  𝑦  )   log     𝑃  (  𝑥  ,  𝑦  )    ,    


   𝑝  (  𝑥  ,  𝑦  )  =   Prob   [  𝑋  =  𝑥  ,  𝑌  =  𝑦  ] 


   (  𝑋  ,  𝑌  ) 


          (21.8)                   𝐻  (  𝑋  |  𝑌  )    ∶  =    𝐻  (  𝑋  ,  𝑌  )  −  𝐻  (  𝑋  )    =      ∑    𝑥  ,  𝑦    𝑃  (  𝑥  ,  𝑦  )    [   log     𝑃  (  𝑥  ,  𝑦  )  −   log       𝑃  𝑋   (  𝑥  )  ]     ,    


     𝑃  𝑋   (  𝑥  )  =    ∑  𝑦   𝑃  (  𝑥  ,  𝑦  ) 


   𝐻  (  𝑋  |  𝑌  ) 


          (21.9)                   𝐻  (  𝑋  ∶  𝑌  )    ∶  =    𝐻  (  𝑋  )  +  𝐻  (  𝑌  )  −  𝐻  (  𝑋  ,  𝑌  )    .    


   𝐻  (  𝑋  ,  𝑌  )  =  𝐻  (  𝑌  ,  𝑋  ) 


   𝐻  (  𝑋  ∶  𝑌  )  =  𝐻  (  𝑌  ∶  𝑋  ) 


   𝐻  (  𝑋  ∶  𝑌  )  =  𝐻  (  𝑋  )  −  𝐻  (  𝑋  |  𝑌  )  =  𝐻  (  𝑌  )  −  𝐻  (  𝑌  |  𝑋  ) 


   𝐻  (  𝑌  |  𝑋  )  ≥  0 


   𝐻  (  𝑋  )  ≤  𝐻  (  𝑋  ,  𝑌  ) 


   𝐻  (  𝑋  ∶  𝑌  )  ≤  𝐻  (  𝑌  ) 


   𝑌  =  𝑓  (  𝑋  ) 


   𝑓  ∶   ran     𝑋  →   ran     𝑌 


   𝑃  (  𝑥  ,  𝑦  ) 


   𝑃  (  𝑥  )  =    ∑  𝑦   𝑃  (  𝑥  ,  𝑦  ) 


   𝑃  (  𝑦  |  𝑥  )  =      𝑃  (  𝑥  ,  𝑦  )       𝑃  𝑋   (  𝑥  )   


   𝑋  =  𝑥 


   𝑃  (  𝑥  ,  𝑦  )  =  𝑃  (  𝑥  )  𝑃  (  𝑦  |  𝑥  ) 


         𝐻  (  𝑋  ,  𝑌  )       =    −    ∑    𝑥  ,  𝑦    𝑃  (  𝑥  ,  𝑦  )   log     𝑝  (  𝑥  )  𝑃  (  𝑦  |  𝑥  )                  =    −    ∑  𝑥   𝑃  (  𝑥  )   log     𝑃  (  𝑥  )  −    ∑  𝑥   𝑃  (  𝑥  )    ∑  𝑦   𝑃  (  𝑦  |  𝑥  )   log     𝑃  (  𝑦  |  𝑥  )               =    𝐻  (  𝑋  )  +    ∑  𝑥   𝑃  (  𝑥  )  𝐻  (  𝑃  (  ⋅  |  𝑥  )  )    .         


   𝐻  (  𝑌  |  𝑋  )  =    ∑  𝑥   𝑃  (  𝑥  )  𝐻  (  𝑃  (  ⋅  |  𝑥  )  )  ≥  0 


   𝐻  (  𝑃  (  ⋅  |  𝑥  )  )  =  0 


   𝐻  (  𝑋  ,  𝑌  )  ≤  𝐻  (  𝑋  )  +  𝐻  (  𝑌  ) 


   𝐻  (  𝑋  ,  𝑌  ,  𝑍  )  +  𝐻  (  𝑌  )  ≤  𝐻  (  𝑋  ,  𝑌  )  +  𝐻  (  𝑌  ,  𝑍  ) 


   𝑍  →  𝑌  →  𝑋 


   𝑃  (  𝑋  ,  𝑌  )  =    𝑃  𝑋   (  𝑥  )    𝑃  𝑌   (  𝑦  ) 


    Prob   (  𝑋  =  𝑥  |  𝑌  =  𝑦  ,    𝑍  =  𝑧  )    =     Prob   (  𝑋  =  𝑥  |  𝑌  =  𝑦  ) 


   (  𝑥  ,  𝑦  ,  𝑧  ) 


         𝐻  (  𝑋  )  +  𝐻  (  𝑌  )  −  𝐻  (  𝑋  ,  𝑌  )       =      ∑    𝑥  ,  𝑦    𝑃  (  𝑥  ,  𝑦  )   log           𝑃  𝑋   (  𝑥  )    𝑃  𝑌   (  𝑦  )     𝑃  (  𝑥  ,  𝑦  )                 ≤      1     ln     2      ∑    𝑥  ,  𝑦    𝑃  (  𝑥  ,  𝑦  )    (        𝑃  𝑋   (  𝑥  )    𝑃  𝑌   (  𝑦  )     𝑃  (  𝑥  ,  𝑦  )    −  1  )                ≤      1     ln     2      ∑    𝑥  ,  𝑦    (    𝑃  𝑋   (  𝑥  )    𝑃  𝑌   (  𝑦  )  −  𝑃  (  𝑥  ,  𝑦  )  )    =    1  −  1    =    0    ,         


     𝑃  𝑋   (  𝑥  )    𝑃  𝑌   (  𝑦  )  =  𝑃  (  𝑥  ,  𝑦  ) 


   𝑥  ,  𝑦 


         𝐻  (  𝑋  ,  𝑌  )  +  𝐻  (  𝑌  ,  𝑍  )  −  𝐻  (  𝑋  ,  𝑌  ,  𝑍  )  −  𝐻  (  𝑌  )       =      ∑    𝑥  ,  𝑦  ,  𝑧    𝑃  (  𝑥  ,  𝑦  ,  𝑧  )   log           𝑃    𝑋  ,  𝑌    (  𝑥  ,  𝑦  )    𝑃    𝑌  ,  𝑍    (  𝑦  ,  𝑧  )     𝑃  (  𝑥  ,  𝑦  ,  𝑧  )    𝑃  𝑌   (  𝑦  )                 =      ∑    𝑥  ,  𝑦  ,  𝑧    𝑃  (  𝑥  ,  𝑦  ,  𝑧  )   log           𝑃    𝑋  |  𝑌    (  𝑥  |  𝑦  )    𝑃    𝑌  ,  𝑍    (  𝑦  ,  𝑧  )     𝑃  (  𝑥  ,  𝑦  ,  𝑧  )           


     𝑃    𝑋  |  𝑌    (  𝑥  |  𝑦  )  =        𝑃    𝑋  ,  𝑌    (  𝑥  ,  𝑦  )       𝑃  𝑌   (  𝑦  )   


   𝑌  =  𝑦 


         𝐻  (  𝑋  ,  𝑌  )  +  𝐻  (  𝑌  ,  𝑍  )  −  𝐻  (  𝑋  ,  𝑌  ,  𝑍  )  −  𝐻  (  𝑌  )     ≤      1     ln     2      ∑    𝑥  ,  𝑦  ,  𝑧    (    𝑃    𝑋  |  𝑌    (  𝑥  |  𝑦  )    𝑃    𝑌  ,  𝑍    (  𝑦  ,  𝑧  )  −  𝑃  (  𝑥  ,  𝑦  ,  𝑧  )  )               =      1     ln     2      ∑    𝑥  ,  𝑦    (    𝑃    𝑋  |  𝑌    (  𝑥  |  𝑦  )    𝑃  𝑌   (  𝑦  )  −    𝑃    𝑋  ,  𝑌    (  𝑥  ,  𝑦  )  )    =    0    ,         


     𝑃    𝑋  |  𝑌    (  𝑥  |  𝑦  )    =        𝑃  (  𝑥  ,  𝑦  ,  𝑧  )       𝑃    𝑌  ,  𝑍    (  𝑦  ,  𝑧  )      =     Prob   (  𝑋  =  𝑥  |  𝑌  =  𝑦  ,  𝑍  =  𝑧  )    , 


   𝑍  →  𝑌  →  𝑋 


          (22.1)                   𝑆  (  𝜌  )    ∶  =    −   tr   [  𝜌     log     𝜌  ]    .    


   0     log     0 


   𝑆  (  𝜌  )    =    −    ∑  𝑗     𝜆  𝑗      log       𝜆  𝑗     , 


   (    𝜆  1   ,  …  ,    𝜆  𝑛   ) 


   𝑑 


   𝑆  (  𝜌  )  ≥  0 


   𝑆  (  𝜌  )  ≤   log     𝑑 


   𝜌  =    1  𝑑   𝟙 


   𝜌  =    ∑    𝑖  =  1   𝑚     𝑝  𝑖     𝜌  𝑖  


   𝒑  =  (    𝑝  1   ,  …  ,    𝑝  𝑚   ) 


          (22.2)                   𝑆  (  𝜌  )    =    𝐻  (  𝒑  )    +      ∑  𝑖     𝑝  𝑖   𝑆  (    𝜌  𝑖   )    .    


          (22.3)                   𝑆  (  𝜌  |  |  𝜎  )    ∶  =     tr   [  𝜌     log     𝜌  ]  −   tr   [  𝜌     log     𝜎  ]    .    


   −   tr   [  𝜌     log     𝜎  ]    =      ∑    𝑗  =  1   𝑛     ⟨    𝜙  𝑗   |     𝜌      |    𝜙  𝑗   ⟩      log       𝜇  𝑗     , 


   (    𝜇  𝑗   ,    𝜙  𝑗     )    𝑗  =  1   𝑛  


     𝜇  𝑗   =  0 


     ⟨    𝜙  𝑗   |     𝜌      |    𝜙  𝑗   ⟩   ≠  0 


   𝑆  (  𝜌  |  |  𝜎  ) 


   𝜌  =  𝜎 


   𝜌  =    ∑  𝑖     𝜆  𝑖       |    𝜓  𝑖   ⟩       ⟨    𝜓  𝑖   |  


   𝜎  =    ∑  𝑗     𝜇  𝑗       |    𝜙  𝑗   ⟩       ⟨    𝜙  𝑗   |  


         𝑆  (  𝜌  |  |  𝜎  )       =      ∑  𝑖     𝜆  𝑖      log       𝜆  𝑖   (  1  −    ⟨    𝜓  𝑖   |      log     𝜎      |    𝜓  𝑖   ⟩   )               =      ∑  𝑖     𝜆  𝑖      log       𝜆  𝑖       (  1  −    ∑  𝑗    log       (    𝜇  𝑗   )     𝑃    𝑖  ,  𝑗    )     ,         


     𝑃    𝑖  ,  𝑗    =      |    ⟨    𝜓  𝑖   |    𝜙  𝑗   ⟩   |   2  


     𝑃    𝑖  ,  𝑗    ≥  0 


     ∑  𝑖     𝑃    𝑖  ,  𝑗    =  1 


     ∑  𝑗     𝑃    𝑖  ,  𝑗    =  1 


     ∑  𝑗     𝑃    𝑖  ,  𝑗       log       (    𝜇  𝑗   )     ≤     log       (          ∑  𝑗     𝑃    𝑖  ,  𝑗      𝜇  𝑗    ⏟     𝑟  𝑖    )     , 


     𝑃    𝑖  ,  𝑗    =  1 


   𝑆  (  𝜌  |  |  𝜎  )    ≥      ∑  𝑖     𝜆  𝑖      log         𝜆  𝑖     𝑟  𝑖     


     𝑃    𝑖  ,  𝑗    =  1 


   (    𝑃    𝑖  ,  𝑗    ) 


     ∑  𝑖     𝑟  𝑖   =    ∑    𝑖  ,  𝑗      𝜇  𝑗     𝑃    𝑖  ,  𝑗    =   tr     𝜎  =  1 


   (    𝑟  1   ,  …  ,    𝑟  𝑛   ) 


     𝑟  𝑖   =    𝜆  𝑖  


   𝑆  (  𝜌  |  |  𝜎  )  ≥  0 


     𝑃    𝑖  ,  𝑗   


   (    𝑃  𝑖     )    𝑖  =  1   𝑛  


     𝜌  𝑖   =    ∑  𝑖     𝑃  𝑖   𝜌    𝑃  𝑖  


   𝑆  (    𝜌  ′   )  ≥  𝑆  (  𝜌  ) 


   𝜌  =    𝜌  ′  


     𝜌  ′  


   0    ≤    𝑆  (    𝜌  ′   |  |  𝜌  )    =    𝑆  (  𝜌  )  −   tr   (  𝜌     log       𝜌  ′   )    . 


   𝑆  (    𝜌  ′   )  =  −   tr   (  𝜌     log       𝜌  ′   ) 


   −   tr   (  𝜌     log       𝜌  ′   )    =    −   tr     ∑  𝑖     𝑃  𝑖   𝜌     log       𝜌  ′     =    −    ∑  𝑖    tr   (    𝑃  𝑖   𝜌     log       𝜌  ′     𝑃  𝑖   )    , 


     ∑  𝑖     𝑃  𝑖   =  𝟙 


     𝑃  𝑖  2   =    𝑃  𝑖  


     𝑃  𝑖     𝑃  𝑗   =  0 


   𝑖  ≠  𝑗 


     𝜌  ′     𝑃  𝑖     =      𝑃  𝑖   𝜌    𝑃  𝑖   =    𝑃  𝑖     𝜌  ′  


     𝑃  𝑖  


   −   tr   (  𝜌     log       𝜌  ′   )    =    −    ∑  𝑖    tr   (    𝑃  𝑖   𝜌    𝑃  𝑖      log       𝜌  ′   )    =    −   tr       𝜌  ′      log       𝜌  ′     =    𝑆  (    𝜌  ′   )    . 


   (  𝐴  ,  𝐵  ) 


     ℋ  𝐴   ⊗    ℋ  𝐵  


   𝑆  (  𝐴  ,  𝐵  ) 


   𝑆  (  𝐴  ,  𝐵  )  =  −   tr       𝜌    𝐴  𝐵       log       𝜌    𝐴  𝐵   


     𝜌    𝐴  ,  𝐵   


   𝑆  (  𝐴  )  ∶  =  𝑆  (    𝜌  𝐴   ) 


     𝜌  𝐴   =     tr   𝐵       𝜌    𝐴  ,  𝐵   


          (22.4)                   𝑆  (  𝐴  |  𝐵  )    ∶  =    𝑆  (  𝐴  ,  𝐵  )  −  𝑆  (  𝐵  )    ,    


          (22.5)                   𝑆  (  𝐴  ∶  𝐵  )    ∶  =    𝑆  (  𝐴  )  +  𝑆  (  𝐵  )  −  𝑆  (  𝐴  ,  𝐵  )    =    𝑆  (  𝐴  )  −  𝑆  (  𝐴  |  𝐵  )    =    𝑆  (  𝐵  )  −  𝑆  (  𝐵  |  𝐴  )    .    


   𝜌  =    |  Ψ  ⟩       ⟨  Ψ  |  


   𝑆  (  𝐴  ,  𝐵  )  =  0 


   𝑆  (  𝐵  ) 


   𝑆  (  𝐴  ) 


   𝑆  (  𝐴  )  =  𝑆  (  𝐵  ) 


     |  Ψ  ⟩     =      ∑    𝑖  =  1   𝑚     𝛼  𝑖       |    𝜙  𝑖   ⟩   ⊗    |    𝜓  𝑖   ⟩  


     𝛼  𝑖   >  0 


   (    𝜙  𝑖     )  𝑖  


   (    𝜓  𝑖     )  𝑖  


     ℋ  𝐴  


     ℋ  𝐵  


     𝜌  𝐴     =      ∑    𝑖  =  1   𝑚     𝛼  𝑖       |    𝜙  𝑖   ⟩       ⟨    𝜙  𝑖   |        and       𝜌  𝐵     =      ∑    𝑖  =  1   𝑚     𝛼  𝑖       |    𝜓  𝑖   ⟩       ⟨    𝜓  𝑖   |     . 


     𝜌  𝐴  


     𝜌  𝐵  


   Ψ  ∈    ℋ  𝐴   ⊗    ℋ  𝐵  


     𝜌    𝐴  𝐵   


   𝑆  (  𝐴  ,  𝐵  )    ≤    𝑆  (  𝐴  )  +  𝑆  (  𝐵  ) 


     𝜌    𝐴  𝐵    =    𝜌  𝐴   ⊗    𝜌  𝐵  


   𝑆  (  𝐴  ,  𝐵  )    ≥    |  𝑆  (  𝐴  )  −  𝑆  (  𝐵  )  | 


   𝑆  (  𝐴  ,  𝐵  )  =  𝑆  (  𝐴  )  +  𝑆  (  𝐵  ) 


   𝜎  =    𝜌  𝐴   ⊗    𝜌  𝐵  


   𝜌  =    𝜌    𝐴  ,  𝐵   


         𝑆  (  𝜌  )    ≤    −   tr   [  𝜌     log     𝜎  ]       =    −   tr     𝜌  (   log       𝜌  𝐴   +   log       𝜌  𝐵   )               =    −   tr       𝜌  𝐴      log       𝜌  𝐴   −   tr       𝜌  𝐵      log       𝜌  𝐵     =    𝑆  (  𝐴  )  +  𝑆  (  𝐵  )    .         


     ℋ  𝐴   ⊗    ℋ  𝐵   ⊗    ℋ  𝑅  


     𝜌    𝐴  ,  𝐵    =     tr   𝑅       |  Ψ  ⟩       ⟨  Ψ  |  


   𝑆  (  𝑅  )  +  𝑆  (  𝐴  )  ≥  𝑆  (  𝐴  ,  𝑅  ) 


   (  𝐴  ,  𝐵  ,  𝑅  ) 


   𝑆  (  𝐴  ,  𝑅  )  =  𝑆  (  𝐵  ) 


   𝑆  (  𝑅  )  =  𝑆  (  𝐴  ,  𝐵  ) 


   𝑆  (  𝐴  ,  𝐵  )    =    𝑆  (  𝑅  )    ≥    𝑆  (  𝐴  ,  𝑅  )  −  𝑆  (  𝐴  )    =    𝑆  (  𝐵  )  −  𝑆  (  𝐴  )    . 


   𝑆  (  𝐴  ,  𝐵  )  ≥  𝑆  (  𝐴  )  −  𝑆  (  𝐵  ) 


   𝜌  =    ∑    𝑖  =  1   𝑛     𝑝  𝑖     𝜌  𝑖  


   (    𝑝  𝑖     )    𝑖  =  1   𝑛  


   (    𝜌  𝑖     )    𝑖  =  1   𝑛  


     ∑    𝑖  =  1   𝑛     𝑝  𝑖   𝑆  (    𝜌  𝑖   )    ≤    𝑆  (  𝜌  )    , 


     𝜌  𝑖   =  𝜌 


     𝑝  𝑖   ≠  0 


   (    |  𝑖  ⟩     )    𝑖  =  1   𝑛  


     𝜌    𝐴  𝐵      =      ∑  𝑖     𝑝  𝑖     𝜌  𝑖   ⊗    |  𝑖  ⟩       ⟨  𝑖  |  


     𝜌  𝐴   =  𝜌 


     𝜌  𝐵   =    ∑  𝑖     𝑝  𝑖       |  𝑖  ⟩       ⟨  𝑖  |  


   𝑆  (  𝐴  )  =  𝑆  (  𝜌  )       and     𝑆  (  𝐵  )  =  𝑆      (    ∑  𝑖     𝑝  𝑖       |  𝑖  ⟩       ⟨  𝑖  |   )     =    𝐻  (  𝒑  )    , 


   𝒑  =  (    𝑝  1   ,  …  ,    𝑝  𝑛   ) 


     𝜆  𝑖  𝑗  


   𝑗  =  1  ,  …  ,  𝑑 


   |    𝜙  𝑖  𝑗   ⟩ 


     𝑝  𝑖     𝜆  𝑖  𝑗  


     |    𝜙  𝑖  𝑗   ⟩   ⊗    |  𝑖  ⟩  


   𝑆  (    𝜌    𝐴  ,  𝐵    )    =    −    ∑    𝑖  =  1   𝑛     ∑    𝑗  =  1   𝑑     𝑝  𝑖     𝜆  𝑖  𝑗   (   log       𝑝  𝑖   +   log       𝜆  𝑖  𝑗   )    =    𝐻  (  𝒑  )  +    ∑    𝑖  =  1   𝑛     𝑝  𝑖   𝑆  (    𝜌  𝑖   )    . 


     ∑    𝑖  =  1   𝑛     𝑝  𝑖   𝑆  (    𝜌  𝑖   )  +  𝐻  (  𝒑  )    ≤    𝑆  (  𝜌  )  +  𝐻  (  𝒑  ) 


   𝜌  =    ∑  𝑖     𝑝  𝑖     𝜌  𝑖  


   𝑆  (  𝜌  )    ≤      ∑  𝑖     𝑝  𝑖   𝑆  (    𝜌  𝑖   )  +  𝐻  (  𝒑  ) 


     𝜌  𝑖   =    |    𝜓  𝑖   ⟩       ⟨    𝜓  𝑖   |  


   |  𝑖  ⟩ 


     |  Ψ  ⟩     ∶  =      ∑    𝑖  =  1   𝑁       𝑝  𝑖        |    𝜓  𝑖   ⟩       |  𝑖  ⟩     . 


   𝑆  (  𝐵  )    =    𝑆  (  𝐴  )    =    𝑆  (    𝜌  𝐴   )    =    𝑆      (    ∑  𝑖     𝑝  𝑖       |    𝜓  𝑖   ⟩       ⟨    𝜓  𝑖   |   )     =    𝑆  (  𝜌  )    . 


     𝜌  ′     =      ∑    𝑖  =  1   𝑛     𝑝  𝑖       |  𝑖  ⟩       ⟨  𝑖  |  Ψ  ⟩       ⟨  Ψ  |  𝑖  ⟩       ⟨  𝑖  |     =      ∑    𝑖  =  1   𝑛     𝑝  𝑖       |    𝜓  𝑖   ⟩       ⟨    𝜓  𝑖   |   ⊗    |  𝑖  ⟩       ⟨  𝑖  |     , 


     𝜌  𝐵  ′     =      ∑  𝑖     𝑝  𝑖       |  𝑖  ⟩       ⟨  𝑖  |     . 


   𝑆  (    𝜌  𝐵  ′   )  =  𝐻  (  𝒑  ) 


   𝑆  (  𝜌  )    =    𝑆  (  𝐴  )    =    𝑆  (  𝐵  )    ≤    𝑆  (    𝜌  𝐵  ′   )    ≤    𝐻  (  𝒑  )    . 
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Part 1

An introduction to quantum theory






Lecture 1

Classical Physics

Classical mechanics — developed starting with Newton’s Principia and through the work
of Euler, Laplace, Lagrange, Hamilton and others in the 18th and 19th centuries — pro-
vided a remarkable framework for the understanding of the motion of objects in space.
It is truly remarkable that a theory developed by Newton in the 17th century is accurate
enough that, with the advent of 20th century computational tools, we can predict the mo-
tion of the planets well enough to send spacecraft to Mars. Of course, the computers used
to make those predictions rely on solid state technology which required 20th century sci-
ence (quantum mechanics) to be understood and developed. And it is worth noting that
NASA still employed human computers, armed with slide rules, pencil and paper, during
the Apollo missions.

The 19th century brought an understanding of electricity and magentism, developed by
Faraday, Gauss, Ampere and others, and thermodynamics, developed by Carnot, Claus-
sius, Thomson and others. Ultimately, Maxwell showed that electricity and magnetism
were two aspects of one field that propagated through space according to rules still gov-
erned by classical mechanical theory; and the work of Maxwell, Boltzmann and Gibbs
showed that thermodynamics could be explained by applying statistical arguments to sys-
tems of mechanical particles.

Still there were things that classical mechanics could not correctly describe, namely
the discrete nature of atomic “spectra,” and more generally the stability of atoms and
molecules. Why don’t negatively charged electrons crash into the positively charged nu-
cleus as predicted by classical electricity and magnetism? The Maxwell-Boltzmann sta-
tistical theory makes incorrect predictions about the spectrum of radiation from a “black
body,” i.e., a perfectly absorbent body emitting electromagnetic radiation in thermal equi-
librium.

Explaining these discrepancies ultimately led to a complete revolution in physics and
how we understand the nature of the universe. This was the quantum theory developed
in the 1920s by Bohr, Heisenberg, Pauli, Schrodinger and others, building on earlier ideas
of Planck and Einstein. To explain the quantum theory we should first revisit quickly what
classical mechanics is and how classical physics described the world.



1.1 Classical mechanics

Consider a “point like” particle in space. “Point like” means that the particle is so small
that we can neglect its structure and imagine it concentrated at a single point. (Depending
on the scales being considered, a planet might be “point like”.) In classical physics the
“state” of such a particle is specified by six numbers: it’s position x = (x1,x,,x3) and velocity
v = (v1,0,,03). More precisely this is a point in a tangent bundle TM, where x € M, the
manifold of points in space, and v is a tangent vector at x. Typically M = R?, but one can
consider classical mechanics on other manifolds — and this is useful, e.g., to describe the
rotating bodies. The manifold M is typically called the configuration space of the system.
Newton’s second law asserts that the particle moves according to the equation

dx dov
v = and F = m—; (1.1)
where t is time, m is mass of the particle, and F is the force on the particle at time t. In more

detail, we have a system of coupled differential equations

di;# = o(t) and m% = F(x(t),v(t),1), (1.2)
where we have imagined that the force could depend instantaneously on the position and
velocity of the particle and might explicitly change in time.

The typical situation is to consider a force that is a function only of the particle position
(although velocity dependent forces are used to provide a phenomenological description
of friction), and is also conservative meaning that

aV
Fx) = —=-() (1.3)

where V is a function on configuration space, called the potential (or potential energy),

and %—V = (a—V, a—V, a—V). When this holds the equations of motion read
X oxq’ 9xy” dx3
dx d do  JV
ar 0 M T T T

One introduces a new variable p = muv, the momentum, and writes the equations as follows

dx p dp vV

a = wm M w T T
which can be expressed as follows

dx oH dp oH

- ™ot T

where H(x,p) = %pz + V(x) . The minus sign in ) is there to produce a positive sign
here, so that H is positive if V is positive.



All of the above can be generalized to the following situation. Consider a Riemannian
manifold M (typically M = R*") and a function H defined on the cotangent bundle, called
the Hamiltonian. In coordinates H = H(qy, ..., 4, P1, -, Pm) Where (44, ...,4,,) are coor-
dinates for a point in space M and (py, ..., p,,) is a co-vector at (g4, ..., q,,). The cotangent
bundle T*M (typically just R* x R%") is called phase space. The equations of motion

dg;  oH pi _ OoH

I R A

are called Hamilton’s equations and describe a large class of physical systems. One verifies
easily that along the trajectory of such a system one has

Z oH dql JH dp;

This is the principle of conservation of energy, where we identify the Hamiltonian function
at a point in phase space as the total energy of the system with that configuration.
In a typical example we have n points in R® with Hamiltonian

i i +ZV1](x -)+ivi(x,-)
i=1

=1 i<j

where

e V;; is the potential energy of interaction between the ith and jth particles, and

e V, is an external potential acting on the " particle.

This system could be used, for example, to describe the motion of the planets and their
moons in the solar system. If we make the approximation that the sun is a fixed point,
then it creates an “external potential” affecting all of the planets and moons.

1.2 The algebra of observables in classical physics

An observable of a classical system is just a function on phase space. Let 2 denote the
algebra of real valued infinitely differentiable functions on phase space. Given f € 2, let
fi = f(q;,p;) along a trajectory of Hamilton’s equations. Then

dft Z OH of oH of

apl aqz aqz’ api .

This motivates the definition of the Poisson Bracket:

Jf g of dg
Z apl aqz aqi api .
Then we have
dfy
i = {H,f}. (1.4)

The Poisson Bracket has several basic properties

5



1. {f,g +Ah} = {f,g} + AM{f, h} (linearity),

2. {f,8} = —{8,f} (skew symmetry);

3. {f,{g, ) + {8, {hf}} + (h,{f,g}} = 0 (Jacobi identity);
4. {f,ghy = g{f, h} +{f,g}th (derivation).

Put succinctly, the algebra 2 of observables is a real Lie algebra with respect to the bracket
{-,-} and also an algebra with respect to the product of functions, so that the bracket is a
derivation.

The Hamiltonian H is an element of 2 which generates dynamics. We can “forget”
about phase space and consider the dynamics just on the algebra of observables, using the
equation (1.4)). We can define a mapping U, : 2 — 2 be solving these equations. Namely:
_ dfi _ _
U,(f) = f; where i {H,f;} and fy=f.

The operation U, is linear and preserves the algebraic structure of 2:
o U;(f +Ag) = Ui(f) + AUL(Q) ;
o U;(fg) = Uy(fHUy(g) ;and
o U:({f,8) = (U:(f), Uy (&)}

1.3 States of classical physics

In an experiment, we can measure a property of a physical system. This amounts to deter-
mining, with some precision, the value of one or more physical observables. The state of
the system describes the possible outcomes of such experiments. Experience dictates that
every experiment is subject to some uncertainty; when repeated under what appear to us
to be identical conditions the results are slightly different. Good experiments have lower
uncertainty, but there are always small fluctuations. One can imagine two possibilities for
describing the uncertainty:

1. In principle, if we were just clever enough and had enough time and resources, we
could make the experiment as precise as we would like.

2. The physics of the system we are studying preclude making completely precise mea-
surements.

Classical physics tacitly held, without any clear justification, that (1) holds. Heisenberg’s
great observation is that quantum physics asserts that (2) is correct. (Even in a system for
which (2) holds, (1) plays a role. Errors and lack of knowledge on our part can increase
the uncertainty.)

Before moving to quantum physics we should consider the states of a classical system.
The above description suggests that the state of a system should take an observable f €

6



and return a probability distribution for the possible values of f in an experiment. Thus a
state wisamap w : A - P(R), the set of Borel probability measures on R. We denote the
value of w at f by wy. Given a Borel setE C R, wy (E) is the probability that a measurement
of f yields a value in E. We expect the map w specifying a state to have certain properties:

L. wyr(E) = a@:(%) (change of scale or units)
2. More generally if ¢ : R — R is any smooth map then, w¢of(E) = a)f(cp‘l (E)).
3. If f = C is the constant function, equal to C, then wr = dc, the delta measure at C.

4. If wy is supported on ranf = f(M). In particular, if f > 0 then wy is supported on
[0, o).

Given any two states, specified by maps " and w!, we can form the convex combina-
tion ! forany 0 < A < 1:

wjﬁ\(E) = (1—A)w}9(E)+Aw}(E). (1.5)

It is clear that the function on the right hand side produces a probability measure on R.
This seemingly ad-hoc construction has a natural interpretation in terms of possibility (1)
above. Suppose that the systems we measure are produced by some random process that
produces a system with state «® with probability (1 — A) and a system with state w! with
probability A. Then, to us as experimenters, the systems are seen to have state «*, which
is termed a mixed state.

Thus the set of all states has a convex structure. Among all the states are those that
cannot be decomposed as in (I.5) with «w® # w!. Such states are called pure states. All
other states are mixed states.

Note that we made a subtle shift from considering the state of a system to considering
the state of an ensemble of systems above. This is natural when we consider probabilis-
tic statements. It is hard to pin down what we mean when we discuss probabilities for
the outcome of a single experiment. To give an operational definition to probabilities we
need to be able to talk about the frequency of outcomes in repeated experiments that are
independent but “identical.”

Associated to any observable, we can compute the mean value in state w:

(flw) = fRAdwf(A).

(Let us consider bounded observables, so the integral is guaranteed to converge for any
w.) This dual pairing between 2 and the set of states satisfies

(flw)y = 0 iff >0

and

| {flw)| < sup|f(x)|.



If we also require the pairing to be linear (as seems natural):

(f +Aglw) = (flw) +A(glw) ,

then the Riesz-Markov theorem tells us that there is, associated to w, a unique Borel prob-
ability measure y,, on phase space M such that

(flw) = fow,P)dﬂw(q,P)-

Thus the states of a classical system are probability distributions on phase space. We
will use distributional notation henceforth, writing du,, = p(q,p)dqdp, and identify the
state w with the density (generalized) function. It is possible to show that the pure states
are precisely the Dirac measures at a specific point of phase space:

p1oPo(p,q) = 5(q—q0)6(p — po),

with ¢ the Dirac delta “function.” In this state, every observable has a precise value: f € 2
takes the values f(qq, pg) with probability one. Thus classical physics falls solidly into
category (1) as a theory. It posits that if we could somehow reduce all uncertainty as
much as possible then we could pin the value of every observable down precisely.

In practice, mixed states play a very important role, in particular in the statistical theory
of thermodynamics. Itis observed that the relevant properties of a mechanical system with
many many degrees of freedom are much more efficiently described by a mixed state, such
as the Gibb’s ensemble

1
p(q/ P) = Ze_'BH(q’m

where g = with T the temperature and kg = Boltzmann’s constant. Even if the sys-

1
kB_T/
tem is in principle in a specific pure state, specified by pinning down the positions and
momenta of 10?3 different particles, the properties we care about (total energy, density,
pressure) are given by those of the Gibb’s state, for the overwhelming majority of pure

states.



Lecture 2

From classical to quantum

2.1 An alternative picture of classical motion

Consider the evolution df, = {H,f;}dt on 2, paired with a pure state p70¥0. One easily
verifies that

{filpToo) = f(q. pp)

where (q,, p;) solve Hamilton’s equations with g4 and p the given point defining the pure
state. Let ®; : M — M denote the map of phase space sending (g, po) to the point on the
corresponding trajectory at time t. This map is a diffeomorphism for each t. Then, for a
mixed state with density p, we have f;(g,p) = f(P;(g,p)) and

fo(CDf(q,p))p(q,p)dqdp = fo(q,p),o(@;l(q,p))IJaC(GP;l)(q,p)ldqdp,

where

od;!
Jac(® Y (p,q) = det[ag‘il}
p
is the Jacobian determinant giving the infinitesimal change of volume around a point in

phase space under ®,. It is a theorem, due to Liouville, that this determinant is identically
one. That is that the flow ®; is volume preserving. Thus we have

fo (@,(q,p)pt,p)dadp = | S @pp( @4, p)dqdp
The function p, = p o ®; ! satisfies

doy
dt

which is the same as (1.4)) but with a minus sign. Eq. (2.1)) is called Liouville’s equation. It
describes the evolution of a mixed state on phase space.

The proof of Liouville’s theorem is very straightforward. Let Jac, = Jac(®,(p,q)). Since
dJac,
dt

= _{H/pt}l (21)

®y(q,p) = (q,p), we have Jac, = 1 and it suffices to show that

= 0. Since t —» P, isa
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one-parameter group, i.e., @, = ®j, o P;, we have
Jac,,;, = (Jac, o Py)]ac,

by the chain rule. Thus

dJac, B dJac,
at ds

o CIDt) Jac, .
5=0

L' =(0att=0. Now for t - 0 we have

Jac
dt

@ B ; JH OoH o2

Thus

O°H _PH
Jac, = det(ut[gz_ilp - +O(t2)) .
op? dopdq
Thus - 82H
d]act ¢ dqop i azH azH 0
= W a2y aZH = Y
at |,_, e 1 0q;0p; I,

by equality of mixed second order partials.
So we have two pictures of the evolution in classical physics:

1. We can consider the state of the system p to be fixed and evolve observables according
df

2. We can consider the observables to be fixed and evolve states according to 2 d n
—{H, p:}.

We have the equivalence between the two pictures, because the dual pairing satisfies

{file) = (flos) -

This structure will be preserved in quantum mechanics, leading to the Heisenberg and
Schrodinger pictures respectively.

2.2 Developing the ideas of quantum theory

The first “quantum hypothesis” came in the work of Planck on the electromagnetic
radiation emitted by a black body, a hypothetical perfectly absorbing object emitting radia-
tion in thermal equilibrium at temperature T > 0. Such an object will emit radiation at all
possible frequencies v in varying density. Classical statistical mechanics together with the
Maxwell equations for the electro-magnetic field predicts the Rayleigh-Jeans law

82k T

B(wv,T) = 2
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for the power emitted per unit frequency per area of the surface of the black body (here c
is the speed of light and kg ~ 1.38 x 10723] K~! is Boltzmann’s constant). This expression
leads to the nonsensical prediction that a black body emits an infinite amount of energy
(since f:; 12dv = o). This was called the ultraviolet catastrophe and was a major problem
in physics during the late 19th century. Planck solved this problem by proposing that
electromagnetic radiation came in discrete units with an energy

E = hv,

where 1 is a certain fundamental constant of nature, now called Planck’s constant. Because
the field could not have arbitrarily small increments of energy at high frequencies, Planck
was able to derive the following formula for the powerper frequency per area

8thvd 1

2 hv
efsT — 1

B(v, T) =

For small v, this expression reproduces the Rayleigh-Jeans law, but for large v the spectrum
is exponentially damped, leading to a sensible prediction for the total emission. Further-
more Planck’s expression was found to be in agreement with the actual spectrum of hot
objects. Planck’s constant is experimentally found to be h ~ 6.626 x 10734]s. The con-

stant i = ZL appears in many formulas and is called “h-bar.” (Warning: Faddeev and
Yakubovskii|2009| use h for #!)

Einstein [1905|took Planck’s idea and applied it to the photo-electric effect, a phenomenon
by which electrons are ejected from a metal that is irradiated by a beam of light. Einstein
suggested that there is a certain amount of work W required eject an electron from a metal
and that the total kinetic energy T of electrons emitted should obey the relation

T+W = hv

where v is the frequency of the radiating light. In particular, if /v < W, then no electrons
should be emitted. Furthermore, the kinetic energy of the emitted electrons should not
depend on the intensity of the radiation. These predictions turn out to be correct, and
Einstein’s theory was validated by work of Millikan

The quanta of light proposed by Einstein and Planck became known as photons. If pho-
tons carry a discrete unit of energy, they should carry a a discrete amount of momentum
too. Einstein proposed that the momentum of a photon should be p = %k, where k is the
wave vector. That is k points in the direction of propagation and has magnitude |k| = 27”
where A is the wave length. The wave vector and frequency are related by 27tv = c|k|.

Through the early twentieth century, various experiments uncovered discrete phenom-
ena in the behavior of matter as well. Some of these are discussed briefly in Faddeev
Yakubovskii. The culmination of this was the realization that particles of matter, such
as electrons or protons or neutrons (only discovered in 1931), have a wave like character.
De Broglie suggested in 1924 that a free particle with momentum p and energy E should
(in some sense that wasn't quite clear) be associated to a wave with frequency v and wave
vector k satisfying

E=hv and p=rk.

11



Ultimately, Davisson and Germer [1928|demonstrated in 1928 diffraction of electrons, prov-
ing experimentally that there was a wave like character to the motion of matter.

At around the same time, Heisenberg|1927 proposed that their was a fundamental un-
certainty in the position and/or momentum of a particle in any experiment given by

ApAx ~ h

where Ap, and Ax denote the uncertainties in position and momentum. The basic idea
behind this is that in order to precisely measure the position, we must inevitably affect
the wave like behavior of the particle in such a way that the momentum becomes more
uncertain. If we use light, then a photon with wave length A carries a momentum #/A, some
of which is transferred to the particle through the scattering used to determine its location.
Tolocate the particle with precision A we need a photon with wave length of this magnitude
and therefore alter the momentum. A similar argument can be made, considering wave
packets and the Fourier transform, for passing the particle through a slit to localize it.

2.3 States and observables in quantum mechanics

Having considered the physical basis for quantum effects, let us know develop some ideas
about what the mathematical structure of quantum theory must have. We will adopt, as in
classical mechanics, the notion that we have states w for our system and observables a, b, ...
that can be measured. We denote by 2 the set of observables; as yet it is not an algebra. As
before, we suppose that a state and an observable together yield a probability distribution
w, on the real line which gives the statistics of possible outcomes, and we have the pairing

(wlay = jR tdeo, (1) .

(Note that, as before, we are implicitly considering a situation in which we have an ensemble
of functionally identical systems so that we can make useful statistical predictions.)

Given an observable 2 and a function f : R — R that is, say, continuous, we can define
the observable f (a). This is the observable that takes value f (t) if a takes value ¢. It should
have distribution

_ -1
Wry = Wy of

in state w. In particular, we have scalar multiplication on the set of observables, a — Aa.

We also have some notion of which sets observables are simultaneously measurable,
meaning that we can (in principle) measure all observables in a set together with arbitrary
precision. Clearly a and f (a) are simultaneously measurable. More generally the whole
family C(a) = {f(a) : f € C(R) } is measurable. This is the first inkling that their is some
sort of algebraic/analytic structure on the space of observables, because C(a) itself is an
algebra (we can multiply, and add, and scalar multiply).

Can we make sense of addition of two observables a + b? If they are simultaneously
measurable, then the answer is yes and we can go further assigning to each state a prob-
ability distribution w, ; on R? giving their joint distribution in a measurement (essentially

12



this is what we mean by simultaneously measurable). Their sum is the observable with
distribution

Warp(E) = wyp({(s,1) + s+t EE)).

But if they are not simultaneously measurable, then we have no such joint distribution.
To proceed we need a little bit more structure. It is natural to ask that the dual pairing
(a, w) — (alw) separates points on observables and on states. That is, if

(alw) = (blw)

for all states w then a and b are, in fact, the same observables. After all, “a difference, to
be a difference, has to make a difference.’ If there is no way to tell the observables apart,
what sense is there in distinguishing them. Similarly, if

(alw) = (alw")

for all observables g, then w and «w’ are, in fact, the same state. If there is no operational way
to distinguish two states for a system, what would be the sense in calling them different
states?

With these assumptions, we define the sum a + b to be the observable with dual pairing

(a+blw) = @w) + (blw) .

This does not suggest a way to measure a + b. Furthermore, as we will see a + b can have
quite a different character than either 4 or b in quantum systems. But with this notion, we
now have the structure of a vector space on our set of observables 2. There is no natural
product on 2, although we can, using functions of observables and addition, make the
definition
_(@a+b)?—(a—b)?

1 .

This makes 2( an algebra. If 2 and b are simultaneously observable, then a o b is easily seen
to reduce to the product ab = ba defined by

aob

Wap(E) = wip({(s,t) = st EE}).

The other important structure we would like for our set of observables is the Poisson
bracket. We will assume that the algebra of observables has a Lie bracket {-, -} satisfying
asymmetry, linearity, the derivation property (with respect to o), and the Jacobi identity.

In formulating models of quantum mechanics, we will work with algebras 2( and sets of
states having the above structures, mirroring those of classical physics. The key difference
will be in the existence of observables that fail to be simultaneously observable, and in
the implementation of the Poisson bracket. This must be done in a way that allows us to
introduce uncertainty relations such as Heisenberg proposed.

This phrase is attributed to Gertrude Stein.
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24 A finite-dimensional model 2, of quantum mechanics

Let us take for 2l the set
A, = {ae C™ |a=a"}

of self-adjoint n x n matrices. Here M' denotes the conjugate transpose matrix:

o x

where z*= complex conjugate of z. The set 2,, is clearly a real vector space. It is not an
algebra under matrix multiplication, but is an algebra under the symmetric product:

1
aob = E(ab+ba).

In particular, if a € 2, then a? e 2(,, and, in fact, any real polynomial p(a) € ,,.
Because 2, is finite dimensional, we can identify the space of linear functionals on ,,
with itself. One way to do this is to define the following inner product on 2,

(alb) := trab,

where tr denotes the trace. Explicitly,
<a|b> = Z ai,jbj/i .
ij

One easily verifies that the map (a,b) — (a|b) has all the properties of an inner product.
The Riesz representation theorem then states that for any linear functional w on 2, there
is b € 2, such thata & trab.

Let w be a state of our system, as specified by the dual pairing

a e~ {aw) .

This is a linear functional on 2,,. By the Riesz representation theorem, there is p,, € 2,
such that
(alw) = trap,, .

However, w is not an arbitrary linear functional, it has two key properties:

1. (Ilw) =1 (a constant observable is mapped to its value), and

2. <a2|w> > 0 for any a € 2, (positive observables, have positive expectation).

From the first we conclude that
tro, =1,

while from the second, applied to the observable a = ', with ¢y € C", we find that

oy =0

for any ¢ € C". That is p,, is positive semi-definite with trace one.
We have obtained the following simple result
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Proposition 2.1. The set of states associated the algebra 2U,, one-to-one correspondence with the set
positive semi-definite matrices of trace one, where a matrix p corresponds to the state a — trap.

Positive semi-definite matrices of trace one are called density matrices. They provide
the most general formulation of the states of a finite dimensional quantum system with

algebra 2. Let 2! denote the set of density matrices. It is easily seen to be a convex set
(as it should be, being the set of states). It is natural to ask for the extreme points.

Proposition 2.2. The set 2! is convex and compact (in the usual topology on 2, ) Furthermore,
the cextreme points of A;i"* are precisely the rank one projections wy't with || = 1.

Proof. Tt is left as an exercise to show that 21;}"! is compact, using the Heine Borel theorem.
Convexity is clear.

Suppose that p € 2;i"!. By the spectral theorem for self-adjoint matrices we have a
decomposition

o= ) AW
j=1

where A, ..., A, are the non-zero eigenvalues of p, with corresponding normalized eigen-
vectors ¥y, ..., ,,. Since p is positive semi-definite, we have A; > 0, and since trp = 1, we
have Z]"il Aj = 1. Thus if m > 2, then p is not an extreme point.

It remains to show that any rank one projection is an extreme point. Suppose that
p = py" and that p = tp; + (1 — t)p). Let ¢ L 9. Since p; and p, are both positive semi-
definite and p¢ = 0, we must have p1¢ = p,¢ = 0. Thus, both p; and p, are rank one with

range in span . Since they are both trace one, we have p; = p, = p, i.e., p is extreme.
O

So the pure states of our quantum system with algerbra 2(,, are in one-to-one corre-
spondence with rank one projections of C". This can also be seen as the projective space
CP" !, ie. C" \ {0} modulo multiplication by a constant. Note that the spectral theorem
for a general state p gives an expression for p as a convex combination of pure states!

2Since 2, is finite dimensional all of the possible norms it has as a vector space, or as a space of linear

operators, generate the same topology, which is the topology generated by the coordinate maps a — a; ;.
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Lecture 3

Finite dimensional models of quantum
mechanics

3.1 Poisson bracket and dynamics for 2,
Recall that we introduced the algebra
A, = {ae C”™ |a=a"}
of observables, with the space of states
Wl = {peA,|tro=1 andp >0},

and dual pairing
(alp) = trap.
We have yet to write down the Poisson bracket for this system.

A natural object to look at is the commutator [a,b] = ab — ba, which is well known to
be a Lie bracket on the space of n x n matrices. It is easily seen to satisfy

—_

. [a,b] = —[b,a] (anti-symmetry),

2. [a+Ab,c] = [a,b] + Ala, c] (linearity)

3. [a,boc] =[a,b]loc+bo[ac] (derivation property)

4. [a,[b,c]] + [b,[c,al]l + [c, [a,b]] = O (Jacobi identity).
In fact the derivation property even holds with respect to the usual matrix product:
[a,bc] = abc — bca = (ab — ba)c + b(ac — ca) = [a,b]c + bla,c]

— note that order of matrices very much matters here. However, [a, b] is not self-adjoint if
a and b are. Instead we have

([a,bDt = @b —ba)t = bfat —a™vt = ba—ab = —[a,b]
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ifa,b € 2A,. This is easily remedied by using i[a,b] in place of the commutator (since
complex conjugation introduces a minus sign).

But there is still something missing — it doesn’t quite make sense to take {a, b} = i[a, b].
Recall that we want to have the equation of motion

dt = {H,a;}

with H the Hamiltonian observable. The observable H will have units of energy (any
explicit expression for it will depend on the choice of measurement units). The equation

;tat = i[H,a,] has a problem: the left hand side has units “%>%2 Of 2 while the right hand side

has units units of 2 x energy. We conclude that the correct equat1on must be of the form

%at = é[H ,a;] where c is a physical constant with units energy x time (also called action).

The correct choice for ¢, as it turns out, is ¢ = #. We conclude that the Poisson bracket
should be

@b} = 2la,b].
We have obtained the following finite dimensional model for a quantum system:

1. Observables: 2, = n x n self-adjoint matrices,
2. States: ;"' = n x n positive semi-definite matrices of trace one, and

3. Poisson bracket: {a,b};, = %[a b].

3.2 The spectral theorem for self-adjoint matrices

Before discussing the dynamics on 2(,, we should look at the structure of self-adjoint ma-
trices. The Euclidean inner product between two vectors z,w € C" is defined by

(zlw)

= z'w = ) zZw;. (3.1)

A self adjoint matrix A € 2, satisfies

(z|Aw) = (Az|w) .

Definition 3.1. A collection z1, ..., z,, of vectors in C" is orthonormal if
(zfz) =
forj=1,...,m

An orthonormal set is linearly independent, as one can readily check. Thus if m = n, then
the set is a basis for C”, and will be called an orthonormal basis.

Definition 3.2. An 7 x n matrix U is unitary if U'U = UUT = [.
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The columns of a unitary matrix form an orthonormal basis. Conversely, given an or-
thonormal basis zy, ..., z,;, the matrix

U = [zq,...,2,] (3.2)

is a basis.
A very important result for quantum mechanics is the following

Theorem 3.3 (Spectral Theorem for Self-Adjoint Matrices). Let A € 2,,. Then there is an
orthonormal basis z4, ..., z,, of eigenvectors for A, with corresponding eigenvalues Ay, ..., A,, € R.
IfA = (Ay, ..., A,) and U is the corresponding unitary, as in (3.2), then

A = Udiag(A)UJf, (3.3)

Remark. Here diag(A) denotes the diagonal matrix with A along the diagonal (and zeros
off the diagonal).

Proof. First note that (3.3)) is equivalent to AU = U diag(A), which is just a reexpression
of the eignvector equations Azj = Ajzj, j = 1,...,n. Thus it suffices to prove there is an
orthonormal basis of eigenvectors and the eigenvalues are real.

Second note that

A= (zlAz) = (Azlz) = (Az]fz) = A7

It follows that all eigenvalues are real. So it suffices to prove that A has an orthonormal
basis of eigenvectors.

To prove this, we start by noting that A has at least one eigenvector. Indeed, any matrix
has an eigenvector, since the equation det(A — A) is a polynomial of degree 7 in A, so has
at least one root Ay € C. For A self-adjoint, A; must be real by the above argument. Let z;
be the corresponding eigenvector. Let

Hy = {z;3t = {ze C" : (z1]z) = 0}.

If z € M, then
(z1lAz) = (Az4]z) = Ay (z]z) = 0.

So H, is an invariant subspace for A. Since H, is a subspace of dimension 1 — 1, the restric-
tion of A to #; can be expressed as an (n—1) x (n — 1) matrix once we pick an orthonormal
basis for ;. This matrix is easily seen to be self-adjoint. Repeating the argument we find
in this way a sequence of eigenvectors z4, ..., z, with zj € {z1,... ,z]._l}l forj =2,...,n.
After n steps, we have {z4, ..., zZj_1 }t = {0} and the argument terminates.

O

The set {A4,...,A,} is called the spectrum of A, and is denoted ¢ (A). The spectral the-
orem allows us to define f (A) for an arbitrary function f : c(A) — C. Indeed, we simply
take

f(A) := Udiag(fA))U*

with f(A) = (f(Ay),...,f(A,)). This induces an algebra homomorphism from the commu-
tative algebra C(c(A)) of alla functions on ¢ (A) into the set of n x n matrices. That is, we
have
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1. (@f)(A) = a(f(A)) fora € Cand f € C(c(A)),
2. f+9A) = f(A)+gA) forf,g € C(o(A)), and
3. (fg)a) = f(AQ(A) forf,g € C(c(A)).
To prove the last fact it is useful to note that
diag(fg(1)) = diag(f(A))diag(g(A)) = diag(f(/\))our diag(g(A)) ,
since U is unitary. The image of this homomorphism
C(A) == {f(A) : fEC(e (AN}

is the set of all matrices that have the same orthonormal basis of eigenvectors as A. It is
a commutative sub-algebra of C"*". Every element of C(A) is a normal matrix, meaning
it commutes with its adjoint. Indeed, since f At = f*(A) this follows directly from the
above.

We should check that this definition of f (A) agrees with other definitions one might
take. Note that

o Iff(x) =c, thenf(A) =cl.
o Iff(x) =x, thenf(A) = A.

From these two observations, and the fact that A — f(A) is an algebra homomorphism, it
follows that if f is a polynomial, f (x)cq + c1x + -+ + ckxk, we have

f(A) = cog+c1A+ -+ Ak,

By taking limits, it follows that if f is analytic in an open disk containing a point {15} Uc (A),
then

FA) =) (A= AgDF
k=0

wheref(z) = Y. ck(z — Ag)K is the power series of f at A,.

3.3 Dynamics on 2,

For a given system, there should be a distinguished observable H, called the Hamiltonian
that generates the dynamics. As in the classical case, we have two possible pictures of the
evolution of the system

1. The Heisenberg picture: the states of the system remain fixed in time, and observ-
ables evolve according to the equation

d i
Eﬂt = E[H, at] . (3.4)
The expected value of an observable at time ¢ in the state with density matrix p is

given by tra,p.
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2. The Schrodinger picture: the observables remain fixed in time, while states (density
matrices) evolve according to

4 = ! H 3.5
Zor = —1[H,p). (35)
The expected value of an observable a at time ¢ in the state with density matrix p; is

trap;.

Eq. (3.4) is called the Heisenberg equation. The solution to this equation, with ag = 4, is
easily seen to be given by

H
ﬂtzuz-ﬂut, ut=e h ’

Here the exponential of a matrix can be defined by the spectral theorem or by the power

series "
it *© 1 /—itH
-wH —
© + nZi n! h !

and one sees that U, is unitary, UfU, = I. Similarly, the solution to eq. (3.5) with p, = p is
seen to be

pr = UpUf .

Since
trap = trUfal,p = tral,pUf = trap,

by cylcity of the trace. So the two pictures of quantum mechanics are equivalent.
For a pure state p = 1/le+ we have

or = Yyl pr=Up.

Thus a pure state remains pure for all time, and the corresponding vector solves the
Schridinger equation:
1 = Z'H (3.6)
dtll]t - h l/)t . .

3.4 Heisenberg uncertainty relations

Let us consider the uncertainty of an observable in a state w. One way to measure the
uncertainty is to look at root mean square deviation the variance of the observable

A, (a) = \/<a2|w) — (alw)? . (3.7)
Note that

A, (a) = \/((a — (alw) )?|w) . (3.8)

For a pure state of classical mechanics one has A(a) for any observable, since the cor-
responding measure in phase space is concentrated at a single point. This is not so in
quantum mechanics! Indeed for the pure state w = " we have

£o@) = pla*p — (lapylay) = ylad — pyhay.
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This can be expressed as follows

A,a) = ,/zp*aPl#at/J

where Pj, is projection on the subspace orthogonal to . We conclude that, unless i is an

eigenvector of a the uncertainty of a in the state ' is strictly positive.
Heisenberg’s uncertainty relation relates the uncertainties of two observables 2 and b
to their commutator [a, b].

Proposition 3.4 (General Heisenberg Uncertainty Relation). Let a,b € 2, and let p € 2}
be a state. Then

1

We will use the following in the proof:

Lemma 3.5 (Cauchy-Schwarz inequality for matrix inner product). Let A,B € C"*". Then

[trATB?2 < trATAtrB'B.

This Lemma follows from the usual Cauchy-Schwarz inequality, once one observes that
(A, B) = tr A'B obeys all the requirements of an inner product on C"*".

Proof of the Heisenberg Uncertainty relations. Leta’ = a — (alp) I and b’ = b — (b|p) I. Then
A'(Z,(a) = <a’2|p>, Ag(b) = <b’2\p> and [a,b] = [da',b']. Thus eq. (3.9) follows from the

following equation
[([a,b10) | < 2y(a2[o) (b2|p) . (3.10)

(applied witha — a"and b — V")
We have
([a,b]lp) = trabp — trbap.

By cyclicity of the trace and the Cauchy-Schwartz inequality, we have

|trabol = |trfpabfo| < \/tr JeaZ fotr \[ob%\[o = /(a?|o) (b?|o)

and similarly,
Itrbapl < (a2|o) (b?|p) -

Eq. (3.10) follows.
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Lecture 4

Example systems: a Qubit and an infinite
dimensional model of quantum
mechanics

4.1 A Qubit — an example

Although we obtained the model 2 in a speculative way, it turns out to be useful. The
case n = 2 is exactly the correct system to model the internal spin degrees of freedom of
a particle of “spin %”, such as an electron, a proton, or a neutron. More generally, it can
model any “two level” system, a qubit.

Consider the algebra 2A,, a four dimensional vector space over R. This space has a basis

given by the identity
10
0=1=19 1
together with the Pauli matrices:

01 0 —i 1 0

Consider a system with 2, for its algebra of observables. Let H be the Hamiltonian of
the system. By the spectral theorem, H is unitarily equivalent to a diagonal matrix, i.e.,

H = U(al + Bos) UT = al + BUosUT.

If B = 0, then the Hamiltonian H = al commutes with every operator — this is a trivial
situation with no dynamics. If 8 # 0, then by making suitable changes of variables, we can
takea =0, U=Iand B =1:

1. Adding a constant multiple of the identity to the Hamiltonian does not change the
Heisenberg equation of motion or the Liouville/Schrodinger equation for the den-
sity matrix (solutions to the Schrédinger equation for a vector get multiplied by and
irrelevant overall time dependent phase). So we may “shift the origin of the energy”
to take & = 0.
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2. The explicit expression for U depends on the orthonormal basis used to describe the
space C>. By working in the basis of eigenvectors for H, we may take U = I.

3. We can take 8 = 1 by changing our units for the energy.

Thus the only interesting Hamiltonian on 2, is H = ¢3. How does the system evolve?
With one further change of coordinates (changing units for time), we may take# = 1. Then

, it
u, = e % = le() eet] .

Heisenberg picture

The identity I and o3 both commute with H = 03, so do not evolve in time. For ¢ and o,
we have ,
0 —i e21t ]

e—Zit 0

0 eZit

o (t) = le_zﬁ 0 ] and 0,(t) = L. (4.2)

*

A general observable a = [ f; ,;3 ] evolves according to
o ,yx-eZit
ar = ye 2t g |-

Eq. (4.2) can be determined explicitly from ¢; = ur Uy, but could also be solved for

using the Heisenberg equation. Indeed, note that

0 2 0 —211 — 2io, .

[03,01] = l_z 0] = —=2ic, and [o03,0,] = l—Zi 0

It follows that
o1() = 20,(t) and 0,(t) = —20q(F) .

The form (4.2)) of the solutions follows.

Schrodinger Picture

A density matrix of the spin-1/2 system is a 2 x 2 positive semi-definite matrix. Such a
matrix is of the following form:
x oyt
= 43
=3 %] 43)

witha, > 0,0+ =1, and detp = aff — |’)/|2 > 0. Furthermore, p is represents a pure
state if and only if detp = af — |y1> = 0.

Proposition 4.1 (Bloch sphere representation). Let p be the density matrix of a state of .
Then p has the form

o= tl+0v-0] = [1+0100 + 0,05 +0305], (44)

with v = (vy,05,03) and [v]> < 1. Furthermore, 0 is a pure state if and only if |v| = 1.
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Proof. Let p have the form (4.3). Taking v; = 2R(7), v, = 23(y) and v3 = a — B, we find
that
o = % [[ + 0101 + V05 +U303] ,

with
0V +03+02 = 4P +a® 20+ B < (a+p)? = 1.

It also follows that p is pure, with a8 — 171? = 0, if and only if [v]? = 1.
O

The Schrodinger evolution of a density matrix p of the form (4.3)) with Hamiltonian

H = o3 isjust
N o= U u+ B o ,)/x-e—Zit
p) = ety =1 i 5 |-

In terms of the vector v(t) = (v;(t), v, (t),v5(t)) in the Bloch sphere, we have

o(t) = —sin(2t) cos(2t) 0

cos(2t) sin(2t) 0
0(0) [ ] .
0 0 1

That is v(t) rotates counter clockwise around the x5 axis.

Note that the states %[1 + ao3] are all fixed by the evolution. These are the states that
are diagonal in the basis of eigenvectors for H = 03. All other states rotate with frequency
TT.

Uncertainty relations

Consider the state p,, = % [[ + v - o]. Let us compute the uncertainty of the observable o
in p. Since
02 =1, 010, = io3, and 003 = —ioy,

we have 5
A2(0y) = tro?p, — (troyp,)” = 1—03.

By a similar computation for j = 2,3, we find that
Ay (o)) = ,/1 —vf (4.5)
forj=1,2,3.

Note that at most one of the uncertainties Av(crj), j = 1,2,3, can vanish. Indeed
A, (o) = 0if and only if v; = +1, which forces A,(0y) = A,(c3) = 1. So there is no
state in which any two of the spin observables, i, j = 1,2,3, take a sharp value. These
observables are not simultaneously measurable in a strong way.

It is a short computation to see that the Pauli matrices have the following commutation
relations

[(71', 0']] = 2i£ijk0-k (46)
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where we take the summation convention on the right hand side and ¢;;; is the totally
antisymmetric symbol, satisfying ¢;;; = 0 if any two entries indices are equal and

€103 = €331 = €312 = —€p13 = —€132 = —€321 = 1

i.e., €;(103) = sign(7) for any permutation T € S3. The Heisenberg uncertainty relations
for the Pauli matrices thus state that

Av(al)Av(‘TZ) > |t1‘0'3‘07)|.

Plugging in the uncertainties, we see that

VA=) (1 —02) > [os].

Since

|v3|§Jl—v%—vgs\/l—v%—v%+v%v§,

we see that there is strict inequality unless |v3| = 1. However, for v3 = 41, the Heisenberg
uncertainty relations are sharp.

4.2 An Infinite Dimensional Model of Quantum Mechanics

The models ,, are readily generalized to an infinite dimensional model, which is rich
enough to describe many real quantum systems. In practice, however, the finite dimen-
sional models are sufficient to understand most quantum phenomena, and we will focus
on them for much of this course. However, it is useful to have the idea of the infinite di-
mensional system in mind.

Let H be a separable, infinite dimensional Hilbert space, and let 2, denote the space
of bounded, self-adjoint maps on H. Thatis A € 2, satisfies

1. A: H - Hisalinear map;

2. thereis ¢ < oo such that ||Ay| < c||¢| for all ¢ € H — the smallest such c is called the
(operator) norm of A, denoted ||Al|; and

3. (9lAp) = (A¢lyp) for all ¢, .

The space 2, will be the algebra of observables for our model; it is a vector space over R
with the commutative product

AoB = 2(AB+ BA)

and Poisson bracket ]
(AB} = [AB].

Recall that an orthogonal projection P on M is an element of 2, such that P2 = P. Or-
thogonal projections are in one-to-one correspondence with closed subspaces of H via the
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map P — ranP. Let P(H) denote the set of (orthogonal) projections on #. There is a
natural partial order on P(H) given by the relation

P; <P, if ranP; CranPq;
equivalently P1P, = P,P; = P;. One has the following

Theorem 4.2 (Spectral Theorem for Bounded Self Adjoint Operators). Let A € 2. Then
there is a map P4 : R — P(H) such that

1. A= P4 (A) is increasing, i.e., if A < u, then P4 (A) < P4 (u);

2. P4(A) = 0for A < —||A| and P4(A) = 1 for A > ||A];

L

. P4 (A) is strongly right continuous;
4. P4 (A) commutes with any bounded operator B such that [B,A] = 0; and

5 A= fR AdP 4 (M) in the sense that

(9lAlp) = [ Ad(gIPA) ) (47)

forany ¢, € H.

Remarks.

1. Amap A 5 B(M), the space of bounded operators on M, is strongly right continuous
if
LimF(u)¢ = F(A)¢
HiA

for every ¢ € H and A € R. It does not follow, and need not be, that |[F(A) — F ()|
converges to zero. Strong left continuity and strong continuity are defined similarly.

2. When ¢ = ¢ in (4.7)), the function (¢| P4 (1) |$) is an increasing function on the real line,
while for ¢ # ¢, the polarization identity

(PP ) = (P +WIPAQ 9+ 1) = (p— YIPA 9 — )

(4.8)
—i (¢ +iP|PA) @+ i) +i(p+ P PAN) 9 + )]

shows that (¢| P4 (1) |) is a linear combination of increasing functions, and thus of bounded
variation. The measure d (¢p| P 5 (1) |¢) is the associated Lebesgue-Stieltjes measure.

3. We have introduced here the Dirac notation (¢| A |f) for the operator A in the inner product
(plAy) = (AT¢ly).
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An example of the spectral theorem — finite dimensions

Let A € A, with orthonormal eigenvectors ¢4, ..., ¢, and eigenvalues A; < --- < A,,, which
we may choose to write in increasing order. Since

(Pl Al < lpliAgl < IAllIy)*

for any ¢ € C”, we see that Al < [|A]| for all j (because A; = <1,b]-|A |¢j>). Define the
projection valued measure
PAY = ) o) (¥

4

where ‘gbj} <1,bj| denotes the rank-one projection onto ;. Note that P(A) is increasing, P(A) =
0forA < Ay,and P(A) = I for A > A,,. Furthermore, P is discontinuous at each Aj, and we
have

PA) =Py, ford; <A <A,

In particular, P(A) is continuous from the right everywhere. One has,

AP = ) _[;) {6 —Apdr,
j=1

with (A — Aj)d/\ the Dirac é measure at /\j. Thus

J AP =3 Aly) (] = 4.
=1

This shows how the spectral theorem state above generalizes the result for finite dimen-
sional operators.
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Lecture 5

Trace Class Operators

What are the states on the algebra of observables 2, consisting of the bounded self-adjoint
operators on a separable Hilbert space 4{? Following the finite-dimensional model, we
expect to have pure states of the form (Alw) = (¢|Aly) for ¢ € H. Formally, for the
moment, we can think of this state as the map A — tr A|y) (¢|. To make sense of such an
expression we should define a trace on suitable operators on 4.

First a word of caution: the trace on operators over H is a slightly subtle object. One
cannot simply define it to be the sum of diagonal entries and be done. There is no reason
for the sum of diagonal entries to be convergent. Nor, when the sum is convergent, does
one necessarily obtain the same expression for the trace in different bases. These facts only
hold for a special class of operators, the trace class operators, which we will now define.

5.1 Compact Operators, Positive Operators, and the Polar
Decomposition

Before defining the trace class operators, we need a bit of terminology and some general
facts about operators on 4. Let B3 (H) denote the set of bounded linear operators on H (see
appendix[Al), with the operator norm of an operator B defined by

— sup 1PV
IBIl = ?/E&IS TR (5.1)

Recall that the unit ball By = {y € # : |¢|| < 1} in H is not compact. To see this note
thatif (¢;);2, is an orthonormal basis, then this sequence has no convergent subsequence,
because [[; — il = V2 whenever j # k. A bounded operator A : H — H is compact if
A(By) is a compact set. Thus A is compact if for any (¢;);2, is a bounded sequence in H,
the sequence (Ay; )iz has a convergent subsequence.

Theorem 5.1 (See, e.g., Reed and Simon (1980, Theorem VI1.13). An operator A € B3(H)
is trace class if and only if there is a sequence (F,)5_, of finite rank operators on H such that

lim,_ ||A —F,| = 0.
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Also, the compact operators are an ideal
Lemma 5.2. Let A, M € B(H). If A is compact, then AM and MA are compact.

Sketch of proof. For MA we use the fact that if K C H is a compact set then M (K) is compact
for any bounded operator. This can be shown by verifying sequential compactness for
M(K) (since sequential compactness is equivalent to compactness on metric spaces).

For AB we note that

1. The image A(B,(0)) of any closed ball B,(0) = {¢ : ||¢|| < r} is compact.
2. AM(B1(0)) is a closed subset of By (0).
]

An operator A € B(H) is positive semi-definite if ({|Ap) > 0 for all ¢ € H. We denote
thisby A > 0, and often abbreviate the terminology to positive. Given two operators we say
A > Bif A— B > 0. Every bounded positive operator on # is self adjoint. More generally
one has

Proposition 5.3. Let A € B(M). If (Yp|Ayp) € R forall p € H, then A is self-adjoint.
Proof. We will use the polarization identity:

(Wlp) = 1[(¥ + Py + ¢) — (¥ — ply — )

(5.2)
+i (i — iplyp — i) — i (P + iPlyp +ig)],

which recovers the inner product from its diagonal terms. For A" one has <l/J|A+(P> =
(Aylg) = ((¢p|Ay))*. Applying the polarization identity to (¢p|Ayp) we find that

(YlAtp) = (plAp)* = 1[(¢ + YA+ ) — (¢ — YlA(P — )
—i{p—iplA(P — i) +i (¢ +iplA(p + ip))],

where we have used the fact that all the inner products on the right are real. Factoring —1
out of the factors in the second term, —i out of the factors in the third term and i out of the
factors in the final term, we find that

(Y|Atg) = LY+ PlAW + ) — (Y — AP — §))
— i (P + iAW + i) + i (p — iplAGp — i9))],

which is equal to (|A¢) by (5.2).

We can take the square root of positive operators:

Lemma 5.4 (The Square Root Lemma — see, e.g., Reed and Simon 1980, Theorem VI1.9). If
A € B(H) with A > 0, then there is a unique B € B(H) with B > 0 and B> = A. Furthermore,
B commutes with every bounded operator that commutes with A.
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One way to construct B is to use the spectral theorem, defining
B = AdP 4 (A .
[ hapa, (53)

where the final equality means

(¥IBg) = [ VAd(ylPsN)y) .

To do this, one should first show that the projection valued measure of A is supported

on [0, %) (so YA) makes sense. For an alternate, more elementary proof using the power
series of the square root around 1, see Reed and Simon 1980

Given any operator A € B (M), the operator ATA > 0, since <l/J|A+AlP> = ||A1p||2. We
define its absolute value by

Al = VATA, (5.4)

where VATA is the operator whose existence is given by the square root lemma. This allows
us to define the polar decomposition

Theorem 5.5 (Polar decomposition — see, e.g., Reed and Simon 1980, Theorem VI.10). Let
A € B(H). Then there is a unique partial isometry U such that A = U|A|.

Remark. A partial isometry U is a map such that the restriction of U to (ker U)* is an isometry
(unitary map) from this space to ran U. U is a partial isometry if and only if U*U and UU*
are both orthogonal projections, onto (ker U)* and ran U, respectively. A unitary map is a
partial isometry with ker U = {0} and ran U = H.

Sketch of proof. One simply defines U : ran|A| — ran A as follows. Given ¢ € ran|A| we
have ¢ = |A|¢ for some ¢. Let Uy = A¢p. One has to check that this is well defined. Once
this is done, we have

Ul = 1Agl* = (plATA9) = (1AIplAIg) = ligl*,

so U is an isometry on ran |A|. Extend U by defining it to be zero on ker |A| = (ran IADL.
O

Using the polar decomposition, we may show
Proposition 5.6. A is compact if and only |A| is compact.

Proof. One has A = UJA|, from the polar decomposition, as well as |A| = Ut|A|, since the
constructed U has UTU = projection onto the range of |A|. Thus the proposition follows
from the ideal lemma

O

Finally, we have
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Theorem 5.7 (Spectral theorem for compact self-adjoint operators). If A € B.(H)) is com-
pact and self-adjoint, then A has an orthonormal basis of eigenvectors (i;);2, with eigenvalues
(Aj)j2q that converge to zero as j — oo. Conversely, if A is self-adjoint and has an orthonormal
basis of eigenvectors, with eigenvalues that converge to zero, then A is compact.

Sketch of proof. The backwards direction follows from Thm. sinceif A =) j Aj |1,bj> <¢]~|
with )L]' — 0, then

N
b= 410 o)
j=

so A is a norm limit of finite rank operators, hence compact.

The forward direction can be proved almost as in the finite dimensional case. However,
we cannot easily use the determinant to construct eigenvectors. Instead we will look for a
vectors ¢ € B;(0) that maximize |[(¢]Ay)|. We will need the following lemma

< suplAjl,
j>N

Lemma 5.8. Let A be a compact operator on H. Then there is a unit vector g such that

($olAdo)l = sup [(#lAY)].
ly1=1

To prove the lemma, let ()72, be a sequence of unit vectors such that ‘<1/J]-|Alpj>| con-

verges to the supremum. By the Banach Alaoglu Theorem (see, e.g., Reed and Simon 1980
Thm. IV.21), by passing to a subsequence we may assume that (¥ )i2q converges weakly to

some ¥, i.e., lim; <¢|1,b]-> = (P|Py). Since A is compact, it maps the weakly convergent se-
quence (¥;);2; to anorm-convergent sequence (see Reed and Simon 1980, Theorem VI.11).

Thus lim; HAz,bj - AzﬁoH = 0. Thus

(wlay) = (glAw —yo)) + (v)|Ago) .

where the first term converges to zero since ”l/J]H < 1 and the second term converges to
(olAtho) because ()72, converges weakly.

Returning to the spectral theorem, we define the vectors using a min-max principle. By
the lemma there is a unit vector 1, such that

o1 = sup (YlAY)| = (p1lApq)].
ll=1

Giveny, ..., ;_1 and 0y, ..., 0;_1 define ¢; to be a unit vector perpendicular to {y, ..., ;_1 }
such that

7= sup  [wlAp)l = [(ylAw;)-
PLWn), 1911

Note that 0y > 0, > 03+ and the existence of ¢; is guaranteed by the lemma. By con-
struction, the sequence (¢)) j’i 1 is ortho-normal and, hence, converges weakly to zero. Thus

(Agp;);2, converges to zero in norm and lim; 0; = lim; <1/J]-|A1/Jj> =0.
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For eachj, letA; = <l/)]'|Al/J]~>, soA; = +0;. If A; = 0 then

()lAy;) = (plAp) .

max
IPJ-{I/]/"-/II)]'—I}/ ”#’”zl
Using the method of Lagrange multipliers, and taking small variations of ¢; within the

subspace {1, ..., gb]-_l}L, one can verify that Ay; = A;¢;. Similarly, if A; = —0; then

(¢ilAg;) = (plAp)

min
lpL{lp/"'/lpj—l}/ Hl)b”:l

Let H* = {1, 9o, ...}*. Since cj — 0, it follows that Ay = 0 forall p € M. Tt follows

that -
A= ;/\j|¢7> (¥
]:

7

as claimed.

5.2 Trace Class Operators

Let (¢;);2; be an orthonormal basis for H. For a positive operator A, define trA =
Z;; <<p]-|A¢j>. Then one has (see Reed and Simon (1980, Theorem VI.18):

1. tr(A+B) =trA+trB,for A,B > 0;
2. tr(A) = AtrA, forA > 0and A > 0);

3. The value tr A for A > 0 does not depend on the choice of orthonormal basis and
tr(UAU™!) = tr A for any unitary U and A > 0;

4. f0 <A <B,thentrA < trB.

Definition 5.9. An operator A € B(#) is trace class if tr |A| < co. The family of trace class
operators is denoted by J.

Theorem 5.10 (see Reed and Simon [1980, Theorem V1.19). I is a *-ideal in B(}), that is
1. J is a vector space;
2. IfAe€ Jyand B € B(H), then AB and BA are in J4; and
3. IfA € Jq, then A* € J;.
We define the trace norm by ||All; = tr|al.

Theorem 5.11 (see Reed and Simon {1980, Theorem VI1.20). J; is a Banach space under the
norm || - Iy and |A|| < || Al forall A € J;.
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Theorem 5.12 (see Reed and Simon (1980, Theorem VI.21). Every A € J; is compact. A
compact operator A is trace class if and only if the non-zero eigenvalues o < 0, < - of |A| (called

the singular values of A) satisfy 3.~ 0; < oo

Finally, we can introduce the trace for non-positive operators

Theorem 5.13. If A € Jq and (¢,,);>_; is an orthonormal basis, then Z;il <<Pj|A<Pj> converges
absolutely and the limit is independent of the choice of basis.

Sketch of proof. By the polar decomposition, square root lemma, and Cauchy-Schwarz in-
equalty

1
(oA} = [(1Azusgaze)| < [larurg)|are| = (gluane) (sfai)? -
By another application of Cauchy-Schwarz to the sum of j, we find that

) [($lAg))| < (r WAL trlADT < trlAl.
=1

The proof that the result is independent of the basis follows the finite dimensional case
once absolute convergence has been shown.
O

Definition 5.14. We define themaptr: J; - CbytrA = Z]. <¢]-|A¢]~> for any orthonormal
basis

Warning: It can happen that Z;; |<¢J-|A<,b]->| < oo for some orthonormal basis although
the operator is not trace class. For example if

0
1
A =10

O O
—_ o= O

SO R O
=)

then A defines a self-adjoint bounded operator on (? that is not even compact, much less
trace class.
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Lecture 6

States on the infinite dimensional model
of quantum mechanics

6.1 Defining the states

We wish to define a state w of our quantum system with algebra of observables 2, to be
amap w : A, — R satisfying the following;:

1. A~ w(A) is a linear map;
2. w(A?) >0 for any observable A; and

3. w() =1, for the identity observable I.
Since any observable A satisfies —||A|| < A < ||A||l, it follows from the above that
Al < wA) < JA]. (6.1)
We can and will extend a state w to act on the algebra B (H) of all bounded operators by
taking '
w(A) := %w((A+A+)) + %w(%(A—A*)), (6.2)

since %(A + A" and % (A — A" are both self-adjoint.

Exercise 6.1. Show that if w : 2, — R satisfies (1-3) above, then the extended functional,
defined in (), is a complex linear map from B(H) — C that satisfies w(ATA) > 0 for all
Ae BH) and w() = 1.

We claim that the extension of w to B (H) is a bounded linear functional of norm one, i.e.,
Il = sup lwA)|
azo Al

To see this, suppose that A € B(H) and let 6§ € R such that e %w(A) = |w(A)|. Since
the extension is complex linear,

(6.3)

) ) 1 ) .
lw(A)| = RePwA)] = Rw(ePA) = 5@ (e7PA + ePAT)
< e A + ePAT|| < ||A],
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where in the second to last step we have applied (6.1)) to the observable e A + e A*. By
(6.3), a state is necessarily continuous with respect to the operator norm on 33.(41).

However, the continuity given by (6.3) is not enough for our purposes — we need a
stronger property. To motivate this recall that we want a state to define a probability mea-
sure for each observable A and that every observable A gives rise to an increasing projection
valued function P 4 (A) from the spectral theorem. In a standard abuse of notation, we will
use P4 to also denote the projection valued measure

PA(E) = fEdPA(A), (6.4)

for Borel sets E, where as usual the equation should be understood as an identity for matrix
elements. Before proceeding, let us consider a typical example:

Exercise 6.2. Consider the Hilbert space L2(0,1) and let A be the observable Af (x) = xf (x).
Show that the projection valued measure associated to A is the following

PA(E)f(x) = xp(x)f(x),

where Y (x) is the characteristic function of E. Thusif F C Ethen P4 (E)f —P 4 (F)f = xp\¢f -
Show that this implies

[IPAE) = Pa(B)| = 1
whenever the Lebesgue measure of E \ F is positive. In particular, if E is a disjoint union
U,E; then the series P4 (E) = }_ j P 4 (E;) does not converge in norm. However, if f € L? is any

vector then the series Z]. P 4(E))f does converge in L2 to P4 (E)f.

What the above exercise shows is that we cannot expect the projection valued measure
P, to be countable additive in norm. However, the Spectral Theorem 4.2/ guarantees that
it is strongly countably additive, meaning that if (E;);Z, are disjoint then

PA(UENY = ) Pa(ENy (6.5)
j

for any vector ¢ € H. Eql4.2)is (6.5]) is countable additivity in the strong operator topology,
which is the weakest topology on B (M) such that the maps A — ||Ay|| are continuous for
each y € H.

Exercise 6.3. The Spectral Theorem 4.2| as stated above gives countable additivity in the
weak operator topology, which is

(PIPACUEN ) = > (PIPACE) ) .

J

Show that this implies eq. (6.5]). Hint: use the fact that IPAEYP|* = (| P4 (E) [1p), since
P4 (E) is a projection.

Given an observable A, themap y, o (E) = w(P4(E)) should define the probability that
a measure of A in state w yields an outcome in the Borel set E C R. With the assumptions
(1-3) outlined above, we can prove that this map is finitely additive, but we cannot show
that it is countably additive. To obtain countable additivity, we need another condition,
which is usually phrased in terms of monotone sequences of positive operators:
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Definition 6.1. A monotone sequence of positive operators is a sequence (A;):2; in B(H) that
satisfies 0 < Ay < A, < ---. The sequence is bounded if sup; ||A]H < oo.

Lemma6.2. If (A;);Zq bea bounded monotone sequence of positive operators, then there is a positive
operator A € B () such that Ay = lim; Ay for any ¢ € M.

Sketch of Proof. Note that 0 < A; < sup; ”A]-”I for each j. It follows that 0 < (| Aq [p) <

(| Ay [pp) < -+ is a bounded sequence of real numbers for each ¥ € #. Let q(¢) denote its
limit; this is a bounded quadratic form on #{ and hence is given by g(¢) = (| A |p) with A
a bounded self-adjoint operator (see Cor. A.2)).

O

ypically phrased as follows:

4. If0 < A1 £ A, < ---isamonotone sequence of positive operators with sup; Al i < oo,
then lim]« w(Aj) = w(A) where A = sup; Aj is the operator defined by

(WIAl) = lim (glA)lp) -

Note that if 0 < A; < A, < --- is monotone sequence of positive operators, then
A linear functional on B () is called:

1. positive if w(ATA) > 0 for any A, and
2. normalized if w(I) = 1.

A positive linear functional is called normal if it satisfies (4) above. A state on B(H) is a
positive, normalized, normal linear functlonall
Now we are ready for the big theorem

Theorem 6.3. Let w be a state on 33 (H). Then there is a positive trace class operator p such that
w(A) = tr pA.

Proof. Let ¢ € H and consider the operator |¢) (¢|. Define q(¢) = w(|¢)(P|). The map
¢ — q(¢) is a quadratic form on #, meaning that it satisfies the parallelogram law and
is homogeneous of order 2 under scaling (see Appendix [A]). Furthermore 4 is bounded,
since 0 < q(y) < 1. If follows from the Riesz representation theorem (see Cor. ) that
there is a self-adjoint operator p such that g(y) = (| p ). Since q(p) = 0, p is seen to be
positive. Finally, if ()2, is an orthonormal basis, then Q,, = Z]’.l:l |l/J]~> <1/J]» i
sequence of positive operators that converge to the identity. Thus

(o]

Y (wilely) = lim > (pely;) = Jimw@Qy) = w =1,

n—
j=1 j=1 -

N

n other contexts, one introduces “states” that are positive, normalized linear functionals and refers the
objects defined here as “normal states.” However, for a specific model of quantum mechanics we really need
a normal state to obtain a the probability distributions for observables.
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so p is trace class and has trp = 1.
It remains to show that w(A) = trpA for any A. First note that by the polarization
identity we have

w(p) (o)) = trply) (Pl = (plolp)

for any rank-one operator |) (¢|. For general A, it suffices to prove the identity assuming A
to be self-adjoint A, and use (6.2)) to extend it to all A. For self adjoint A we have A + ||A||I >
0. Thus it suffices to prove the result for non-negative A. If A > 0, then the operators
A, = Q,AQ,, with Q,, = Z;.Z:l |1,D]-> <1,b]~| for some orthonormal basis, are an increasing
sequence with sup A, = A. Furthermore A,, is finite rank, so

n n

wA) = Y (pilAlg)wlg) (o) = Y (Wl Al (9)]ples) = trpA, .

ij=1 ij=1

It follows that
w(A) = lilgnw(An) = lilgntrpAn = trpA.
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Lecture 7

Dynamics and undbounded operators

Unfortunately the algebra 2/, is not quite enough to describe everything we need. Heisen-
berg famously postulated that the quantum description of a particle should include
position Q; and momentum P; operators, j = 1,2, 3, satisfying the canonical commutation rela-
tions:

[Q;, P;] = ihl. (7.1)

There are, however, no bounded operators even on an infinite dimensional Hilbert space
satisfying (7.1)).
Exercise 7.1. Show that we cannot have [Q, P] = icl for a pair of bounded opearators Q and

P. Hint: show that [Q,P"] = icnP"!, from which it follows that 2||Q[IPI" > cnl/P|" .
This leads to a contradiction.

However, one easily notes that for functions on R? the operators
)
Qf(x)=x; and —ih=——Ff(x)
axl’

satisfy (7.1). However, these expressions are not defined for every f € L2(R3): for Q/f to
be defined f must decay at infinity fast enough for [ |x;|?|f (x)[?dx < oo, while for P;f to be
defined f must have a derivative with respect to x; in a suitable sense.

7.1 Unbounded Operators

The solution to this difficult to relax, slightly, our notion of an observable.

Definition 7.1. A partially defined operator A on Hisamap A : 1) 4 — H defined on a (not
necessarily closed) subspace )4 C H. The operator is densely defined if ) C H is a dense
subspace of J{. The adjoint of a densely defined operator A is the map A" defined to be

<A+1/J|¢> = (P|A¢) using the Riesz Representation Theorem|A.1 on the domain

D = {p e H|(YlAg)| < cl|lg]l forsomec < oo} .

A self-adjoint operator is a densely defined operator such that A = A'. That is
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1. (Ay|p) = (p|A¢) forall ¢, v € D 4, and
2. ‘Q)A* = Q)A'
One has

Theorem 7.2 (Spectral Theorem for Self Adjoint Operators). Let A : D4 — H be a self-
adjoint operator. Then there is a map P4 : R — P(H) such that

1. A= P4 (A) is increasing, i.e., if A < u, then P4 (A) < P4 (u);

2. limy_,_ PAaN)y =0and lim)_, Po(\)Y = ¢ forany p € H,

3. P (A) is strongly right continuous;

4. P (A) commutes with any bounded operator B such that [B, A] = 0; and
5. A = [p AdP 4 (M) in the sense that if p € D) 4 then

(lAlY) = | Ad(g|PAN)Iy) (7.2)

forany ¢, p € H.

7.2 Dynamics and Stone’s Theorem

Based on our experience with the finite dimensional model, it is natural to think that the
dynamics of an isolated system in the infinite dimensional model should be given by the
formal Liouville-Schrédinger equation

dyo; = —ilH,p], (7.3)

in units with # = 1. Here H should be the Hamiltonian. A prototype for the sort of Hamil-
tonian that we would like to be able to handle is the harmonic oscillator H = % (P2 + Qz)
with [Q, P] = i. So it is clear we do not expect the Hamiltonian to be bounded, and
requires interpretation.

If H were bounded, then we could solve (7.3)) as follows. Let p, = U,o(U,)", where
U, = e " defined via the power series or by the spectral theorem. One checks (for H

bounded) that

%e—itH — _iHe—itH — —ie‘”HH.

Here the derivative is taken with respect to operator norm convergence, that is we have

. ||e—i(t+(5)H _ e—itH + i(SHe—itHH
1m =

50 0] 0.

Furthermore U, = e~ is a norm continuous, one parameter group, meaning

1. Uy = UU; for all s,t € R (one parameter group),
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2. lim;_, |U; — Ugll = 0 (norm continuous).

If H is self-adjoint, then U, is also unitary, since then U] = e = U1, by the group

property.

Theorem 7.3 (Norm continuous one parameter groups). Let S; : R — B(H) be a norm
continuous, one parameter group. Then there is an operator A € B.(H) such that S, = e'A. The
group is unitary if and only if A = —iH with H a self-adjoint operator.

Sketch of Proof. To construct A, we will use the following

Lemma 7.4. Let By, = {A € BH) : ||A| < In2}. Then the exponential exp(A) = e”,
defined by the power series, is one-to-one on 3, and exp(83,) is an open neighborhood of the
identity.

To prove the lemma, define the logarithm as a power series on Ul := {B : |B—1I| < 1}
and show that exp o log = log o exp.

Returning to the proof of the theorem, note that by continuity of S; there is € > 0 such
that S; € exp(By,,) for |t| < e. Fix 0 <ty < € and let

1
A= %1055(51‘0) .

Using the group property for S one shows that the identity S, = e*4 holds for dyadic
rational multiples of ty. Then by continuity the identity extends to all t. The fact that S, is
unitary if and only if A = —iH with H self adjoint follows from the discussion above the
statement of the theorem.

O]

Based on the above we see that we do not expect the dynamics U; of a quantum system
to be norm-continuous. However there is a generalization of the above result to strongly
continuous one parameter groups, which satisfy

(2") lim;_ Uyp = Ugp foralls € R and ¢p € H .
There is an imporant generalization of the above theorem due to Marshall Stone:

Theorem 7.5 (Stone|1932)). Let U, be a strongly continuous one-parameter unitary group. Then
there is a self adjoint operator A : D 4, — H such that

u, = fR eGP, (\) =: e~iA (7.4)

where P 4 is the projection valued measure for A. The domain 1) 4 is given by

1

Dy = {tp eH };11’)1’(1) - (U — ¥) exists} :

Conwversely, any self-adjoint operator A defines a strongly continuous one-parameter group via (7.4)
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Sketch of Proof. We define
o1
Ap = Zl}_{%g (U —¢)

onDy.
To show that 1) 4 is a dense subspace one notes that for any vector of the form

¢ = fRf(t)thxit

with f a Schwarz function'|is in ) 4. Indeed, one has

Uegy = [ FOUnepdt = [ fit—e)Ugdt,

from which it follows that ¢y € 1) 4 and that

Ay = —ifRf’(t)utgb = —igp .

The set of vectors of the form ¢y is easily seen to be dense, using a sequence of Schwarz
functions converging to the Dirac measure at 0 and the strong continuity of U,.

The symmetry (p|A¢p) = (Ap|¢) is a consequence of the unitarity of U;. To prove self-
adjointess one must show more: namely that the domain of A" is also equal to D 4. For
details, see the §7.3 of Simon [2015al

[
The upshot is that if H is a self-adjoint operator on H we can interpret (7.3)) as having
solutions p;, = e #Hp e where e~/ is a strongly continuous one parameter unitary

group on #. As we will see later there is a more general form of the evolution that can
be introduced on density matrices, called the Lindblad equation that can incorporate certain
effects arising from the interaction of a quantum system with its environment.

7.3 The Weyl form of the CCR and the Stone-von Neumann
Theorm

Let us return to the canonical commutation relations (7.1]), which for a single conjugate
pair Q and P read
[Q,P] = ihl (7.5)

As indicated above, this equation has no bounded solutions. Furthermore, it is slightly
tricky to formulate in the unbounded setting because of domain issues. However, the les-
son from Stone’s theorem is that every self-adjoint operator is associated to a unitary group,
so it might be better to rephrase the equation in terms of the unitary groups U(t) = e/Q
and V (t)e*f'. This obervation was originally made by Weyl who by a formal calcu-
lation suggested the following formulation

UV (s) = e Pty (s)U(t), (7.6)

1S0 f is smooth and it and all its derivatives vanish faster than any power.
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forall s,t € R. This identity is known as the Weyl! form of the CCR, or the Weyl relations.

If we represent Q as multiplication by the independent variable on LZ(R), Qy(x) =
xip(x), then U(t) = e”xi,l)(x). In this case the Weyl relations are satisfied by taking V' (¢) to
be the translation group V (t)ip(x) = t(x + ht). The generator of the translation group is
the derivative, so we have Py (x) = —ihd, (p(x). The Stone von Neumann theorem states that
this is essentially the only representation.

Theorem 7.6 (von Neumann 1931/ and Stone [1930). Let M be a Hilbert space and let U (t) and
V (s) be strongly continuous, one parameter unitary groups such that the Weyl relations (7.6)) hold.
Then there is a finite or countable direct sum decomposition H = GBJ.I\L 1M such that for each H;

there is a unitary map W; : L*(R) - H; for which

UMW, = Wel™ and V(HW, = W~
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Lecture 8

Examples

8.1 Spectral representation of the momentum and position
operators

Consider /{ = L?(R) with P = —i% and Q = multiplication by x. These are each self
adjoint operators with domains

Dp =HR) ={feH:f el and Dg = {feH : xf(x)eH}.

In the definition of the domain of 1) p, the derivative f* denotes the derivative in the sense
of distributions, i.e., f’ is defined to be the linear functional on the Schwartz class & given

by (') = — [y fpddx for ¢ € 5.

The cannonical commutation relation [Q, P] = —il holds in a weak sense on the inter-
section of the domains Dccr = Dp N Do
(PIIQ Plly) = —i(plyl Yorp, ¢ € Decr - (8.1)

Exercise 8.1. Use the weak form of the CCR (8.1]) to prove the following form of the Heisen-
berg uncertainty relations. Show that Dccg = Dp N D is dense in H and that for

¢ € Dp> N DQ? with [|p]| = 1 one has

1
By(PYBH(Q) 2 5,

where )
Ap(A) = |Agl" — (gl Alp))> A=P,Q.
Hint: follow the proof of the Heisenberg uncertainty relations Prop. 3.4 and use (8.1)).

Remark. Note that formally ||Agb||2 = (¢| A% |$). However, the operator domain D 4.{¢ €
Dy Ap € D4} is typically smaller than the domain of D 4, so |A¢|| is defined for a larger
class of vectors.

Exercise 8.2. Show that the projection valued measure for Q is given by

PQ()L)f = X(—oo,/\)f
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where x denotes the characteristic function of a set E and that

[F(Q)f1(x) = F(x)f (x)

for any bounded, Borel measurable function F.

The spectral representation of P can be found by taking the Fourier transform

. 1 .
k) = — | e *f(x)dx.
fo = =],

Note that .
Pf(k) = —i— | e ™ f (x)dx = kf(k)
V271 fR

by integration by parts. Thus
Ppf () = Xy (OF () -

For a Borel function F of P, one has [F(P) f 1(k) = F(k) f (k). One can use the inverse Fourier
transform to write the projection valued measure in real space:

1

= xe—i(x’—x)/\f(x/)dx/ )

1 1
PpAIf () = 5f(x) +i5—PV. fR

where “P.V. [, ” denotes the principle value integral lim, e |>e’

8.2 The Free Hamiltonian

Consider H = %PZ. This is the Hamiltonian describing the motion of a free (one dimen-

sional) particle of mass 1 (with mass m we would have ﬁPz).

The Heisenberg relations for H are easy to solve and correspond exactly to the classical
equations of motion. Note that (formally)

[H,P]=0 and [H,Q] = %(P[P,Q]+[P,Q]P) = —iP.
Thus the Heisenberg equations are just
P=0 and Q = P,
which are easily solved to give
P(t) = P and Q) = Q+tP.

As a result, we see that the mean values p(t) = tr P(t)p and q(t) = tr Q(t)p satisty the
classical equations

pt) =p0) and q(t) = q(0) + tp(0)
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for any initial state. Furthermore, the uncertainty in P remains unchanged for all time

Ao (P(1)) = A,(P). However, the uncertainty in position satisfies (operating formally, as-

suming that all traces are finite)

AZ(Q) = trp(Q+tP)? — (trp(Q + tP))?
= trQ? + ttr p(QP + PQ) + t? tr P2 — (tr pP)? — 2t tr pP tr pQ — #2 tr pP?
= AZ(Q) + 2A%(P) + t[tr p(QP + PQ) — 2tr pP tr pQ] .

We see that the position uncertainty grows linearly with time as t — co.
One can solve the Schrédinger evolution using the Fourier transform. One has

eTHy(k) = e " TH(K),

which gives via the inverse Fourier transform
. 1 ek —itE
e_ltHl/J(X) = \/? f]R elx e 2 l/}(k) .
T

Based on this equation, one sees that formally e~itH P(x) = fR W, (x,y)¥(y), where the
“propagator” is given by the oscillatory integral

1 [y )k—it 2
Witoy) = oo [ avrits
V) = o e
Because this is a Gaussian integral (with a quadratic exponent), one can compute the in-

tegral exactly and obtain the identity

iz
4 .(x—j/)2

el 2t

Wi(x,y) = \e/ﬂ
7T

Although the above derivation was formal, for a function ¢ € L! N L? the identity

—itH e ' i

does in fact hold.

8.3 Particle in a potential

A general (one dimensional) particle in a potential has Hamiltonian H = P2 + V(Q). To
develop an idea of what can happen it is useful to work the following exercise:

Exercise 8.3. Let V(x) = —ux_1,1,(x) with u > 0 a real number. Show that

1. There is a finite number of normalized L? solutions to the eigenvalue equation Hy =
Ey with energies E < 0. Because V vanishes outside (—1,1) these solutions decay
exponentially at 4co.

47



2. For E > 0 any solution to Hy = Ey does not decay at co. For each E > 0 show that
there is two dimensional vector space of solutions.

The Hamiltonian H has a projection valued measure with two parts: a discrete part with
jumps at the negative eigenvalues and a positive part which is a sort of generalization of
the Fourier transformed expression for the projection valued measure of the free particle.

The “particle in abox” mentioned above can be studied exactly. For other potentials that
decay at infinity (or are compactly supported) the above qualitative behavior is correct,
although exact expressions are not usually avaiable. In higher dimensions, the nature of
the negative energy bound states and the positive energy “scattering states” can be a bit
more complicated. In particular, in three dimensions it is possible for a small negative
potential to fail to have any negative energy bound states.

8.4 The Harmonic Oscillator

A potential that grows as x — 4o can lead to all states being bound states. The proto-

typical model for this situation is the harmonic oscillator H = %(P2 + Q%) on L?(R). Note
that

2

He 27 =

1
—5X

1.2
1 e—Ex

Thus % is an eigenvalue of H and the corresponding eigenfunction is 1y (x) = —a

This is the ground state of the Harmonic oscillator.
The standard trick for computing the spectrum of the harmonic oscillator is to define
the raising and lowering operators

1 1
a = —(G{P+Q) and a'=—=(—iP+Q).
V2 V2

These are two densely defined, but not self-adjoint operators. To avoid domain questions,
let us take them to be defined on 5 = {Schwarz functions}. Then for f € &, we have

af,a'f € 5,
[a,a']f = aa'f —a'af = f, (8.2)
and
Hf = (a'a+3)f .

Note that the ground state ¢, satisfies ayy = 0, and is the unique function (up to a
scalar multiple) that does so. By (8.2), and the fact that & is preserved by a and a', we
have

a@)py = [a, @),

= {[a,a"1@")" 1 +a'[a,a™1(@")" 2 + - + @) a,a"1} o = n@")" g .

Thus
H@hpy = (n+3)@hyy,
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ie., (a+)”lp0 is an eigenvector with eigenvalue n + % We can use the commutation relations
to compute the norm of this vector, since

(@™ pol@h) o) = (ol @™ @H)" o) = n!(Polypy) = n!,

by repeated use of (8.2)). Thus ¢,, = L’ (a")"p, is a normalized eigenfunction.
n:

I
So we have shown that H has eigenvectors (¢,,);_, with eigenvalues n + % In fact, this
is a complete description of the spectrum of H:

Lemma 8.1. The eigenvectors (,,),_, are an orthonormal basis for LZ(R).

Proof. We chose the vectors to be normalized. That they are orthogonal follows by direct
computation using (8.2), or because they are eigenvectors of a self-adjoint operator with
distinct eigenvalues.

It remains to show that the eigenvectors span the Hilbert space. Note that ¥, (x) =
Pn (X))o (x) where p,,(x) is a polynomial of degree n. The first few polynomials are

1
pox) =1, pix)=x, pr(x)= E(x2 -1,

In fact, the sequence of polynomials generated this way are the Hermite polynomials, one
of the classical sequences of orthogonal polynomials. We do not need that fact, however.
Instead we need only note that

pn(x) = c,x" + lower order terms withc, #0.

It follows that {py, ..., p,,} is a basis for the polynomials of order n and thus that any function
of the form p(x)yy(x) with p a polynomial can be written as a finite linear combination of

(77011 rozo:O'

To complete the proof, we will show that
P = {px)Py(x) : pisa polynomial}

is dense in L?(R). This is trickier than one might think. The following proof is a modifi-
cation of one that can be found in §6.4 of Simon [2015b o
First we claim that the functions f, (x) = e*¢,(x) for z € C are in P, the closure of P.

To see this note that
N -n.n

VAN
PNz = ) e o e
n=0 "°

for every x, and
pn ()] < €7 < 2cosh(lzllx]) .

It follows, by the dominated convergence theorem, that

1\1]13(}0 ||pN,z¢O _fz”Lz =0.
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Next we note that linear combinations, and hence integrals, of the f, also lie in P. In
particular, given a f € L'(R) we have

[ ™ F ot = Fogo €D,

where f is the Fourier transform of f. Since the Schwarz class  is mapped onto itslef by

the Fourier transform we find that fy, € P for any f € 5.
Finally, given f € L? we may find ,, € CZ(R), the compactly supported continuous
functions, such that lim,, |[f — h,[|,» — 0 — this may be accomplished by truncating f to a

sequence of large intervals and convolving with a J-sequence of smooth bump functions.

Since h,, is compactly supported, we have % € S and thus h, € Sy € P. Thusf € P

and the proof is complete.
[l

Since the harmonic oscillator has purely discrete spectrum, its representation by the
spectral theorom is particularly simple. Given any function f we have

FH) = Y FG+m 1) (Wl -
n=0

The projection valued measure Py (A) is given by

1
Py(A) = {0 A<z (8.3)

27:O\¢j>(zpj| THn<A<i+n+i,

and one does indeed havef (H) = |. R f(A)dPg (A). Itis a striking fact of quantum mechanics

that the spectrum of the oscillator P? +Q? is purely discrete when the component operators
P2 and Q? both have continuous spectrum on the entire interval [0, o).

8.5 Heisenberg evolution of a harmonic oscillator

The Heisenberg equations for the harmonic oscillator are remarkably simple. In fact, they
look exactly like the classical equations for the harmonic oscillator. Since P = L@@ —a)

V2

and Q = = (at + a), we have
V2
] 1
[H,P] = —@'+a) = iQ and [H,Q] = — @' —a) = —iP.
V2 V2
Thus the Heisenberg equations are (with# = 1)
P = —Q and Q = P.

!This may be proved in an elementary way, since for f € 5 we have

jR e (1 +x2)'f(x)dx = (1 —02)"f(t) and (1+2)"f(t) = J'R e (1 — 92)""f (x)dx .
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The solution to these equations is easily seen to be
P(t) = cos(t)P —sin(t)Q and Q(t) = cos(t)Q + sin(f)P .
This calculation was somewhat formal, but it is absolutely correct that
eitHpe=itH — cos(t)P —sin(H)Q and e*HQe *H = cos(t)Q + sin(t)P .

Note that as a result, the mean values of momentum and position in any quantum state
are given by solutions to the classical harmonic oscillator equation. This is a remarkable
parallel between the classical and quantum harmonic oscillators, which does not hold for
general quantum systems.

8.6 Coherent states

There is a beautiful picture of the harmonic oscillator if one considers particular set of
vector states, given formally by

1.2 Lzat
|Cz> = e 1 e |1/JO> ’

for z € C. The operator a' is unbounded, so it is not obvious that this expression makes
sense. However, ¢, is in the domain of (ahH)" for every 1, and we may simply use the power
series expansion to write

) = e Y Lty = PRy Loy (8.4)

/2491
n:O2 n: n=0 y2"n!

2 1.2 o] 1
One computes that ||C,)|| = e"2" Yool =1

The states defined in (8.4)) are called coherent states. They were introduced in the early
1960s by Klauder 1960 and Glauber (1963, Using [a, (@ahH"] = n@@")"-1, we find that

e & 1 e z
alC.) = ei" Zmz @) tpo) = — 2> .

n=1 \/E

That is |C,) is an eigenstate of the lowering operator a, with eigenvalue % For the raising

operator at, we have

1,02 1 12d 1.2 d 1
+ — o7k n¢ tyn+l = e 17" ezl = V2| —+-Z
a'|C,) = e nE:o Sl (@)™ o) e e IC,) = e IC,) .

Thus the harmonic oscillator hamiltonian H satisfies

1 d 1 1 d 1 3
R _ el _ SR 42
H|CZ> - (ﬂ a+ 2) |CZ> (dzz+ 4|Z| + 2) |CZ> (zdz + 4|Z| + 2) |CZ> *
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Amazingly, one may solve the Schrédinger equation with the ansatz that the time de-
pendent solution is of the form e~ |CZ o 1t> Note that

d |Z |2 O 1 —ints 1t . d 1 5
a’czoefﬂ» = —ie &7 ézn/zn!nzge " (a )n|¢0> = 1 ZE+Z|Z| |CZ>

z=zge it

We see that e 74 ‘CZ o lf> solves the Schrodinger equation % lYy) = —iH |y;) provided a =
;. It follows that

e"itH|C,) = e7'2 f|c (8.5)

Thus, with the family of states |C, ), the motion of the oscillator is just given by circulation
in the complex plane (up to an overall phase).

One can relate the above motion to the expect position and momentum in the state by
looking more closely at the form of |C,). Using the eigenvalue eqution 2 |C,) one can solve
for the function C, € L?, since we have (9, + x)C,(x) = zC,(x). Thus C,(x) = £, ()P (x)
with d.f, (x) = zf,(x). We conclude that C, (x) = e~ (R2)?gzx o (x) , where the normalization
e~™2)” guarantees that

e~ ”z

f IC,(x)[Pdx = Le_(%z)zj. e XP+2Rzx gy — Le""_i)ctzlzalx =1.
R - 7T R NG

Let us rewrite the expression for C, as follows, taking z = g + ip withq,p € R,
1 . _lov_p)2
Copip(x) = Wesze 20 (8.6)

This wave function has
1. average position <Cq+l~p‘ Q |Cq+ip> = g,and
2. average momentum <Cq+l~p‘ P |Cq+ip> = p.

Thus the value of z = p + iq is simple the average position and momentum in phase space,
realized as the complex plane. The oscillatory motion ze™** is just the oscillation of mean
values observed above via solutions to the Heisenberg equations.

The uncertainties of position and momentum in the state C,_ ;,, can also be computed:

q+ip
(Q = —f (¢ — g)2e" -V dx = =
q+zp q 2 ’
and
2 _ 1 —%(X—E])2 —ipx -d 2 ipx —%(x—q)z
AqHP(P) = ‘/—ﬁfRe e —1%— ete

_ LJ 4 te-e?] 1
JTT IR | dx 2
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It follows that the coherent states satisfy

1
Aq-i—z‘p(Q)Aqﬂ'p(Q) = E/

which is the minimum uncertainty allowed by the Heisenberg commutation relations,
since [Q, P] = i. Coherent states are states in L2(R) with minimal uncertainty.

In fact one may use the above expression to find the solution to the Schrodinger equa-
tion for a general state. The key is the observation that

1 1 & e 1, o
72 Jo GNPz = 2 3 [ TH 2l (90l = Y ) (]

V21t !
(8.7)

where we have noted that

! —51zPzm _n 12 = on41,-372 =
Z—I e 27 z7z"d%z = 5nmf rettle 2 dr = (5nm2"f s"e™%ds = 94,,,2"n!.
tJc 0 0

Eq. (8.7)) expresses the fact that the coherent states are an over complete basis. It can be used
to express any state as a superposition of coherent states:

1
9) = 5 | IC) (C.l) =
Thus
—itH 1 —i3t 2
e Mp) = 5 [ €72 |Coua) (Caly) a2z

One can use this formula to derive an exact expression for the propagator of e
to that for the free particle. However we will have no need for it.

~itH analgous
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Part 11

Composite and Open Quantum Systems
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Lecture 9

Modeling composite systems

9.1 Composite systems in classical mechanics

Suppose we have two classical systems with configuration spaces M; and M,. How do we
describe the phase space of two systems M; and M, considered together?

The phase space of a single classical system is the tangent bundle TM over the config-
uration space M, where tangent vector describe the velocity of the system. For example,
imagine a classical system consisting of a single particle in a box in space. The configu-
ration space is B, the open interior of the box. Imagine that there is very steep potential
energy that diverges to infinity at the boundary of the box, so the particle never leaves B.
The phase space of this classical system is the tangent space TB = B x R°.

Suppose we have two particles, each in separate boxes By and B,. To specify the state
of the composite system we should specify the positions q; € B; of each particle. And
to specity the specify the velocity of the configuration (g4, 4,), we just need to specify the
velocity of each particle separately: (v1,v,). So the phase space of the composite system is
just TBy x T'B,.

In general, the configuration space of the composite of two classical systems is the
product My x M, of their configuration spaces, and the phase space is the tangent space
T(M; x M,). Because, the tangent space at a point of M; x M, satisfies

Tq1,q2)(My x My) = (T, My) & (T,,M,),

we see that T(M; x M,) = (TM;) x (T'M,) is also just the product of the individual phase
spaces. (Note: the cartesian product of vector spaces corresponds to the direct sum oper-
ation.)

How do we phrase this in terms of observables? The full algebra of observables for the
composite system is the set of smooth functions on the phase space A = C®(T (M; xM,)).
There is a natural imbedding of A; = C**(TM;) into A: just consider f € A, tobe a function
on T (M; x M,) that does not depend on the position or velocity of the other system. More
formally, we let I, : T(M; x M) — TM; denote the coordinate maps

1
(41,492,091, 02) = (q;,7;) -
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Then we embed A; = A by mapping f + f o I1;.

Note that A # AqxA,. Instead, A is the tensor product A, ® A, — or, more correctly, itis
the completion of the algebraic tensor product in a certain metric. Put in a more pedestrian
fashion, any observable f : T(M; x M,) — R can be expressed as a limit of finite linear
combinations of the form ,

841,01 (42, v2)
=1

]
where (g; );7:1 are observables on M; and (/; );7:1 are observables on M,. The fact that any
function on T(M; x M,) can be written as such a limit can be derived from the Stone-
Weirstrass theorem. We will see that this tensor product structure carries over to quantum
mechanics.

What about states? A state on the composite system is a probability measure on T (M; x
M,). Again, such a measure need not be a product measure can be written as a convex
combination of product measures. In fact, the miracle of classical mechanics is that any
pure state on T (My x M, ) (which, after all, is just a point in T (M; xM,)) is indeed a product
state.

9.2 Tensor Products

Before devloping the description of composite systems in quantum mechanics, it is helpful
to do a bit of algebra and functional analysis. We start with the algebra. Given a vector
space V, the (algebraic) dual of V' is the set V* is the set of all linear functionals { : V — C.
There is a natural embedding of V < (V*)*, the dual of the dual, given by x(¢) = €(x). If
V is finite dimensional, this embedding is surjective but in infinite dimensions that is not
the case.

Let V1 and V, be vector spaces. A bilinear map on V; x V, isa functionF : V{ xV, - C
such that

X1 — F(xl,xz) and Xy — F(xl,xz)
are linear. Given x; € V; and x, € V), let x; ® x; be the bilinear functional on V] x V3
defined by
X1 ® x2(€1/ 32) = (),1 (Xl)ez(XZ) .

The algebraic tensor product V1®V, is the linear span of {x; ® x, : x; € V1,x, € V,}. That
is

n
V1®V2 = { x]®y] : nENandx]«EVl, ijVz,jzl,...,n} . (91)
=1

]
Remarks:

e There is no need for scalars in the linear combinations on the right hand side of (9.1),
since oc(xj ® yj) = (ocxj) QY =% ® (ocy]-).

e If V; and V, are finite dimensional, then V;®V, is the set of all bilinear maps on
Vix V3.
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e One could define the tensor product x ® y purely formally as an equaivalence class
of V1 x V, modulo the relations induced by requiring it to be linear in each entry.

Let H be a separabl‘ ! Hilbert space. By the Riesz representation theorem, there is a
surjective conjugate linear map R : H* — M, given by (R{jx) = £(x). We make the dual /"
a Hilbert space with the inner product

(), = (RUIRE),,

(Note that the order of the vectors is reversed, so that the inner product on /" is conjugate
linear in the left hand entry as required.) Let B(H7, }{5) denote the set of all bounded bilinear
maps from H] x M5 — C. Thatis F € B(H7, }3) is a bilinear map F : 7 x H3 — C such
that

[F (1, 82)] < cllea]lliea]

for some ¢ < co. Given F € B(M], M3), let F : Hq x /5 — C denote the map
F(¢1,¢2) = F(RT'91,R31 ), (9.2)

with R; the corresponding Riesz maps. The map F is a conjugate bilinear map, i.e., F(¢; +

ady, ¢2) = F(p1, o) + a*F (¢}, ¢p) and similarly for the second factor.
Given ¢, ¢, € H, the tensor product ¢, ® ¢, is a bounded bilinear map

11 ® Po (81, )| = [L1 (@Dl (P2)| < [P llllPl€4 [ll[€]] -

Thus the algebraic tensor product H,®4, C B(Jl1, H,). If F = ¢1 ® ¢, let p;®¢, = F
with F as in (9.2)). Then

P1®P2 (Y1, o) = (Pal1); (P2l92),

Proposition 9.1. There is a unique inner product on H,®H, such that

(1 ® PalP1 ® P2)19, = (P1lp1); (P2l2), - (9.3)

Proof. Let
K
() () k k
a-zw 0 and p= ) g oo

k=1

be arbitrary elements of ,Hfl ®4H,. We would like to take

] K )
(alp) = ;Z( 9 0) (9]0 - (9.4)

Unfortunately, it is unclear that this is well defined, since the representation of the ele-
ments a, f € H,{®H, as a linear combination is not unique. However, note that we can

!From now on, all Hilbert spaces will be separable unless otherwise mentioned
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rewrite the right hand side of (9.4)) as Z 1 ﬁ(¢(]) (])) or as (Zk 1 &g, o) ) . These
identites can be used to show: 1) for (1/1(] ) 1,0(] o | fixed the right hand side of (9.4)) does

not depend on the representation of § and is hnear in B, 2) (([J(k ) (p(k ) )K_| fixed the right
hand side of (9.4) does not depend on the representation of a and is conjugate linear in «.
It follows, by telescoping differences, that the right hand side of (9.4) does not depend on
the representation of either « or § and is conjugate linear in a and linear in B.

To complete the proof we must show that (ala) > 0 and that it equals zero if and only
if & = 0. For this purpose we will use the following

Proposition 9.2. Let « € H{®H,. Then there are orthonormal families (c,b(] )y

((,bék))k:1 in H, such that

_q in My and

] K ,
=> > Cj,kqb;]) ® 3

j=1k=1
and (a|a) = Z]./k |c]-,k|2.
Exercise 9.1. Prove prop. (Hint: use Gram-Schmidt.)

From the above, we see directly that (a|x) > 0. Furthermore if equality is attained then
Cik = 0 for all j, k, whence a = 0.
U]

Definition 9.3. Let #;, H, be Hilbert spaces. The (Hilbert space) tensor product H, ® H,
is the completion of H;®#, in the inner product defined in Prop.

Lemma 9.4. The space B(H7, H3) of bounded bilinear maps from i x H5 — C is a Banach space
under the norm
IFlp = sup  |F(ty, ).
”21”)( =1,j=12
For o € H,®@H, we have
1
lallp < (ala))2 .

Exercise 9.2. Prove that |-/ is a norm and that any Cauchy sequence in this norm converges
to a bounded bilinear map.

Proof. It remains to show the inequality for the norms. By Prop. 9.2 we have

J,K
PITUCIIACSE

i k=1

la(lq, )] =

with |a|la = Z]. = |c]-’k|2 and (47? ) )j (c,bék))  orthonormal. Thus, by Cauchy-Schwarz,

LK 5/ | X
(g, b)] < (Z |cj,k|2) (Z|el<¢§”>|) (Z\e (¢$) |) (aelr))2 [l 1Ea ]
j=1

jk=1
by Bessel’s inequality.
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Theorem 9.5. There is a continuous, one-to-one embedding of H, ® ., into B (M7, H5). Further-
more, if ((f)ij) )]].:1 and (gbék)){f:l are orthonormal bases for H1 and H,, with ], K € N U {co}, then

(¢§f) ® ¢ )}';;(:1 is an orthonormal basis for H, ® M.

Proof. Let (#;);2; be a Cauchy sequence in /{;®}{,. By Lemma 9.4, we have that (;)72, is

also Cauchy in B(H7, H5). Since the latter space is a Banach space, the sequence has a limit
in the space and we may identify this point with the corresponding point in /; ® #{,. The
bound of Lemma 9.4/ shows that this identification is continuous.

Clearly (<p§] ' ® (,bék) )j k is an orthonormal sequence. So it suffices to show closure of its
span is H1 ® H,. For this purpose, it suffices to show that any simple tensor product ¢ ®
is a limit of finite linear combinations of basis vectors. But we have

N
. )
poy = lim 3 ppy @9y,

k=1

with a; = <4>§j) |<,b> and By = <cp§k) |l/J>, as one may easily show.
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Lecture 10

Composite systems in quantum
mechanics

10.1 Tensor product of observables

Let /{ be a Hilbert space and let A € B (H) be a bounded operator. The transpose of A is
the map on the dual X" defined by (AT0)(¢) = P,(Azp) Note that

(RATljp) = (RUAp) = (ATRU|p) .
Thus AT = R71A'R, where R : /" — H is the Riesz map. Note that

|AT|| = sup |ATY| = sup [(ATO(P)| = sup [L(AP)| = sup |Ag| = |A].
[e=1 le=l¢l=1 l4=l¢gl=1 lpl=1

Consider two Hilbert spaces #; and #,. Let A; and A, be bounded operators on #;
and #{,, respectively. If F : H] x }H; — C is a bounded bilinear form, we define

((Al ®A2) : F) (ﬂlrez) = F(A{Ql,Aggz) .
Note that

(A1 ® Ap) - F| = o Sluﬁ; ” 1|F(A1T91,A§(32)| < IFlA1NIA] ,
11=1, lIX20=

so (A1 ® A,) - F is again a bounded bilinear form. If gb]- e H]-, j = 1,2, then one has

(A1 ® Ay) - (91 ® ) = (A1¢1) ® (Axy) m (10.1)

It follows that A; ® A, : H,®H, —» H,®H,, and therefore since it is bounded, that A; ®
A, € B(H;®H,). Note that the bounded operator on H; ® H, satisfying is unique,
since already specifies the values of the operator on an orthonormal basis of product
vectors. We have obtained

IThe terminology “transpose” is not standard. A more proper term would be “Banach space adjoint.”
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Proposition 10.1. Let A; € B(H;), j = 1,2. Then there is a unique operator Ay ® A, €
B(Hy ® Hy) such that (10.1]) holds for all p; € H;,j = 1,2.

Definition 10.2. Let 2(; C 93(%]-) be an algebra on the Hilbert space /;, j = 1,2. The tensor
product 2; ® 2, is the algebra in B(}{; ® J{,) obtained by completing {A; ® A, : A; €
2, j = 1,2} in the strong operator topology.

Theorem 10.3. Let H]-, j = 1,2 be Hilbert spaces. We have

2. Ifﬂj ={Ae B(H]-) A= A*},j = 1,2, then Ay ® 2, is the set of self-adjoint elements of
B(H; @ Hy)

Remark 10.4. There are multiple definitions of tensor products in infinite dimensions. The
one we take here, with the strong operator topology, is the von Neumann tensor product and
is the one most relevant to quantum mechanics. If instead we complete B3 () ® B (H>)
in the operator norm, we obtain the minimal tensor product B (H1) ®pin B (H,), which is
strictly smaller than B (H ® #,) if both H and #, are infinite dimensional. As the name
suggests, there is also a maximal tensor product, which is somewhat trickier to define.

10.2 Multiple tensor products

Given J{;,j = 1,...,n, one might consider the tensor product of the spaces by grouping the
Hilbert spaces in pairs in various ways, for example (H; ® H,) ® H; or H; ® (H, @ H3).
However, an alternative is to follow the above argument and define the tensor product

My ® - ® M, as a space of multilinear maps on M} x -+ x }{,,. Namely, given ¢; € }; we
define ¢; ® -+ ® ¢,, to be the multilinear map

$1® @ Pl .., ) = [
j=1

As above, we can define an inner product and complete the space of finite linear combina-
tions of such maps to obtain #; ® -+ ® #,,.

Exercise 10.1. Check that there are natural isomorphisms
1. (Hi@Hy) @ Hy = Hi @ (Hy, @ Hy) = Hi @ Hy ® Hs, and
2. (H1 @ H, NDoH, =H, & H,.
Conclude that the tensor product does not depend on the order it is built up.
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10.3 Composite systems in quantum mechanics

Now consider a composite quantum system with two parts j = 1,2, with corresponding
algebras of observables 2; C B(J{;) consisting of all self-adjoint operators on J{;. We
will assume henceforth that dim J{; < co. It is a postulate of quantum mechanics that the
algebra of observables for the composite system is 2; ® 2(,, which in this case consists of
all self-adjoint operators on 4{; ® H,.

States on the compostie system are density matrices on H; ® H,. The pure states are
rank-1 matrices |¥) (Y| with ¥ € H; ® H, and ||¥]] = 1. It is important to note, that

in contrast to classical mechanics, the pure states need not be product states. Let (¢; )]].:1

and (,)X_, be orthonormal bases for /{; and J,, respectively. Then (¢; ® tpk)]].',le is an
orthonormal basis for H; ® H, and we can expand

]IK

¥) = Z ”‘j,k|¢j®¢k> ,

jk=1

where a;; = <l/J]~ ® ¢k|‘1’>. Each «; ; is a complex number and there are JK such numbers
)Y
eI
of ¥ by a scalar. Thus the set of states is a [K — 1 dimensional complex manifold. On the
other hand, a product state corresponds to a vector of the form

¥ = (i“f\%?) ® (gbj‘¢f>> :

need to specify a vector. However, the projection is invariant under multiplication

j=1

Since the corresponding projection is invariant under scalar multiplication of either vector,
the corresponding manifold of product states has complex dimension | + K — 2. Since
J,K = 2, we always have [K —1 > | + K — 2. proone complex number is eliminated
by the normalization of ¥ and the invariance of the state |[¥) (Y| under s ¥ by a complex
Entanglement. Entropy.
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Lecture 11

Measurements, entanglement, the EPR
argument and Bell’s inequality

Reading: §2.2 of Nielsen and Chuang

11.1 Measurement

In the Schrédinger picture, an isolated quantum system evolves via the unitary evolution
p; = e tHpqeitH where H is the Hamiltonian. By itself, however, this evolution does not
describe the outcome of experiments. For this one needs an additional idea.

A fundamental observation is that the results of measurement of quantum systems are
random. The outcome of a particular experiment cannot be accurately predicted, but the
distribution of outcomes from many identical experiments can be. There are difficulty the-
oretical/physical issues at setting the boundary between the “quantum world” of a quan-
tum system and the “classical world” of experimental apparati. However, there is a simple
formulation of the idea of quantum measurement that is robust enough to be descriptive
without needing to fully resolve these issues.

Definition 11.1. A quantum measurement ensemble (QME) is collection of operators (M) ,cs
in B(H) indexed by a € S, the set of measurement outcomes, such that > cs MM, =1

We say a measurment of a quantum system is described by a QME (M,,) .5 if, when the
system is in state p

1. outcome 4 is observed with probability p, = tr M,oM}, and

2. if outcome is observed the state of the system after measurement is given by
1
P_aM’ZpM;

Note that the completeness equation Y, _. MM, = I guarantees that the sum of probabilities

Zapﬂ = 1'

The most important class of measurements (and the original class to be considered)
are the projective measurements:

aes
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Definition 11.2. A projective measurement ensemble (PME) is a QME (M,) ,c5 for which M,
is an orthogonal projection for every a.

Assuming that M is finite dimensional, then every observable A € 2 gives rise to a
PME (P,),cs () Via the spectral representation

A = Z aP,,

aco(A)
where 0 (A) = the set of eigenvalues of A and P, = the projection onto the subspace of
eigenvectors of eigenvalue a. A measurement of A is a measurement described by the PME

(P a )aea(A) :
On readily checks that the probabilistic expectation of 2 in the measurement of an ob-

servable A agrees with the quantum expectation that we have been using:

Zapa = ZatrPa,oP,Z = tr [Zapap] = trAp.

a

Similarly, the variance of a is given by the square of the qunatum uncertainty:

2
Zazpa - (ZuPa> = trA2p — (trAp)* .

For a system in the pure state p = i) (¢| we can think of the state as being indexed by
the unit vector ¢ € H. Since M, |¢) (| M,, is also rank one for any M, € B (M), we see that
a system that is in a pure statement before a measurement remains in a pure state after the
measurement. In terms of the unit vector P, we have

1. the probability of outcome a is (y| MM, ), and

2. if the outcome is a, then the state after measurement is the pure state associated to

the vector %Malp.

The change of ¢ after a measurement is sometimes called, somewhat melodramatically,
“wave function collapse.”

However, recall that the overall phase of i does not matter —  and e’y generate
the same state. Similarly, there is a gauge invariance to QME’s: (M,),cs and (e/%M,),cg
describe the same measurement process.

11.2 Measurements of a qubit

Suppose we have one qubit, with Hilbert space H = C. Let the vectors |0) and |1) corre-
spond to the matrices ( (1)) and ((1) ), respectively. Recall the Pauli matrices (4.1]); we intro-
duce a new notation here to accomodate indexing by quibit number below:

X=a=(), Y=a=0F), md Z=a=(2%).

Suppose the system is in the pure state corresponding to the vector |0). Consider the
measurement of each Pauli matrix:
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1. If we measure Z, then we obtain the result 4 = 1 with probability 1 and the state
remains unchanged after measurement.

2. If we measure X, then we obtain the results +1, each with probability 1/2, and the
state after measurement is Lz 10y +11)).

5

3. If we measure Y, then we obtain the results +1, each with probability 1/2, and the
state after measurement is % 10y +£1|1)).

Note that measurements of X and Y have the same distribution of outcomes, but the re-
sulting states after measurement are different.

The ovservable v- o, with o = (X, Y, Z) and |v| = 1 corresponds to the spin in direction
v. It has eigenvalues +1, which can be seen by computing (v-c)? = I. Recall that a general
state of a qubit can be written as p,, = %[I + w - o] with |[w| < 1. What happens if we
measure the spin in direction v - ¢ in the state p,,? We can easily solve this problem by
noting that the probabilities are rotation invariant. Thus we may choose a rotation O with
Ov = e3 and compute the probabilities for measuring Z in the state p,,, with w’ = Ow.
Thus we obtain Prob[v -0 = +1] = %(1 +wj;) = %(1 +0-w).

[I + w - o] we obtain the result

Proposition 11.3. In a measurement of v - o in the state p,, = %

+1 with probability
Prob[v -0 = +1] = %(1iv-w),

and after the measurement the quibit is in the state o, = %[I +v-0].

11.3 Measurements in composite systems

Let us now consider measurement in a composite system. Suppose that we have two

qubits, with Hilbert spaces }{; and J, (both equal to C?). We will label operators on
the composite system by the index j = 1,2 to indicate that they act on the first or second
qubit. For instance

Z, =72®1, Z, =1®Z,

and similarly for other Pauli matrices. We will also use the abreviated notation
oo’y =loy® o'y o,0" €{0,1}.

Suppose that by some means our composite system is placed in the pure state corre-
sponding to

1
'¥) = — (101) —110)) , (11.1)
V2
and that we measure the operator Z;. One readily computes that the result is +1 with
probability 1/2. If we measure 1, the state after measurement is |00), while if we measure

—1, the state after measurement is |11). We obtain the same results for measurement of Z,.
Suppose now that we make two measurements in succession: first Z; with results; = +
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and then Z, with result s, = +1. This is where things start to get interesting, because the
results are correlated: with absolute certainty, we have s, = —s;.

Let us now consider measuring the spin in a different direction. Consider the operators
v-0; = 01X; + 0Y; + v3Z; with [o] = 1and j = 1,2. The +1 spectral projections for this
operator are P, ; .1 = % [I +v- 0’-]. We can compute the reduced density matrix for each

]
qubit; they are
p1 = tp [¥) (Y] = %trz (101) <01} + 10} (101 — 101) (101 — [10) <01]) = %I

and similarly p, = tr; [¥) (Y| = %I , by a similar calculation. We see that if we measure any
operator of the form v - o with [v] = 1, we obtain 41 as outcomes with equal probability.
Again, if we measure v - 0y with result s; and then v - 0, with result s,, then with absolute
certainty s, = —s;

So we have the following strange situation. Suppose that Chatrlie, at his laboratory in
Chicago, entangles two quibits, A and B, placing them in the state ¥ in (11.1)). Charlie
then sends one quibt to Alice in Albuquerque and one to Bob in Bogota. Alice measures
the spin of qubit A along the axis v. According to the quantum measurement theory we
have proposed, the state of quibit B, in Bogota, is immediately changed so that it is perfectly
anti-aligned with the resulting spin from Alice’s experiment.

Einstein, Podolsky, and Rosen argued that the notion that a measurement in one
place may instantaneously change the state of a particle far away cannot be a correct de-
scription of reality. Based on this they argue that the wave function “does not provide a
complete description of physical reality.” Einstein remained uncomfortable with this phe-
nomenon, which he termed “spooky action at a distance” in a 1947 letter to Max Born,
throuhgout his life.

With regard to the specific measurements described above, there is no need for “spooky
action at a distance.” Suppose that the actual outcome of the experiments of measuring
the spins v - oj, j = 1,2, were determined initially when Charlie prepared the state |¥).
These describing the outcome are described by some auxiliary “hidden” variables that are
not part of the wave function. ALl that is required is that we have a statistical ensemble in
which s, = —s; with probability one. There are many such statistical ensembles.

11.4 Bell’s inequality

Bell 1964 realized that one could understand this thought experiment more deeply by al-
lowing Alice and Bob to measure the spin along different axes. Suppose we first measure

v - 0, for quibit one, obtaining the results s; = +1 each with probability % After measure-
ment, the system is in the pure state with vector

%1 (101) = 110) + 5101 (111) — 100)) + 170 (111) + 100)) + 5123(/01) +[10)))

((1 + 5103) |01> — (1 — 5103) |10> + 51 (Ul + i'()z) |11> + 51(7)1 — Z"Uz) |00>) .

NI~ N|—
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Let us then measure Z, for the second quibit, obtaining the results s, = +1 with probalities:

Prob(s, =1) = 3 ((1-503)% + 0 +03) = 3 (1—5103)
and Prob(s, = —-1) = %(1 +5173) .
Using the rotation invariance, we find the following general formula
Prob (Uz 0y =5y ’ 0101 = Sl) = % (1 — 51520 Uz) . (112)

Now consider an experiment. Suppose that Charlie sends Alice and Bob many different
copies of the entangled qubits. When Alice receives the j qubit, she decides, at random,
to measure Q = Z; or R = Xj, records the result, and notes which measurement she

took. When Bob receives the jth quibit, he decides, at random, to measure S = L\/:XZ or
2
T = ZZ;\/_&, records the result, and notes the measurement taken as Mé] ) = Sor T. When
2

they are done, they get on Zoom and compare their results.

Let us suppose that, as Einstein, Podolsky, and Rosen proposed, there is at the time
Charlie produces the entangled pair a joint probability distribution describing the outcome
of experiments p(q,7,s,t), for q,7,s,t € {—1, 1}, such that if for the jth qubit Alice measures
Q and Bob measures S, then

Prob[Q =gand S =5s] = Z p(q,1,s,t),

rt=+1

and similarly for other combinations of measurements. Bell derived an inequality for
the outcome of such experiments, assuming the existence of such a probability function.
Bell’s inequality was later reformulated by Clauser et al. in a form we now present.
Note that QS+ RS+ RT — QT = (Q+R)S+ (R—Q)T. Since Q,R,S, T = +1, we have either
Q+R=00rQ—-R=0,and thus (Q+ R)S + (R — Q)T = +2. If we average the possible
outcomes we obtain

E(QS) + E(RS) + E(RT) — E(QT) = E(QS+RS+RT -QT) < 2. (11.3)

This is the CHSH inequality, derived in Clauser et al. sometimes also called Bell’s
inequality (although, Bell derived a somewhat different, more complicated, result).

Let us return to our thought experiment. Suppose Alice and Bob compare notes after
measuring many correlated quibits and compute E(QS) + E(RS) + E(RT) — E(QT). This
is easy to do — they just have to divide their data into four groups corresponding to each
type of measurement and average the product of their outcomes for each. If they measure
many N quibits, then they should have roughly % measurements of each type by the law of
large numbers. And if quantum mechanics is correct, then each empirical average should
be close to the theoretical average (again, by the law of large numbers).

So what does quantum mechanics say about the theoretical average? Let us start with

E(QS). SinceQ = Z; and S = —ZZJLEXZ, we can use eq. (11.2)) to compute

s = 1[(1+)-(0-5)- (- 1)+ ()] -
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By a similar calculuation, we obtain

1 1 1
E(QT) = ——, ERS) = —, and E(RT) = —.
V2 V2 V2

Thus
E(QS) + E(RS) + E(RT) — E(QT) = 242 > 2, (11.4)

in violation of the CHSH inequality (11.3)).

What has happened!? As in any proof by contradiction, we have shown that something
we assumed to be true is, in fact, false. In this case, the questionable assumption was
the existence of a probability distribution p(g,7,s,t) describing the joint probabilities of
possible outcomes. Provided that is observed to be true in nature, we conclude
that such a description of the system does not exist at the time when Alice and Bob preform their
measurements. So the underlying variables that Einstein, Podolsky, and Rosen hoped would
preclude the “spooky action at a distance” do not exist!

To date numerous experiments have shown that nature does indeed violate the CHSH
inequality and other Bell type inequalities. Most of these measurements have used entan-
glement of the polarization in pairs of photons, which is a bit different from but concep-
tually similar to the thought experiment considered here. The earliest demonstration was
by Freedman and Clauser Entanglement and violation of Bell’s inequality have even
been demonstrated in pairs of photons emitted 7.8 billion years ago by a distant quasar by
Rauch et al.
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Lecture 12

Postulates of quantum mechanics and
properties of density matrices

Reading: §1.2 in Nielsen and Chuang

12.1 Postulates of Quantum Mechanics

Dirac, in his 1930 book [T'he Principles of Quantum Mechanics|, formulated various postulates
for the description of quantum mechanics

1. Associated to any isolated quantum system is a Hilbert space H. The states of an
isolated quantum system are described by unit vectors |¢) in the Hilbert space /.

2. Every observable quantity of the system is described by a self-adjoint operator on the
Hilbert space 4.

3. The result of measuring an observable A must be one of the eigenvalues of A.

4. If the system is in state |), the probability of observing the eigenvalue a in a mea-
surement of the observable A is (| P, |), where P,, is the corresponding orthogonal
projection onto the subspace of eigenvectors of eigenvalue a.

5. The time evolution of the system is described by unitary maps U(t,s), such that if
the system is in state |¢(s) ) and time s then it is in state [(t)) = U(t,s) |(s)) at time
t.

Von Neumann developed the spectral theory of self-adjoint operators in his paper,
and 1932 book Mathematische Grundlagen der Quantenmechanik) for the purpose of extending
these postulates to operators without discrete spectrum.

These postulates, as stated, do not address composite systems, mixed states, or gener-
alized measurements. The following are updated postulates of Quantum Mechanics, a la

Nielsen and Chuang 2010

Postulate 1: Associated to an isolated quantum system is a complex Hilbert
space H. A state of the system is fully described by a density matrix, which is a
positive operator p on J{ of trace one.
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Postulate 2: The evolution of an isolated quantum system is described by uni-
tary maps U(t,s) such that if the system is in state p at time s, then it is in state
Ut,s)pU(s, )t at time ¢.

Postulate 3: A measurement of the system is described by a quantum mea-
surement ensemble, consisting of a finite list of bounded operators (M,),cs on
M satisfying the completeness relation ) ¢ M]M,. If the system is in state p
immediately before the measurement, then the outcome a € S is observed with
probability p, = tr M{M,p and the state of the system after the measurement

is pl—aMapM;r.

Postulate 4: The Hilbert space for a composite system consisting of n dis-
tinct parts, each with with Hilbert space M., j =1,...,n,is the tensor product
Hi ® - ® H,. If each subsystem is isolated and in state pi,j=1,...,m, then the
state of the composite system is p; ® --- ® p,,.

Nielsen and Chuang formulate these postulates in a finite dimensional context. In in-
tinite dimensions, one should add the requirement that t — U(t,s) is strongly continuous
for each s to postulate 2. The unitary maps U (¢, s) necessarily satisfy the composition rule:
Ut,s)U(s,r) = U(t,r). If U(t,s) = V(t —s) for some one-parameter family of unitaries
(V(t))ter, then we say the system is time translation invariant. By the composition rule
V(t)V(s) = V(t +5s),s0 V is a one-parameter group. It follows from Stone’s Theorem
that V(t) = e *H for some self-adjoint operator, called the Hamiltonian.

12.2 Interpreting mixed states

There are two ways in which
1. State for part of a composite system.
2. Ensembles of pure states.
Definition 12.1. Ensemble of pure sates (p;, [¢;)) ;.

Average result of measurements.
Non-uniqueness in terms of ensemble.

Theorem 12.2. Two ensembles

12.3 Schmidt decomposition of pure states

12.4 Purification of mixed states
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Lecture 13

Open Quantum Systems

Reading: Ch. 8 of Nielsen and Chuang

Everything we have discussed so far pertains to isolated, or closed, quantum systems,
with the exception of measurements. Real systems are never perfectly isolated from their
environment, so this notion is at best an idealization approximately valid over some time
scale.

To develop the ideas here, think of a classical simple pendulum. Let us begin with an
idealized, theoretical pendulum of mass m hanging from a rigid massless rod of length L.
This system has equation of motion

2

Ld?9+gsin(9) =0

where 0 is the angle from verticle and g is the gravitational acceleration. This system has a

Hamiltonian H(p, 0) = % + g(1 — cos(8)) where p is the conjugate momentum to 6. If we
imagine starting the pendulum at rest p = 0 at angle 6, > 0. The pendulum will oscillate,
tirst falling to & = 0, then rising to 6 = —6,, and then repeating the motion in reverse. The
period is given by the elliptic integral

L o 1
T=4,’—j ’ a6, ,
2870 \Jcos @ — cos b,

which for small amplitude 6y << 1 gives the classical expression

L
T = 27T\Ij.
8

Because energy is conserved a theroetical pendulum witll oscillate, periodically over the
same trajectory for ever.

Now consider a real pendulum. We would be very surprised if we set it oscillating and
came back a year later to find it still moving, with the same amplitude. The real pendulum
is subject to friction which damps it oscillations, coming from its interaction with the en-
vironment, e.g., friction at the pivot point of the string, air resistance on the ball. Similarly,
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if we place our real pendulum at rest, we might find it oscillating slightly at a later time,
perhaps due to a seismological tremor or a gust of air.

The pendulum is a key example to keep in mind when we talk about “open systems.”
An open system is any system subject to friction and noise due to its interactions with its
surroundings. For the pendulum, one might model friction and noise by supposing it to
be subject to a Langevin equation

%P(t) = —gsin(f) —vp +7(t) and L%H(t) = p(t), (13.1)

with v > 0 a friction coefficient and 7(t) a noise term representing random forces. If one
considers small amplitude fluctuations, with sin(8) = 6, this equation reduces to the fol-
lowing Langevin equation for a damped, noisy harmonic oscillator:

d d
Ep(t) = —g0(t) —vp(t) + n(t) and L%Q(t) = p(t). (13.2)

Let us think about the consequences of (13.2)) for a mixed state of the oscillator. Let
p:(p, 0) be a non-negative function on phase space representing the probability density of
finding the oscillator with that phase at time ¢. Because of the noise term in the Langevin
equation there are two things we might mean by this:

1. We might ask for the probability p;(p, 01{1(s)}scr) conditioned on the noise. This is
the sample specific or quenched density. It describes the motion of a single oscillator
subject to a particular realization of environmental noise.

2. We might ask for the probability p;(p, 0) to find the oscillator at phase (p, #) at time
t, averaged over realizations of the noise. This is the averaged or annealed density.

A typical noise model is to assume that #(t) is white noise, meaning that 7(t) is a Gaus-
sian process satisfying

E (nt)n(s)) = Dt —s) .

Such a Gaussian process exists as a distribution valued process 7(t) = \/519’(1‘), where
b(t) is the Wiener process. The Wiener process is actually no-where differentiable, and
technically the resulting distribution # is not a function with a defined value at points.
However, one can interpret ((13.2)) as a stochastic differential equation

dp(t) = —(g0(t) + vp(t))dt + VDdb(t) and Ld6(t) = p(t)dt . (13.3)

The resulting equation for the averaged density is the Focker-Planck equation

9Py _ & py P 9p; d
g(l% 0) = Da—pZ(Pl 0) — ZH_Q(P' 0) + a_p (g0 +vp)ps(p, 0)) . (13.4)
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13.1 Markov processes

To obtain a somewhat simplified view point, let us discreteize both space and time. Imag-
ine a classical system with only finitely many possible states X = {x, ..., x,,} and consider
the system at times t = 0,1, .... We may suppose that the closed system is static — if the
system is in state x; at time 0 then the system stays in that state forever. More generally, the
motion might be periodic: there might be a permutation ¢ : X — X such that if the system
is in state x; at time ¢ then at time t + 1 is is found in state o (x;).

\J
A B

Figure 13.1: A double-well potential with coarse-grained states A and B.

Such a system may come about by coarse graining a classical system. For example con-
sider a particle in the double well in Figure If we only care about whether the particle
is in the left (A) or right (B) well, then we can replace the state space {A, B} If the energy
is below the internal maximum, then the particle will stay in its given well for all time.
Suppose however, that our double well is in a seismic zone and occasionally the potential
well shakes such that the particle transitions from one well to the other. Then a trajectory
of the system will be a sequence w; € {A, B} of random points describing which well the
particle is in at times 0, 1,2, ....

A natural assumption to make is that the random process is a Markov process, which is
to say that the probability distribution of w; given the trajectory up to time j — 1 depends

only on w;_;. In symbols,

Prob(w]- = A|(w1,...,w]~_1)) = Prob(wj = A|w]~_1) .

In this case there is a transition matrix

T =

(PI'Ob(ZU] = A|w]'_1 = A) PrOb(w] = A|wj—1 = B)
] ’

Prob(w]- = B|w]’_1 = A) PrOb(w] = Ble—l = B)

so that
_ Prob(w]-_l =A)

Prob(w; = A)
( j ) _ ].<Prob(wj_1 =B)) _ (13.5)

Prob(wj = B)
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Eq. (13.5)) is the analogue of the Fokker-Planck eq. (13.4)) for such discrete Markov pro-
cesses.

More generally, given a finite state space X = {xq,...,x,}, an initial point wy € X, and
a sequence T¢,T», ... of n x n transition matrices, satisfying

1. (jiT,, k) =0,and
2 Y, I Tl =1,

there is a Markov process given by a random sequence of points wq, w,, ... such that

Pm = TuPm- (13.6)

where p,,, = (Prob(w,,, = x1),...,Prob(w,,, = x, N7

13.2 Operator-Sum Representation of an Open Quantum
System

Consider now a quantum system S with finite dimensional Hilbert space Hg. Suppose the
system is interacting with an environment R, with Hilbert space # R We will suppose
that the Hilbert space Hy, is also finite dimensional.

We will also suppose that the initial state of the compositie system is a product state
P ® pgr. This assumption is natural, because we imagine that S is a system that we can
isolate and manipulate. If so, when we prepare the system in some state it is initially not
entangled with the environment. At a later time, the compound system is in state

U ® pr)UT

where U = e~/ with H the Hamiltonian for the compound system (or perhaps the propa-
gator for a time dependent dynamics). In general the Hamiltonian contains terms coupling
the two systems and the state at time ¢ is not a product state. The state of the system at

time ¢ is obtained by taking the partial trace
p' = trg [U(p ® pp)UT] . (13.7)

Note that (13.7)) can be expressed as p’ = £(p), where € : A — 27 is the map on the left
hand side. The map & is the analogue in the context of quantum mechanics of the Markov
transition matrices discussed above.

Eq. (13.7)) is completely general. It applys to any open system that starts in a product
state with its environment. However, it is not very useful. We would prefer to have an
intrinsic representation of the transition operator. This can be accomplished as follows.
Let |1;R), ... IN;R) be an orthonormal basis for the environment space Hy consisting of
eigenvectors of pg. Thus

N
pr = ) MR (KR -
k=1

IThe symbol R for the environment stands for “Reservoir.” This comes from thermodynamics, where
often the environment plays the role of a heat reservoir bringing the system into thermal equilibrium.
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Inserting this into eq. (13.7]), we have

Ep) = ) Aptrg [Up ® [k;R) (kR UT] .
k

Forn,k € {1, ..., N} define the operator E(n, k) = \/A_km;RI U |k;R) on Hg by

(W E(m, k) |p) = VA (¥ ® (m;RIU ) ® [k;R) .

Then we have the following operator sum representation for &:

N
E(p) = E(n,k)pE(n, k)" . (13.8)
n,k=1

The advantage of ([13.8) is that the Hilbert space of the environment is completely absent
— the operators E(n, k) act only on Hs.
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Lecture 14

Open Quantum Systems II

Reading: Nielsen and Chuang 2010, Ch. 8.

14.1 Interpreting the operator sum representation

We have seen that the dynamics of an open system, over an discrete interval of time, can
be given the operator sum representation

Ep) = Y E(k)pE(R)T, (14.1)
k=1

where E (k) are operators on the system Hilbert space #g satisfying the completeness re-
lation

Y E('E(k) = 1. (14.2)
k=1

The completeness relation guarantees that the map & is trace preserving.
A useful generalization of the above is to consider € of the form (14.1)) but with

Y E('Ek) < I. (14.3)
k=1

We will call such a map a quantum operation. The trace of the density matrix goes down
under a quantum operation:

tré(p) = Y trEkpE® = Y rER)Ekp < trp.
k=1 k=1

This allows us to interpret tr £(p) as the probability that the operation occurs.

For example, consider a scattering experiment in which our system is a single quantum
particle interacting with a target. Perhaps we are using the particle to observe properties
of the target. Figure shows the incoming particle approaching from the left. We have
a detector that can capture the particle if it is scattered to the right into the detector. If it is
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Figure 14.1: Scattering outcomes: capture by the detector or escape.

scattered upward, it misses the detector and is lost. It is natural to associate to this system
a quantum operation

E(p) = trg Pplp ® prU'Pp
where U is the dynamics and Pp, is a projector indicating that the particle is in the projector
after the experiment. The trace tr £(p) gives the parobability that the particle is captured
by the detector.

There is an elegant interpretation of what happens in a quantum operation. Suppose
that the environment is in the pure state |e;) and let |e1), ..., |e,) be an orthonormal basis
for the environment Hilbert space. There is actually no loss in assuming the environment
to be in a pure state, since we can always imagine it to be part of a larger Hilbert space on
which the state is pure, as shown above. An operator sum representation for the dynamics
can be given by

Ep) = tgUp @ ley) (er|UT = ) (el Uler) pea| Utle) = ) ExpEf
k=1 k=1

with E; = (e;| U |eq ). We can think of this sum as follows

Ep) = ) pkpx (14.4)
k=1

where
ptk) = trExpEf = tr{eg| Uler)p (e U ex)
is the probability of finding the environment in state |e; ) and
ExoE}
Pk = —35 -
p k)

Thus the action of the (trace preserving) quantum operator & is equivalent to picking
k € {1, ...,n} at random with distribution p(k) and replacing the state p by ExEi/p(k). This
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interpretation is reminiscent of the evolution of Markov chains, such as have been used in
classical information theory to model the transmission of information on noisy channels.
For this reason trace preserving quantum operations are revered to as quantum channels. In
fact, given an operator sum representation of a quantum channel we can define a Markov
chain on density matrices with transition map

Prob(p — ExEl/wEEL) = trExpEl .

We will return to these chains letter when we discuss trajectories for repeated measure-
ments

Finally, note that is the same as the process we obtain if we measure the envi-
ronment in the projective measurement ensemble (|ej> <e]-|);?=1. In some sense, the system
is observing the environment. Similarly, this is the process we obtain by a generalized
measurement of the system in the ensemble (Ey);_;.

14.2 Completely Positive Maps

Let us now take a different approach to the dynamics of an open quantum system. Suppose
that we have a given system with Hilbert space /{5 and a transition map & such that if the
system has state p at time 0 then at time ¢ it is found with state £(p).

We may wish to allow our map & to take operators on one Hilbert space to operators on
another Hilbert space. For instance, in the scattering experiment sketched above perhaps
our particle is absorbed by the detector and some property of the particle (perhaps its
spin) becomes encoded in the quantum state of some part of the detector. Then we wish to
consider an operation taking density matrices on 4{5 (the particle Hilbert space) to density
matrices on }p (the Hilbert space of the spin in our detector). These Hilbert spaces may
even have different dimension.

Let H; and Hp denote a pair of Hilbert spaces and let 2); denote the density matrices
on H;. We want to consider a map € : ; - B (Hr) defining a quantum operation. What
sort of properties should we assume about £?

1. We should have tr £(p) < 1 for any p € D).
2. We expect that € is convex linear: E(tpy + (1 —t)pg) = tE(p1) + (1 — H)E(pg)-

The first property is very natural since, as we have seen, it allows us consider processes
that include loss (like the scattering experiment sketched above). The requirement that
tr £(p) < 1 stems from the interpretation of this trace as the probability that the operation
& occured.

The second property is physical. If we select a state p; at random from an ensemble
{p;, p;}1_; of states, then the average behavior should be described by the action of £ on the
density matrix p = ). p;0;. This is convex linearity.

We extend the action of £ to any positive operator Q by defining £(Q) = tr Q€(Q/tr Q).
This is consistent with (1) and (2). We can further extend & to act on any observable A
by £(A) = E(AL) — E(AL), with A, the positive parts of A. Because of (2), this extended
map is linear. -
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There is one additional property needed. Namely, ¢(0)/tr £(p) should be a density matrix
for any density matrix p. For this, we must have £(p) a positive operator. However, quan-
tum mechanics is more subtle than this. For our system, perhaps unknown to us, might
be entangled with some other system, with Hilbert space Ho (O for “other”). The true
state of the composite system (I, O) might be a density matrix Q that cannot be written as
a product. If the operation & applies to the system, this results in the map € ® J applied
to Q. Here the map € ® J is defined by

EQJA®B) = E(A)®B

for tensor products of operators. Since any operator on H; ® 4 is a linear combination of
product operators, we can extend £ ® J to all operators (in particular density matrices) on
H; ® H o by linearity. Note that we need linearity and non-positive operators here. It is not
possible to write an arbitrary density matrix on H; ® H 5 as a convex combination of product
states. The resulting extension had better map positive operators to positive operators, else
we run into a problem interpreting £ ® J(Q)/tr & ® J(Q) as a density matrix.

3. We expect € to be a completely positive map. That is if H is any other system (of any
dimension) then the map € ® J takes positive operators to positive operators.

Theorem 14.1. Assume that dim H; and dim Hp < co. A map € : B(H;) — B(Hp) satisfies
(1), (2), and (3) above if and only if

£(p) = Y E;pEf (14.5)
i=1

for some set of operators E; € B.(Hy, Hp) with Y ETE; < I.

Remark. This is sometimes called Kraus’s Theorem. Kraus(1971/proved a more general result,
which includes infinite dimensional Hilbert spaces.

Proof. Suppose that € has the form ([14.5). The & is clearly linear, so convex-linear on 1.
Furthermore

tré(p) = ) trEpEf = ) trEfEp < trp = 1
i=1 i=1

for p € 1);. We need to show that € is completely positive. Let Q be a positive operator on
the extended system H; ® Hp. Let [¥) € Hr ® Hp and let |¢;) = Ef @ [5|¥) € H; @ Ho.
Then

(YI(E; @ I0)QEF @ Ip) [¥) = (¢;|Qlp;) = 0,

SO
(FIEQ ) = ) (FIE®I)QE &I)[Y) > .

That is £(Q) is a positive operator, so £ is completely positive.
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Suppose now that € satisfies (1), (2) and (3). We need to construct the operator sum
representation for €. Let R be an auxiliary system with dim Hr = dim H;. Let (|jr) i1

and ([]'I))]’.l:1 be orthonormal bases for / and H;. Define the vector

@) =) lir) ®lir) - (14.6)
j=1

Now let
c=E® Jr(a)(al) .
o is a bounded operator on Hr ® H .
Givenly) = 3. ¢;ljr) in M, let P) = Y.; ¥jlir) in }g and consider the operator (P o |P)
on Hr. We have

etc...
]
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Lecture 15

Non uniqueness of the operator sum
representation and Examples of
Quantum Operations

15.1 Non uniqueness of the operator sum representation
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Lecture 16

Quantum Markov Semigroups

16.1 The true quantum evolution of an open system

Consider a quantum system S, with Hilbert space #{g, interacting with an environment E,
with Hilbert space #{g. The total Hamiltonian Hy (T for “total”) of the system+environ-
ment is assumed to be of the form

Hr = Hs® 1 + 15 ® Hp + gH;
where
1. Hg is the system Hamiltonian,
2. Hg is the environment Hamiltonian, and
3. gHj is the interaction Hamiltonian, with g a coupling constant assumed to be small.

The density matrix p7 for the system+environment satisfies the Schrodinger equation

pr(t) = —i[Hr,prt)] .

Because of the coupling gH;, this equation is typically difficult to solve even if we know
exact solutions to the Schrodinger equations for the system and environment separately.
We now introduce the ineraction picture for the dynamics. Let Hy = Hs ® 1 + 15 ® Hg
and set
pT (1) = eitHOpT(t)e—itHo )

So p(#) is the initial density matrix we would need to take at time 0 for the non-interacting
dynamics to reach the final state p(t) at time ¢. A short calculation shows that

dp(t .
T2 =~ [Hi0,0,00]
where
H,(t) = etHoH e tHo (16.1)
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Eq. (16.1)) is the Schrodinger equation in the interaction picture. Integrating, and noting
that p1(0) = pr(0), we see that it is equivalent to the integral equation

t —~
pr(B) = pr(0) —z'gfo ds [H;(s),p,()] - (16.2)

This equation is the starting point for the development of formal perturbation theory for
interacting systems. It can be iterated to produce a formal series solution

pr(t = pr(t) + Z(—ig)” fz " [Hi(s,), [Hi(5u-1), -+ [Hi(s1), o7 (0) ] -+]] dsq ... ds,, ,
n=1 n

where X(t) = {(sq1,,8,) :0<s; <--<s, <t}. If the interaction Hamiltonian is
bounded, then this series is absolutely convergent and allows one to interpret the total
evolution as a sequence of interactions between the system and the environment. As
beautiful as this formula and its interpretation are, they are not so useful to directly
understand the evolution of the system itself, since they give the dynamics of the
system+environment.

Instead of expanding in a series, we may use (16.2)) in ((16.1]) to obtain

dpo(b)
dt

Eq. (16.3)) is exact, but still intractible. We are interested in the system density matrix, given
(in the ineraction picture) by p s(t) = trg P (D). If we now take the partial trace we are left
with

— t — —
= —ig [0, p(0)] = g2 [ ds [Hy(t), [Hi(),p7 ()] - (16.3)

dpg(H) . o g S TTT ey
St = —lgtI'E ([Hl(t)/p(())]) —gz fo dStrE ([H[(t); [HI(S)/PT(S)]]) 7 (164)
which is still exact, and still impractical as the right hand side depends on the total density
matrix p...

We would really like an autonomous equation for the system density matrix p(#),
hopefully something that is local in time

dps ()
dt

where L is a “super-operator” mapping density matrices to density matrices. To get there
we will need to make some approximations. But first let us look at an example.

= Lipg(®), (165)

16.2 An example

The simplest example we might take is for both S and E to be a qubit, with /{5 = Hg = C2.
Let us take Hg = —Z ® 1 and Hg = —1 ® Z with Z = Pauli z matrix. For an interaction
Hamiltonian, let we take H; = X ® X. With respect to the basis

|el> = |O/0>/ |62> = |1/O>/ |€3> = |0/1>/ |e4> = |]-/1> 7
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the matrices of these operators are

-2 000 0001
0 00O 0010
Hs+Hg =1 o g9 o @ H =151 9 0
0 00 2 1000
Thus the total Hamiltonian is
-2 00 g
10 0 g0 -2 g 0 g
ir= o g 8o = (§ 8o 0)
g 00 2

Thus the eigenvalues and corresponding eigenvectors of Hy are

1 1
Ao = —\4+42, o) = ——— —\/,/4+g2+2|0,0>+—|1,1> )
\/2,/4+g2 \/\/4 +82+2

1 1
A = _g ’ |U > = —= (lll 0> - |0/1>) ’ A = g ’ |U > = —= (lll 0) + |0/1>) /and
1 1 \/5 2 2 \/E

1 1
Ay = 4+¢2, |v3) = ——r —\N4+g2—2|0,0>+—|1,1)
\/2,/4+g2 \N4+g2—2

Thus the unitary propagator is

U, =e ™ = e ug) (vg + €8 [oy) (o]

+ e718 Jv,) (vy] + e A+ [v3) (s3]

cos(\4+gzt) - sin(y4+g2t) 0 0 -8 sin(‘4+g2t)
Va+g2 Va+g2
— 0 cos(gt) —isin(gt)
) 0 —isin(gt) cos(gt) 0 v °
-2 Sin(\/4 +g2t) 0 0 cos(, 4 +g2t) - sin(\/4 +g2t)
V4+g2 V4+g2

Suppose that the initial density matrix is of the form

a 0 00
a 0 0 1—-a 0O

p(o)_<0 1—a>®<0|0>_ 0 0 00|’
0 0 00
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and

2 ig . >
IE(t)] 0 0 L) sm(\/4 s t)
0 00 0
p(t) = Up(O)U] =a 0 0 0 0
i . 2 8§ 2 2
Wﬂt) s1n< 4+g t) 00 1+g2 5D (V4 +g°t)
0 0 0 0
- 0 cos?(gt) icos(gt)sin(gt) O
9 —icos(gt)sin(gt) sin? (gt) 0
0 0 0 0
with F(t) = cos(\/4 + g2t> + % sin(‘/4 + gzt). The reduced density matrix for the
4+g
system is thus given by
ps(t) = trpp(t)
g .2 2
_, 1-— @sm (V4 +g-t) 0 + e (sinz(gt) 0 )
= ) -
0 ﬁ? sin? (/4 + g2t) 0 cos” (gt)

2 @in? 2
_f(a 0O 5 g sin” (4 + g=t)
= (0 1_g)+((1—a)sm (gt) —a 4+g2 Z
Exercise 16.1. Show that the evolution on the right hand side is not the result of an au-
tonomous equation -pg(t) = L(pg(t)) with .L a linear operator on the space of 2 x 2 matri-
ces.

16.3 Heuristic derivation of the Markov semigroup

In this section we will derive an approximation to the true evolution, known as a “Lindblad
master equation.” We follow the approach in Manzano 2020. To proceed we will make
several approximations. First, note that

[
pr(s) = pr(B) +igL [H,(r),p,)]dr = pp(b) +0(g) . (16.6)

Thus
dp ()
dt

In this approximation, we have neglected the dependence of the O(g®) term on t. If we are
more careful we would see that it is O(¢>t) and that this approximation is rigrously valid
only if g << t7'/3.

To go any further, we need to specify the form of p(0) and H;. Regarding the initial
state we shall assume

— t — —
= —ig[H;(1),p(0)] - 2 jo ds [Hy(t), [H;(5),p+()]] + O . (16.7)

92



Assumption 16.1. The initial state p(0) is a product state p(0) = p5(0) ® pg, with p5(0) an
arbitrary initial state on Mg and pg a state on H, satisfying [Hg, pg] = 0.

This is quite natural if the system is prepared in state S and then “brought into contact”
with the environment at equilibrium — if the environment is in equilibrium (without con-
tact with the system) then we should have [Hg, pg] = 0, so that pf is a time independent
solution of the Schrédinger equation.

As for the interaction Hamiltonian, it can always be expressed in the form

Hy = ) A;®B; (16.8)
i

with A; € B(Hg) and B; € B(Hg). The individual operators A; and B; do not need to be
self-adjoint, but H; must be. Thus we must have

Hy = ) Al®Bl. (16.9)
i

We shall assume that
trB;op(0) = 0. (16.10)

There is no loss of generality in assuming (16.10)): if it does not hold then

Hp =) A®B; + (sz‘Az‘>®]lE
7 i

where b; = tr B;o(0) and B; = B; — b;E. The second term on the right can be incorporated
into the system Hamiltonian Hg.

We have freedom in the choice of the terms in the expansion (16.8). We will make
a special choice of the A;’s. To proceed, let us work in the eigenbasis for Hg on Hg, |y,
a = 1,...,d, with eigenvalues E, and let = {E, — Ey : a,&’ = 1,...,d} denote the
spectrum of energy differences for the system. We can expand each operator A; as a sum

A=) Ajw)

weF

where (a|A;(w)|B) = I[E, — Eg = wl{alA; |B) so that A;(w) is an eigenvector for the
commutator with Hg: [Hg, A;(w)] = wA;(w). Thus we have

Hy = Y Y Ajw)®B; = Y Af(w)®Bf, (16.11)

i

so that

Hit) = ) e"Aj(w)®B;i(t) = ) e "Af(w) ® B;(t) (16.12)
i,w i,w
where B;(t) = etHeB,e~*HE,
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With these assumptions, we return to (16.4)). The first term on the right hand side of
16.4)) is now seen to be zero. Indeed it is a linear combination of terms of the form

tre ([A;(w) ® B;(1), p5(0) ® pg]) = tre ([Aj(w) ® B;(t), ps(0) ® pg])
= Ai(w)ps(0) tr (B;(Hpg) — tr (pBi (D) ps(0)A;(w)
= tr (e7™eppe™eB;) [A;(w), ps(0)]

tr (0pB;) [Ai(w), ps(0)] = 0,

where we have used cyclicity of the trace over E and the assumption that [Hg, pg] = 0.

Thus, (16.4) reduces to

dps ()

t _ —
T -8 fo dstrg ([Hy(t), [Hi(s), p4(H)]]) + O€>) . (16.13)

We now introduce the following
Assumption 16.2. The density matrix p.(t) is approximately the product py () ® p.

Clearly, we cannot literally have p..(t) = ps(#) ® pg. This physically motivated assumption
is that the difference is neglible. For this to be reasonable the environment should be large,
so that the overall effect of the system is small, and the environment should be dispersive so
that local perturbations of the environment “radiate away to infinity.” For the time begin
we will simply take this as a formal approximation and see where it leads.

With the product state approximation, we have

dps ()

t = =
T~ 8 fO dstrg ([H(), [H;(5),p (1) ® p]]) - (16.14)

We now change variables s — t — s in the integral and replace the domain of integration
by [0, o) — this last approximation is reasonable if we are concerned with the long time
behavior of solutions. The resulting equation is

% ~ —g2trp ([Hl(t), [fooo dsHi(t —s), ps(t) ® PEH) . (16.15)

We now expand H; using (16.12]) and consider the four terms of the double commutator
on the right hand side of ({16.15). The first term of the commutator is

f: trg (Hi(OH (t — $)pg () ® pg ) ds

_ [ ot [T aitt=s)w (B B4 A
= ij;wl _e fo e tr (B](t)Bl(t s)pE>ds]A]. (WA (W)pg(t)
= Z , eit(w_w’) jo e I5W tp <Bi(_5)PEB;~r>dS] A]J'r(w,)Ai(CU)f)S(t)
ij,w,w -
= Z | oit (=) J‘O e‘is“’Qi,]-(—s)ds] AN @A)y,
ij,w,w -
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where we have introduced the environment correlation function

Q;j(s) = tr (Bi(S)PEB}r> = tr (BiPEB;(_S)) . (16.16)

In a similar way, the second term is

f: tr (H(Dps(t) ® peH (t =) ) ds

_ Z [ez’t(w’—w) fooo elSW tr (BiPEB;(_S)> ds] Ai(w’)f)s(t)A}-(CU)

ij,w,w

_ Z [eit(w’—w) fo“’ez’sti’j(s)ds]Ai(w’)ps(t)A]T(w).

ijw,w

Similarly, the third and fourth terms are

jooo tE <H1(t —5)pg(H) ® pEHI(t)) ds

= Z Z[e”(“’_“")foooe_is“’Qi,]'(—S)ds]Ai(w)f)s(t)A]T(w’),

ijw,w o ,p’
and
fo tre (P (8) ® peH (t — $)H (1) ) ds

— Z [eit(w’—w> J:O eisti,j(S)ds] ps(t)A}r(w)Ai(w') .

i,j,w,w'

Let /Q\Z. ; (w) = | Ooo e"s“’QiJ (s)ds denote the Fourier tansform of the environment correla-
tion function and note that

Q@) = [ emiswq, (s)ds

N ) e (16.17)
— —i5W 41 B.owB.: (s)ds = e 5w, .(—s)ds .
fo e tr B;pgB; (s) fo i
Thus, putting together the above computations, we have
d_ o 2 13
st = =g2 [ v ([Hy0), [Hi(t = 5),p5(1) © pg]]) ds
=g* ), "I, () [Adw), pg(HAf ()] (16.18)

ijw,w'
+g2 Z eit(a)—w')@j/i(w)* [AZ(CU)ﬁS(t),A;(w/):I .

ijw,w'

We now introduce one final approximation: we will drop all terms from the right hand
side of (16.18) with w # «'. These terms all contain the rapidly oscillating factor et («="),
When integrated out in the differential equation for p(f) these terms will give a smaller
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contribution due to phase cancellations. Dropping this term is refered to as the rotating
wave approximation. With this approximation we have

d_ — R —~ . R
05t = 8% ) (Quy(@) [Aw), ps(DAf(@) | + Q;(w)* [A@)pg (D), Af(w)]) -
1,],w
Let us transform back to the Schrédinger picture by conjugating the equation with e~"s.
Since

e—itHsAi(w)eitHs — e—itwAi(w) and e—itHsAj(w)'l'eitHs — eitwA}!'(w)’

we obtain
d —_
Eps(t) = —i[Hs,ps(H)] + &* Z <Qi,j(w) [Ai(w),ps(t)A]T(w)]
e (16.19)
+ Q)" [Ax@ps(t), Af(@)])-

Let us rexpress this in terms of the Hermitian and anti-Hermitian parts of @i j(w),

Q, (W) = 7;,(w) +i0; ()

with 7; ;(w) = % [/Q\i,].(w) + @;i(w)] and 0 (w) = 2% [@i’j(w) - Q;i(w)]. Then

1 poo .
71 (@) = Ef_oo Qs
and
1 ® isw
0 j(w) = Ef—we Sgn(S)Qi/]'(S)ds'

Because Qi,j (w) has an analytic extension to the upper half plane, the two functions Vi, (w)
and 0;;(w) satisfy the Kramer’s Kronig relation
1 *© 1 A !
(7'1"]'((1]) = EPV f_oo m’)/l,](w )dw P

p.v. [ denotes a principal value integral. With these definitions we have

d
Ps(t) = —i[Hs +g*Hp, ps(H] + g2 L(ps(®) (16.20)
where
Hp = =) o)Al (@)Aiw), (16.21)
ij,w

is the Lamb shift Hamiltonian and

1
Lip) = > 27;;(w) [Ai(w)pA} (@) = 5 {Af @A (w), p}] (16.22)

ijw
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is the Lindbladian, where {S,T} = ST + TS.
We note that the Lindbladian can be written in the form

1
Lp) = Pp) — E{GDT(JI) , 0},

where
() = ) 27 (@AW)pAT (W), (16.23)
ij,w

and ®7 is defined by tr(®T(S)T) = tr(SP(T)), so that

oT(1) = Zzyi,jw)A}(w)Ai(w).

ijw

Note that we explicitly have

1 T
tr L(p) = trd(p) —Etr{qD (1),p} = trd(p) —trd(p) =0,

as is required by conservation of probability since tr p(t) = 0.
Proposition 16.3. For each w, the matrix vy; ;(w) is non-negative definite.

Proof. We will use

Theorem (Bochner). A function f : R — C has a non-negative Fourier transform if and only if
f is positive definite in the sense that for any finite set of points ty, ..., t,, the matrix

Mi,j :f(tl — t])

is non-negative definite.

Remark. For a proof, and a more general statement involving distributions, see Simon

2015b, Thm. 6.6.6.
Letv, € C,i=1,...,d. We must show that f (t) = Zi]. Qi,]-(t)vl- +0;isa positive-definite
function. Let t{, ..., t, € Rand w; € C,i =1, ...,n. We must show that

Y flt—tpwiwy = ) Q;ill — twiviwew; > 0.
kX ki

This follows because

Z Qi,j(tk - te)w,’:v;‘wgvj = Z trg (Bi(tk - tg)pEB]T) wzv;?wevj
kX, i) k0, i,
= trg (Z w;;v;’Bi(tk)pE Z ZUQU]B](te)) = trg (S+SPE> ,
ik ¥

where 5 =3, w,’:v;?Bi(tk).
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By Prop. and the Kraus representation, we see that ® is a completely positive map.
Thus the equation of motion for p (with the Markov, product state, long time and rotating
wave approximations) is of the form

d 1
Tor = —i[H o] + @) — 5{@T(D), p) (16.24)

with H a self-adjoint operator and ® a completely positive map. As we will see below
the solution to such an equation is given by p, = 5,(pg) where &, is a trace preserving,
completely positive semigroup. That is

1. tr84(pg) = trpg for each ¢,
2. 5, is a completely positive map for each t, and

3. é/tl ] "5t = 3t+t’ fOI‘ al]. t, t,.
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Lecture 17

Quantum Markov Semigroup for a Qubit

Let us examine the formalism developed in the previous lecture in the context of a system
consisting of a single qubit, with system Hamiltonian Hg = —aZ and interaction Hamilto-
nian H; = X ® ¢. Here ¢ is a self-adjoint operator on the environment, and we take g =1,
absorbing the coupling into ¢ if necessary. The Pauli X operator satisfies

k=00 = (8 ()

a at

where [Hg,a] = —2aa and [Hg,a'] = 2aa®. Hence X(2a) = a" and X (—2a) = a, with
X(w) as in the discussion preceeding ({16.11]). The Lamb Shift hamiltonian (16.21)) is thus

H, = —cQa)aa" — oc(—2a)ata = <_U(()2[X) _0(0_2“)> = —ocl-AZ,

where 7 = gQa)+o(=2a) and A = M

The constant 7 is an irrelevant overall shift of the energy, but A describes a change
2n — 2(a + A) of the splitting between the two system eigenvalues. The name “Lamb Shift
Hamiltonian” stems from this observation. Lamb and Retherford observed a splitting
of the levels of the hydrogen atom that could not be explained by the Dirac equation. The
shift became known as the “Lamb shift.” It was quicky realized that it was likely due to
interaction with the electromagnetic field, but attempts to perturbatively calculate from ex-
isting theories led to an infinite answer. Bethe realized that the correct result should
be obtained by ignoring the infinity (which was already incorporated into the electron
mass) and looking at the next leading term. This eventually led to the idea of renormaliza-
tion which allowed for the development of quantum electrodynamics and other quantum
field theories.

The Lindbladian ((16.22)) for our qubit is

L) = ®(p) — % {@T(1), p} , with D(p) = 27(2a) a’pa + 27y(—2a) apa® .

We have
®T(1) = 2y(2a)aa™ + 2y(—2w)ata = T1+AZ,
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with ' = y(2a) + y(—2a) and A = y(2a) — y(—2a). We can rewrite ® as follows
r A
D) = T +Aatpa + (T —A)apa’ = E(XpX +YpY) + iE(XpY —YpX),

where in the last step we have used thata = %(X +iY)andat = %(X —1iY).
Let us now look at the evolution in the Bloch sphere representation. We have

L(1) = =2AZ, LX) = -TX, LY) = -TY, LZ) = =-2I'Z.
Thus, if p(t) = % [1+ o(t) - o], then
V-0 = —ivg(a+A)[Z,X]—ivp(a +A)[Z,Y] - 20AZ — T X —To,Y — 210372
= —(Iv +2(a + AN)vy) X — (T'vy — (@ + A)v)Y — (2A + 2I03) 2 .

Hence
1 00

v = —25ce3><v—I’(O 1 O)v—ZAe3, (17.1)
00 2

with & = « + A. The solution to (17.1)) is given by
e Ttcos(2at) —e Ttsin(2at) 0 v1(0) 0
o) = | e ttsinQat) et cos(2dt) 0 (02(0)j - 0 . (17.2)
0 0 e 21t )\oy0))  \(1—e 22

T
Under the evolution (17.1)), v(t) — (O 0 %) as t — oo, which is to say

1 A 1/(1+2 0
— — — = — r
o(t) Z[H+FZ] 2( 0 1_%)
The limiting state is a mixture of |0) (0] and [1) (1| with differing probabilities for each state
depending on the ratio %.
The dynamics in (17.1]) can be expressed as p(t) = ¥, (e’*%p(0)e~*#%) where ¥, is the
generalized amplitude damping channel

W) = 21+ 2)[(35)p (.5 + (0957 ) o ()]
3 (=) [0 D (5 D) + (ymemo) e (§577))

Thus the dynamics is a mixture of the unitary evolution due to the Hamiltonian H = —&Z
and the semigroup ¥, of completely positive amplitude damping channels.

The coefficients A and I are related to the correlation function y(w) = ReQ(w) of the
environment, where Q(w) = f O°° el“t tr(B(t) pgeB)dt. Note that Q(w) is an analytic function
of w in the upper half plane. Usually the integral defining Q is not absolutely convergent
for real w, but must be understood as the boundary value

A ‘M — Tim O N i [ ai(wHie)t e B
Q(w+1i0) = lelng(a)+ze) = lggfo e tr(B(t)pgB)dt .
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Let us consider two typical situations.

Environment in a ground state. Suppose pr = |§g) (o] with ¢y a ground state of the
environment Hamiltonian Hg. Then

tre S(DPeC = (Yol G HF0 8 [yy)
where E is the ground state energy. As a result
~ 1
Q(w) = <lim (¢ho|G(Eg —H —w — ie) ¢ o) -
Thus
y(w) = Im (| S(Eg — H — w —i0)7'¢ o) = 7 (ol 6(H — Eg + w)C lpo) ,  (17.3)

where we have used the identity

1
lim Im — = lim
e—-0 X — 1€ e-0 x2 + 52

= 7wo(x) .

If the environment is idealized as an infinite system with absolutely continuous spectrum,
will give a finite result for . Because H —E, > 0, since E is the ground state energy,
¥ (w) vanishes for w positive. Thus we have I' = A = 7y(—2a) and the semigroup ¥, is a
family of amplitude damping channels

Di(p) = (éeprt)f)((l)epft)_’_(g 1_8_2“)p(\/#8)'

If the system is put into any state other than the ground state |0) (0], it emits energy to the
environment and decays to the ground state as t — oo.

Environment in a thermal state Another typical situation involves an environment at ther-
mal equilibrium in the Gibbs state

1

— ____eBHE
PE Z(/S)e

7

with B = 1/kpT the inverse temperature and Z(f) = tr e PHE_ This state satisfies the Kubo-
Martin-Schwinger(KMS) condition:

tra,(A)Bpg = trBay,ig(A)pE (17.4)

where a,(A) = et Ae~"*HE is the Heisenberg dynamics on the environment.

In fact, to properly define the thermal state in an infinite system (necessary to get the
idealization of a correlation function Q(t) that vanishes as t — o), one needs to take the
thermodynamic, or infinite volume, limit. In the thermodynamic limit one has a C*-algebra
of observables 2 on which the dynamics «; is defined. However, the dynamics is not,
in general, given by “inner automorphisms” of the algebra, i.e., conjugation by unitary
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maps. Likewise the state is not given by trace against a trace class operator (there is no
natural trace on the infinite volume algebra). Instead the state is a positive linear functional
A — (A) which satisfies the KMS condition

(24 (A)B) = (Bayyig(A)) . (17.5)

There is a method, known as the Gelfand Naimark Segal (GNS) construction, to create a
representation of 2l on a new Hilbert space such that

(A) = (ol Algo)

for a given vector [(). On this space there is a self-adjoint operator, the GNS-Liouvillian
Lgns, that implements the dynamics in the sense that

(a;(A)B) = (tpo| Ae~tLansB i)

and ‘
(Aay(B)) = (ipol AeoNsB )

In general L;ys is unbounded from above and below — it should be thought of as the
thermodynamic limit of the Liouvillian A — [Hg, A]. By the KMS condition, we have

(ol Ae™EansBlyg) = (yo| Be'HPens Aly,)
Thus the correlation function Q satisfies
Q) = (ol Ge~Mransg |yg) = (ol ge'TPRansg o) = Q(—t —ip) .
It follows that
r(w) = (Yol E6(Lens — W& o) = 7 (Yol {(Lans + w)e Pravsg|py) = ePy(—w) .

In other words, 7 satisfies the thermal equilbrium condition

¥ (w) _ oBw
Y (—w)
As a result we have
A 1—e 2P
T 1+ e 2pa

so that

LA _ 1 g LBy e
2\ T 142 2T 14 e 2P’

Thus the density matrix converges as t — o to the thermal state

1

e PHs
tre PHs

p(t—) o) =

That is, our Lindbladian evolution describes the process of thermal equilibration on a sys-
tem in contact with a heat bath.
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Lecture 18

Lindblad’s Theorem

Consider a finite dimensional quantum system with Hilbert space /g = C".

Definition 18.1. A quantum dynamical semigroup is a family of linear maps @, : B () —
B(Hg) for t > 0 such that

1. @ is the identity, map ®y(A) = A forall A € B(Hy),
2. O, 0P, =P, forallt,s >0,

3. @, is completely positive for every t > 0,

4. t — ®,(A) is continuous for each t and A € B.(H)

A quantum dynamical semi-group ®; is called trace preserving if tr &;(A) = tr A for all A
and is unital if ®,(1) = 1.

Remarks.

1) It is sufficient to assume that the semigroup is continuous at t = 0. Continuity for
t > 0 follows from this and property (2).

2) If we take ®,(A) = PAP for t > 0 and ®(A) = A with P a proper projection, then
d, satisfies assumptions (1-3) but is not continuous. So the continuity assumption
matters here even though we are in finite dimensions.

3) For infinite dimensional algebras, one can distinguish between norm continuous and
weakly continuous semi-groups. In our finite dimensional context that is not neces-
sary.

Any continuous semigroup ®; on a finite dimensional vector space, such as B(Hg),is
in fact differentiable and has a generator

LA—l'lCIDA A
(A) = lim = (P,(A) - A) .

The semigroup, in turn, is given by

D, (A) = el(A),
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where the exponential can be defined via the power series

N 1 nin
el (A) = Zﬁt L"(A) .

n=0
Lindblad|1976|derived the following result which characterizes the generators of quantum
dynamical semigroups:

Theorem 18.2 (Lindblad [1976)). If ®, is a unital quantum dynamical semigroup on B3 (H), then
there is a completely positive map Y and a self-adjoint operator H such that the generator L of ®,
is

L(A) = ¥(A) —%{‘I’(]l) LAY +i[H,A] . (18.1)

Lindblad’s Theorem describes the Heisenberg picture of a quantum dynamical
semigroup, acting on the observables of the system. In the Schrodinger picture, we have
a trace preserving semigroup ®; acting on density matrices as above. In this case, the
transposed semigroup ®/ defined on observables via

tr®] (A)p = trAD,(A)
is a unital semigroup. As a result we obtain the following

Corollary 18.3. If ®, is a trace preserving quantum dynamical semigroup on J3.(H), then there is
a completely positive map Y and a self-adjoint operator H such that the generator L of ®, is

1
Lip) = ¥(o) - 5{¥" (W), p} —i[H,p] . (18.2)

Lindblad’s 1976 paper is quite readable. In it he actually proved the more general result
that the representation ({18.2)) holds for the generator of a norm-continuous completely
positive semigroup on B (M), with H any separable Hilbert space.

We will now sketch the main details of Lindblad’s argument. The first step is the fol-
lowing inequality for completely positive maps

Lemma 18.4 (Lindblad (1976, Lemma 5). Let ® : B(H) — B(H) be a completely positive
map. Then for all X € B(H),

dXHe()1d(X) < d(XTX). (18.3)

If ®(1) =1, then
O(XHP(X) < (XTX). (18.4)

Proof. First note that ((18.3)) follows from ([18.4)) applied to the map

Y(X) = B(1) 2 DX)D(1) 2

Eq. (18.3)) can be found in Stermer 1974, Theorem 3.1. Here is a simple proof using the
Kraus representation.
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Since ® is CP with ®(1) = 1 we have

n
— + i K. —
©(X) = ) KIXK; with ) KK =1.

j=1 j

Let V: H — M" be the map Vu = (Kyu, ..., K,u). Note that V is an isometry, since
2 Y 2 . 2
WVul? = > ||Ku||” = @) KKy = jul® .
j=1 j=1

It follows that VV* is the projection of J{" onto the range of V and that |[V1¢|| < ||&|| for
all & € H", where Vi(uq,...,u,) = 27:1 K]Tu]-. Given X € B(H) let 7(X) denote the
coordinatewise action of X on #M,: w(X)(uy,...,u,) = (Xuq,..., Xu,). Then

N n 5

W@XX) ) = ) WKXXKu) = ) | XK
j=1 j=1
2
= InX)Vul® > |[VIaX)Vul| = u @XHPX) lu) .

O
Let ®, = ¢l be a norm continuous semigroup of completely positive maps with
®,(1) = 1. Consider the semigroup ®{"’ = ®, ® I,, on
B,(H) = BH)® B(C") = {n xn matrices with entries in B ()} . (18.5)
It has generator L,, = L ® I,,. Differentiating (18.4)) for ®" at t = 0 we obtain
L, X*X)-L,XHX-X'L,X) > 0. (18.6)

Given a linear map L : B(H) - B (), we introduce the dissipation function D(L)
DIL;X,Y) = LXTY) — L(XHY — XTL(Y)
for X,Y € BH).

Definition 18.5. A linear map L : B(H) — B(H) is a star map if L(X') = L(X) for all
X € B(H) and is completely dissipative if it is a star map with L(I) = 0and D(L,; X, X) >0
forall X € B, (H).

Proposition 18.6 (Lindblad Proposition 4). Let L : B(H) — B(H) be a star map and
let ®, = e'l. The following are equivalent

1. &,(XNHD,(X) < Oy(XTX) forall X and @,(1) = 1.
2. D(L; X, X) =20 forall X and L(1) = 0.

In the proof of Prop. we will make use of three lemmas. The first is a simple obser-
vation that elements of B (H) are linear combinations of unitaries. Let U (H) denote the
set of unitary elements of B(H).
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Lemma 18.7. Every X € B(H) can be expressed as ”}2(—”(U1 + U,) with Uy, U, € U(H).

Remark. Russo and Dye 1966 proved a vast generalization, namely that the convex hull of

the unitary elements is dense in the unit ball of any von Neumann algebra.

Proof. If X = 0 the result is simple. For non-zero X it suffices to consider [ X|| = 1, by
scaling. Let X = V|X]| be the polar decomposition of X, where we take V' to be unitary by
defining it suitably on ker X. Let Aj, ¥, j= 1,...,n, be the eigenvalues and eigenvectors of
|X|. We have 0 < /\]- < 1since || X|| = ||IX]]| = 1. Then

Xi = LU, U with Uy =) e W) g ()
=1

Thus X = 2(VU, + VU_).

The second lemma is a standard fact from the theory of C* algebras:

Lemma 18.8. Let 0 : B(H) — C be a linear map with 0 (1) < 1and |lo|| = 1. Then o is a
positive, i.e., o (A) > 0if A > 0.

Remarks. 1) Since ||o|| > |o(1)] it follows that |||l = 1. 2) For the corresponding result and
proof in the context of C* algebras, see Kadison and Ringrose Theorem 4.3.2.

Proof. We have 0 (A) = tr SA for some S € B(H). Clearly trS = 0(1) = 1. Let S = V|S| be
the polar decomposition of S. Then

(VY =tr VIVIS| = tr|S| .

Because 1 < [trS| < trlS| < ||¢| = 1 we have tr|S| = 1. Let Aj,¢j,j = 1,...,n, be the
eigenvectors and eigenvalues of |S|. Then

1=1us =) (ylVisily) = ) A (| V]y) -

n
j=1 j=1

Since Z].)Lj =tr|S| = 1and |<1,bj| V|1,bj>| < 1 this can only hold if <1/J]-| Vv ‘lpj> = 1 for each j.

Because V is an isometry, this implies |l/Jj> =V |l/J]->, so V = 1 and o is positive.
O

The third lemma adapts Russo and Dye|1966| Corollary 1 to the simpler context of the
finite dimensional algebra B3 (H):

Lemma 18.9 (Russo and Dye). The norm of a linear mapping ¢ : B(H) — B(H) is equal to
SUP 11100 lp(UD)||. Moreover, if (1) = 1, then ¢ is positive if and only if |p| = 1.
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Proof. Let |§ll,; = supy;cy ) 19D Clearly [l9]; < [|¢]. Conversely, if X € B(H), then
by Lem.[18.7]
lpCOl < Bl + el < llgll X1,

from which the reverse inequality follows.
Before proving the second part of the lemma, let us note that ¢ is positive if and only
if ¢T is positive. Indeed if ¢ is positive and A > 0 then

@l ¢T Ay = tr@T(A) w) (ul = trAp(w) (u) = trA? [u) (| AZ > 0.

The reverse implication is the same with the roles of ¢ and ¢ interchanged.

Now suppose ¢(1) = 1 and that ¢ is positive. To prove that ||¢p| = 1 it suffices to
show that [tr p¢p(A)| < ||A| for any density matrix p and any A € B (J). Since tr ¢ (0) =
tr pp(1) = 1 we see that ¢T (p) is a density matrix. Thus

trog(A)| = [tr¢T (A| < troT(A] = [A].

Conversely, suppose that ¢(1) = 1 and that ||¢|| = 1. Let A > 0 be a positive element
of B(H) and let u be a unit vector. Then ¢ (A) = (u| $(A) lu) is a linear functional with
(1) = 1 and |lo|| < 1. Thus ¢ is positive. We have shown that (u| $(A) [u) > 0 for any u.
That is, ®(A) > 0.

U]

The third lemma combines a standard fact about linear functionals on C* algebras with
the second part of Russo and Dye [1966| Corollary 1:

Sketch of Proof of Prop. We proved (1) = (2) above. For the proof that (2) = (1),
note that the semigroup can be obtained as the limit

@, = lim (I + 31)". (18.7)
We want to show that @, is a contraction on B3 (/). By the Russo-Dye Lemma m
I+ tLI> = sup [U+tLADI* = sup |[+ tUTLU) + tLUY) + RLADTLAD))|
ueB ) ueB )
< sup |I+tLUTU) + ALADTLAWUD| < 1+ sup ILADIE = 1+ 2ILI7,
ueB ) ueB )

where we have noted that L(UtU) = L(1) = 0. Setting t = % and taking the square root
we find that ”I + %L” <1+ ﬁllLllz. It follows from ([18.7)) that ||®,| < 1. Since ®,(1) = 1,
we have |®,;| = 1 and @, is a positive map by the Russo-Dye Lemma 18.9|

Now, let

S, =A jom e MDdt = AA—K)~!, forA>0.

Since @, is positive, so is 5. Furthermore, we have ||S,|| < 1and S, (1) = 1so ||S,| = 1.
Let X e B(H)andletY = (A = L)"1(X). Then X = AY — L(Y) so that

SAXTX) = SHA2YTY —ALYH)Y + YTL(Y)) + L(YDHL(Y)]
> S, [A2YTY —AL(Y'TY)] = AS,[(A = L)(YTY)] = A?2YTY = 5, (X")S,(X) .
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Because S, is positive, it follows by induction that SK(X*X ) > SK(X*)SK(X ). The identity
now follows for ®, because we have ®; = lim,, 5.

n

O
We may now prove

Theorem 18.10. Let L : B(H) — B(H) bea +-map and let O, = e't. Then ®, is unital quantum
dynamical semigroup if and only if L is completely dissipative.

Proof. Apply Prop. to L, and ®{" for each n.

To complete the proof of Lindblad’s Theorem we show

Proposition 18.11. A map L on B(H) is completely dissipative map if and only if there is a
completely positive map ¥ and a self-adjoint H € B3 () such that for all x € B.(H).

1
LX) = ¥(X) = E{‘F(X) , X}y+i[H,X] .
Proof. We start with the forward implication. Let L/(H) denote the set of unitary elements
of B(H) and let i denote Haar measure on this group. Define
K = LiuhHudh) .
Ji o, LU UARCD)
Then |K|| < |IL|l. By the invariance of Haar measure we have

— + _ +
KV = ju(H)L(u YUVdh(U) = fu%uvu YUdh(U) .

By Lem. we have
KX = L(xuhudhu
fu% (XUHUdh(U)

for every X.
For X,Y € B(H) we have

IU(H) D(L; UX,UY)dh(U) = L(X'Y) - KX'Y — XTYK'.
Define ¥ : B(H) —» B(H) by
Y(X) = L(X) — KX — XK'
Because L is completely disipative, we have

¥(XtX) = L(H)D(L; Uux, Ux)ydh(u) > 0,
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so ¥ is positive. Applying the same argument to B,, (), we find that

_ 1
K®I, = funm)L”(u yUdh, (U)

where 1, now denotes Haar measure on U,,(}). Similarly, we find that ¥®,, is positive.
So ¥ is completely positive.
Thus we have L(X) = ¥(X) + KX + XK' with ¥ a completely positive map. To complete
the proof, note that
Y(1) = L(I) -K-K' = —(K+K)'.

If we take H = % (K — K%) it follows that

KX + XKt = —%{‘F(]l), Xy +i[H, X] .

Conversely, suppose that ¥ is completely positive and H is self adjoint and let L(X) =
‘I’(x)—%{‘I’(]l),X}H’ [H, X]. Clearly L(1) = Oand Lis astar map. Asin the proof of Lemma
we can write ¥(X) = Wi (A)W with Tt a representation of 53 () on another Hilbert
space K and W a bounded linear map from M to K, with WW = ¢(1). Then

LX*X) = XTL(X) —L(XHX = ¥(XTX) = XT¥(X) - ¥(XHX + XTP (1) X

= WinXHhrnXOW — XITWtn(XOW — VIr(X)WX + XTWtiwx
= (X)W =-=WX)'H (X)W -WX) > 0,
so that D(L; X, X) > 0. Repeating the argument with ¥, we see that L is completely dissi-

pative.
[
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Lecture 19

Quantum Trajectories: unraveling the
Lindblad dynamics

“Quantum Trajectory theory” was developed by H. Carmichael to study phenomena
in quantum optics, in particular counting of scattered photons from an optical cavity. See
the review paper H. J. Carmichael It leads to predictions about the nature of the
“quantum jumps” associated with measurements, that were ultimately observed experi-
mentally Minev et al. In the next two lectures we will develop some of the associated
mathematics.

19.1 Background: a bit about classical Markov jump pro-
cesses

Let R(x,y) be a non-negative, Borel measurable function on R x RY. We would like to
consider a random process ¢ (t) on R that has the following dexcription: if {(t) = x at
time t then the probability that ¢ (t + dt) € K for some set K C RY, given the trajectory of  up
to time t, is asymptotically [ [, R(x,y)dyldt as dt — 0. Here [ R(x,y)dy gives the rate at
which a particle at x jumps into K. In order for this to make sense, we need the total rate
for jumping away from x, which is D(x) = [« R(x, y)dy, to be finite for each x. We will go
further here and assume that sup, D(x) < 0.

Can we construct such a process? First a word about what we mean by a process. Let
(), Prob be a probability space. A stochastic process on () is a measurable map ¢ : [0, o) x
O - R?. That is, for each realization w € (), we have a trajectory t — ¢ (¢, w) in R4 (with
the Borel ¢ algebra on R and RY). Typically we supress the variable w and just write ¢ (t),
understanding that it is a random variable depending on the realization w.

Suppose the process we have in mind exists. It starts at some point py¢ (0) and makes
jumps at times 0 < 7y < T, < ---. The process is discontinuous at these times. We will take
the convention that ¢ () is continuous from the right. Let 7; be the time of its first jump.
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For t > 0let h(t) = Prob(ty > t). Then according to the above requirement

h(t) — h(t + dt)
h(t, R%)

= PI'Ob(Tl <t+ dtlTl >t) ~ D(po)dt .

Thus h'(t) = D(pg)h(t). Since h(0) = 1, we find that
Prob(t; > 1) = h(t) = e PPolt,

We have come to the conclusion that the jump time 7, is an exponential random variable with
rate D(pg). Let p; = ¢ (71) — this is the point to which the process jumps after leaving p.
We have

Prob(py e Kand 7y < t+dtity > t) =~ UKR(pO,y)dy] dt .

Thus
Prob(py e Kandt < 7y <t+dt) = UKR(po’y)dy] e~ Doltgs

Integrating from f to co, we find that
1
Prob(p; € Kand 73 >1t) = | —— | Ry, y)dy |e PPot
(s =y lD(p()) | Rwo,w) y]

1
- lmeR(po,y)dy]Probm >1).

We conclude that p, is independent of T, and

1
Prob(p, € K) = WIKR(pO,y)dy.

Similar considerations apply to the subsequent jump times 7;, j = 2, ..., and the points
(7)) = p;. Let F; denote the sigma algebra generated by (7;, p;),_o— thatisby ¢(-) up to
the time of the j-th jump. Conditioned on J;, 7;,1 and p;,; are independent and satisfy

Prob(7;,1 > Tj + HF;) = e VW0t (19.1)

and
1
Prob(p;y1 € K|j:j) = TP) fKR(P]-,y)dy- (19.2)
]

Theorem 19.1. Let R(x,y) > 0 be a non-negative, Borel measurable function of R and let D(x) =
Jra R(x,y)dy. If sup D(x) < oo, then for there is a probability space Q), Prob such that for any

po € R? there is an R? valued stochastic process on Q) with right continuous paths that satisfies
¢(0) = pgand

Prob(é(t +h) € KIE(ose<r) = I [ RE®,pdy + o(h) . (19.3)
Furthermore, any such process satisfies the following
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1. ¢(t) is a piecewise constant function of t, with jumps at a random sequence of times 0 < 71 <
Ty < Tz < -

2. Let pj = C(T]-),]' = 1,2,.... Conditioned on the (t;,p;) for 0 < i <, Pi+1 and Tjy1 are
independent random variables satisfying ((19.1)) and (19.2)).

3. If p(x, t)dy denotes the probability distribution of ¢ (t) at time t then

9
a—’t)(x,t) - deR(y,x)p(y,t)dy ~ D@)px, b . (19.4)

Sketch of proof. We have already seen that (1) and (2) have to hold for any such process. The
main point is to construct the process. Let (w;);Z; be a sequence of independent, identically

distributed exponential variables with rate 1, i.e., Prob(wj > t) = et Let (Pj);i1 be the
Markov chain on R? with

. 1
-1y _ _
Prob(p; € KI(pY/Zy) = Prob(p; € Klpj_1) = WIKR(pj_l,wdy.

Take a probability space (2 on which (w; )]?’il and (p; )]?’il are realized independently. One
could take this space to be () = (), x (3, with (3, = RN and Q, = (R%N with the correct
probability measures on each. Define 7; = > 5 (;Ui"_ 5 and ¢(f) = p; if T, <t< 7T
It is left as an exercise to check that ((19.3)) holds.

Now suppose that f : R? - R is a smooth function that is, say, compactly supported.
We have E (f(&(1))) = [ f(x)p(x,t). According to (19.3]) we have

E(FE(t+dD)E®) ~ [ [RE®,yf@dy|dt+ 1 - DEEADFEH),

where the second term accounts for the value of f (¢ (t + dt)) if no jump occurs in [t, t + dt].
Averaging over the value of { () we obtain

E(f@(t+dD) —fE1) ~ [[ERE®,1)f@dy - E(DEWHF ED))]dt.

Thus

d
[for S nax = [[[Rapfedy - D o] peodx
= f U Ry, x)p(y)dy — D(x)p(x)]f(x)dx /
from which (19.4) follows.
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Lecture 20

Quantum Trajectories: unraveling the
Lindblad dynamics (II)

Now are ready to consider the Lindblad equation:

dp , <
d_tt = -1 [H/pt] + Z KmptK;l-n - %{K%Km ’ Pt} . (20'1)

m=1
As we will see there is a natural jump process associated to this equation that gives p; after
averaging. We will assume that

[H K} K,] =0, form=1,..,n. (20.2)

As we saw above, this occurs naturally for the Lindblad equations derived by the Markov
and rotating wave approximations. In this context it simplifies things a great deal. Below
we will comment on how to adapt the discussion in case this is violated. A key player here
is the dissipation operator

m
D := ) K}K,. (20.3)
j=1

It is a non-negative self-adjoint operator that commutes with H.
Our main goal is to find a jump process | (t)) on pure states so that a solution to (20.1))

with py = [(0)) (y(0)| is given by
pr = Eflp®) (1] , (20.4)

where E denotes disorder averaging. The motivating idea is that we want | (f)) to evolve
according to a “normal” quantum evolution in between jumps that occur at rates given by

Prob(p(t + db)) & Ky, [$(D) 115 osext) = ($OIKEK, (D) dt +o0(dt) . (205)

Let us suppose that (20.5) holds and that in between jumps, | (t)) is propagated by
e''C with G some “Hamiltonian.” You might guess that we should take G = H, but that
turns out not to be right: the correct G turns out to be non-self adjoint! Assuming (20.5)),
the total jump rate at time ¢ is given by

n

D(t) = Y (p®IKLK,l9®) = (pdO[Dlp®) , (20.6)

m=1
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and

E [t +dt)) (pt +ab| ($(s)))o<s<t]
e 0 |p(t) (] e
(p(1)] e E =0 |y (t))
N l Y K [9()) (p(OIKS,

= (1 — D(H)dt)

.
m; WO KK |p5) (YO KKy [p(D))

((pO]i(G =GN |pt)) = D®)) [p(1)) ()]

]dt + o(dt)

= [pt)) (p)] +

—iGlp®) (Y] + ilp®) (MBIGT + Y K, [p(0) (9D K, | + o(db).
m=1

We see that by taking G = H — i%D that

E [yt +dt)) (p(t +dD] | ($(5)))o<sct ]
—i[H,lp®) (p®)]] — 3{D,[p®) (g} (20.7)

= [p@®) (pt)| +

+ Y Ky lp) (K, |dt + o(dt) .
m=1

Thus, upon averaging, we see that E [|((t)) (p(t)|] satisfies (20.1)).

Theorem 20.1. Consider the Lindblad equation (20.1)) and suppose that (20.2)) holds. If py =
|09 ) (vol, with |vy) a normalized vector, then there is a pure state valued stochastic process |p(t))
such that [ (0)) = |vy) and (20.4) holds. Furthermore,

1. The process is continuous from the right with limits from the left and is discontinuous at
finitely or countably many times 0 < 71 < T, < ..., called the jump times.

2. We have lim; T; = oo (if there are finitely many jumps, we take T; = oo after the last jump).
3. If D is strictly positive there are countably many jumps.

4. If|vj> = |¢(Tj)>,]’ =1,..., then for T; < t < T;,1, we have

—(t—TH)(H+1D
(1)) o e TR (20.8)
5. Conditioned on (T, Uz')]1::1/ we have
PrOb(Tj+1 >t+ le(Ti/ ’01')';::1) = <'U]'|e_tD |U]> , (209)

'Thatis [ (t)) = limg, [{(s)) and lim,,, [{p(#)) exists for all £. Such processes are called cadlag, for contiue
a droite, limite d gauche, in the probability literature.
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and, with |u]~> = limtTT],Jr1 [(t)), we have for 1 < m < n,

(1] K3 Ko 1)
(1] D |uy)

Prob (|v]~+1> x K, |u]~>|(rl-, vi)i::l, Tj+1) = (20.10)

Remarks. The generator iH + 1D is not self-adjoint, so the evolution (20.8)) between jum
g 5 ) jump

. 1
times 7; and T, is not unitary. The vector |¢(t)) = e (=T H+3D) [v;) is not normalized.

]
However, because [H, D] = 0 we have

(Plp®) = (o™ " [y)
The state vector | ()) is

—(t—7))(iH+3D) |v]->

lp(t)) = lp(t)) =

1 1
- S S
VieDlp®) Vol k)

The total jump rate r(t) at time ¢ is the derivative

__4 —u-tpp| | _ (@DOIDIp)
D(t) = dtlog<v]-|e ") = Oy (PO Dyp(t))

as anticipated in (20.6)). Using (20.10]) we see that the rate of jumping from | (¢)) to a state
proportional to K,,, [(t)) is given by

(YOI KG K [9(1)) ;
D = K K ,
() | D D) (PO KKy, [p(1))

which is what we wanted. Thus and (20.10) imply (20.5).

Proof. Let () be a probability space with (w;):Z; independent, identically distributed ex-
ponential random variables with rate 1 and (y;) i1 independent, identically distributed
variables uniformly distributed in [0, 1]. Choose () and these variables so that the y’s and
w’s are independent (e.g., you could take a product space).

We will define (7}, vj>)].:1 recursively. Given (t;, |vl-))§=1, let 7y, = T; + 041 With 6,4
the unique value such that

o lD _ —Wiq
(o™ foy) = e,
if such a value exists. If not, we take 7;,; = oo and stop the process. Note that §;, exists
provided

w1 < = lim log (v;|e™*P Jo;) = —log (v)| Poloy) ,

with Py = projection onto the kernel of D. Thus, 6, always exists if D is strictly positive.
Clearly we have

Prob(tjq1 >t + 7,l(T;, |vz->);:0) = Prob(wj;1 > —log <vj|e_tD |v]->) = <vj|e_tD |v]-> )
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If 7,1 < oo, let |u]-> = e_<Tf+1_Tf)(iH+%D) |v]~> and take
1| K5 Ko )
(| DJuy;)

Note that Z:;:l pj(m) = 1. Choose My to be the smallest value of m with ZZ’:l p]-(m’) >
y; and take

, m=1,...,n.

P]'(m) =

0; = 1 K. |u; ,
‘ ]+1> \/<”J‘|K;1j+1ij+1|”/‘> m]+1| ]>
so that we have
, | K Ko [14;)
Prob|lv..;) = — LK |u\| (ti, o\ Ty | = b, :<“f|mm1,
b o) (1 KE Ko | el T]H} Py (] D Ju;)

form=1,...,n.

Letd,, > 0 be the largest eigenvalue of D. Then we have <v]~| e P |v]~> >e”
Wit

Ojy1 = e It follows that

tdy and thus

T = — Y W =

as j — oo with probability one. (Note that by the law of large numbers, ]%1 Zizi w; — 1
with probability one.)

Now, for t > 0, let
—(t—T)) (iH+1D) .
lp(H)) = e j 2 |v]-> if 7, <t < 7Tjyq,

and set

1
lpt)) = ———=1op(1)) .
(p(BH|Pp(D))

Using (20.9)) and (20.10)) and the discussion before the theorem, we see that (20.7)) and

thus (20.1)) hold.
[

If D is not strictly positive, then the ker D is an invariant subspace for the jump pro-
cess. It can happen that [(¢)) lands in this subspace after finitely many steps, after which
the evolution is simply given by e~"*H. It can also happen that | (t)) fails to jump after
some time, because the exponential variable wj is too large. Then the evolution is given by

e (- UHD) [ (t)) after the lastjump, which converges as t — oo to an element of ker D. Tt
can also happen that the process jumps infinitely often and does not converge to the kernel
of D.
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The requirement that [H, K}, K,,,| = 0 was convenient for defining the process. However
itis possible to dispense with it. After the j-th jump, with |l/J(T]~)> = |vj>, the rate of jumping
shou

<vj| e—(t—T]-)(—iH+%D)De—(t—T/)(iH-i-%D) |vj>

D(t) = <¢(t)|D|1,b(t)) = : -

<U]'| e—(t—T]-)(—1H+%D)e—(t—rj)(zH+%D) ‘Uj>

—(t—T))(—iH+1D) —(t—-7,)(iH+1D) _
] 2 e ] 2 |v]>

d || —(—7)iH+L 2
= ——lle (t=71)(iH+35D) |U> .
dt 4

d
= 3 log <vj| e

We then define 7;,1 = 7; + ¢;41 with §;,; such that

7

He—ajﬂ(iHJr%D) ‘Uj>H2 _ W
if such é;,4 exsits. Given the jump time 7;,; we choose |v]- +1> similarly, with
(11 KK 1)

(1 DJuy)

with |uj> = limtTTj+1 lp(t)). Essentially the analysis is the same, but the distribution of the
waiting times is more complicated.

|v]- +1> x K, |u]-> with probability

20.1 An example

Consider the Lindblad equation for a qubit:

Z—f = ia[Z,p] + (T = Na'pa + (T + Aapat — 3 {TT - AZ, p} , (20.11)
with |A] < T. The dissipation operator D = I'l + AZ > 0 and is strictly positive if |A] < T.
Since a = |0) (1] and a? [1) (0|, after the first jump the quibit is in one of the two states |0) or
I1). These states are eigenstates of the generator inZ — %AZ + %F.

Let [vg) (vg| be the initial state with |[vy) = a|0) + b[1). Suppose that |[A| < T'. Then the
first jump occurs at a time 7; with

Prob(t; > t) = la)Pe= T8 4 p|Re—T+M)E
The state at time 74 is |[v1) with v; = 0 or 1. We have
la|2(T—A)e®™1

a2 (C=A)e® 1+ b2 (T+A)e 271 7
b2 (T+A)e 271

a2 (T=A)e®T14+ b2 (T+A)e 271

I1)  with probability
[01) o
|0)  with probability

Subsequent jumps occur just between the states |0) and [|1):
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1. If[o;) o |0), then [v;,1) o [1),

PrOb(T]‘+] >t 4+ T]'|(TZ', ’01‘)';':1) = e_(r_A)t ,
and [p(t)) = 7T [o;) for t € [1}, Tj41].
Prob(tj,1 >t + 7jl(1;,0,),_; = e T,

and [p(t)) = e U7 [0;) for t € [1}, Tj41].

After the first jump, the [ (t)) (¢(t)| is piecewise constant in time ¢ and jumps back and
forth between |0) (0] and |1) (1] at the jump times.

Now suppose A = I'. With probability |a|?, no jump at all occurs and the evolved state
is simply

. 1 . 1
aemt-{-zAt |O> + be int zAt |1>
\/|ll|2eAt + |b|2e—At

With probability b2 =1—af?a single jump occurs at a time 7; with exponential distribu-
tion

lp(t)) =

Prob(ty >t) = e 28t

After that time the state |(f)) o |0) and no further jumps occur.
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Lecture 21

A bit of classical information theory

21.1 Shannon Entropy

Reading: Nielsen and Chuang §11.1

Let S be a finite set and let 2(S) denote the set of Probability distributions on S, i.e, the
set of maps P : S — [0,1] with ZSEsP(s) = 1. The Shannon entropy of P € P(S) is the
quantity

H®P) = — ZP(S) log P(s) . (21.1)

seS

Binary Entropy
Hip)

0.8

0.6/

0.2+

L 1 L L L 1 L L L 1 L L L 1 L L L p
0.2 0.4 0.6 0.8 1.0

Figure 21.1: Binary entropy as a function of the probability of one outcome.

Consistent with Nielsen and Chuang we will take the log to denote log based two,
which is standard in computer science and quantum information theory. Note that the
choice of base for the logarithm affects the value of H only through a multiplicative con-
stant. We take 0log0 = 0, consistent with the limiting behavior of tlogt. Thus H(P) = 0
if (and only if) P(S) C {0,1}.
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The binary entropy of a two-outcome probability distribution (p,1 — p) is

Hyin(p) = —plogp— (1 =p)log(1-p) = H(p,1-p) . (21.2)

The curve is shown in Figure When clear from context, we will write H (p) for H;, (p).
Note that H(p) = H(1 — p) and mapo(p) = H(%) = 1. The simple value 1 for the
maximum justifies the choice of the log based 2 — if we had taken the natural log the
maximum would be In 2. Because

1 1

1
H// - ____- - _ < 0’
® p 1-p p(l—p)

the binary entropy is strictly concave

H(tp+ (1 -t)yg) > tH(p)+ 1 -t)H(g) ifp#Fgand0<t<1. (21.3)

Exercise 21.1. Let S = {sq,...,5,}-

1. Show that )
- 1.1y
Pgﬁé)H(P) = H(,,5) logn .
. Show that the Shannon entropy H is strictly concave on £(S). That s, if P, Q € P(S) with
P+#Qand0<t<1,then H{tP + (1 —1t)Q) > tH(P) + (1 — tH)H(Q).

We can also speak of the entropy of random variables. Let (€2, Prob) be a probability
space. A simple random variable is a measurable map X defined on () taking only finitely
many values. Let ran X denote the possible values of X and let px denote the distribution
of X given by Px(x) = Prob[X = x] for x € ran X. The entropy of X is the defined to be
H(X) = H(Py).

21.2 Shannon’s Noiseless Coding Theorem

Reading: Nielsen and Chuang §12.2 and Watrous §5.3.1

The Shannon entropy was introduced by Shannon in his seminal work on com-
munication theory. In this section we describe his noiseless coding theorem.

Source coding deals with data transmission and compression. Suppose we have an
alphabet %, a finite set. A coding scheme of rate R for X. is a sequence of pairs of mappings

s Snoq0,13nR) Bn v

The idea is that we wish to take source strings in ¥", code them using C,, to binary strings
in {0, 1}"R), transmit them and then decode them using D,,. Thus we would like D,, o C,,
to be the identity on as many relevant strings as possible. One possibility would be to
associate to each element of s € ¥ a binary string of length [log [~|]. This naturally defines
a perfect coding scheme

c, D,
yn o1 {Oll}nﬂoglzﬁ =%,
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with D,, o C,, = Id. But we would also like to be efficient, and take m as small as possible.
Can we do better than R = [log|X]]?

As with the Latin alphabet in English, different elements of X are used with different
frequencies. So we suppose give an a priori probability distribution P € P(X) giving the
frequency with which given letters in 2 are used. We will make the simplifying assumption
that the source is an independent identically distributed source — that is, strings in >”
occur with the probability distribution

P,(a) = P(ay)-P(a,).
A reliable coding scheme is a coding scheme such that
r}l_r& Prob [D,(C,(a)) = a] = 1, (21.4)

where we suppose that the entries of a = (a4, ...,4,) are chosen independently from the
distribution P. That is ZuEG P, (a) = 1, where

G, = {a=(ay,...,a,) €X" :D,(C,(a)) = a}
is the “good set” of strings in 2" for which the coding scheme is succesful.

Theorem 21.1 (Shannon’s noiseless source coding theorem). Let X be an alphabet and let
P e P(X). IfR > H(P), then there exists a reliable coding scheme for P of rate R. If R < H(P)
then there is no reliable coding scheme.

To sketch the proof of this theorem, let us introduce the idea of a typical sequence. Sup-
pose a € X", Typically a given letter x € X should appear in the sequence roughly nP(x)
times. So we expect that for a typical sequence a we should have

P,(a) ~ []|P(x)""® » 27nH®),
xXeX

With this heuristic in mind, we say that a is e-typical if

2—n(H(P)+€) < Pn(a) < z—n(H(X)—e)’

which is to say that
1

119850

- H(P)‘ < e€. (21.5)

Theorem 21.2. Let € > 0 be given. Then
lim Prob[a € X" is e- typical] = 1.
That is

1}1—{{}0 Z P,(a) =1,
aceT (n,€)

where T (n, €) denotes the set of e-typical sequences.
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Proof. This follows from the Law of Large Numbers. The random variables — logP(a]-),
j =1,2,..., are independent an identically distributed. Thus for any €, > 0, we have for
sufficiently large n

1 n
Prob (‘—E;logP(aj) + E(log P(a))

Se) 2 1_5/

where
E(log P(a)) = Z P(x)logP(x) = —H(P),
XEX
and 27:1 log P(a;) = log P,,(a). The theorem follows using (21.5)
[l

Corollary 21.3. For each n, let S(n) be a collection of at most 2R elements of X", with R < H(P)
fixed. Then

lim Y P,a) =0.

1n—00
aes(n)

Proof. Choose € > 0 such that R + € < H(X). Let T(n) = S(n) N T(n,€) and let A(n) =
S(n) \ T(n,e). We have

fm ), P@ < lim ), Pu(@0,
acAn) agT(n,e€)

by Thm. On the other hand

Y P@) < [SmRHPE < g nHPIR=E) _, o
acT(n)

]

This corollary immediately implies the second part of Shannon’s Thm. since the
size of the good set G,, is necessarily smaller than |{0, 1}1Rn)| < 27R Thuys any scheme with
R < H(P) is necessarily not reliable.

For the first part of the theorem, note that the number of e-typical strings can be
bounded as follows

IT(n,e)| < 2nHP)+e) Z P,(a) < 2nHP)te)
acT (n,€)

GivenR > H(P), pick e > Owith H(P)+e€ < R. Pick some one-to-one map from T'(n, €) into
{0, 1}1"R] extend it to all of £" by mapping all atypical sequences to some fixed sequence
that we haven’t used. The decoding map is any map that inverts the typical sequences.
This defines a coding scheme that works perfectly for typical sequences. So G,, D T(n,¢€)
which proves the first part of the theorem.
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21.3 Relative and Conditional Entropies and Mutual Infor-
mation

Let S be a finite set and let P, Q € £(S). The relative entropy of P with respect to Q is

HPIQ) := ) P(9)log g = H(P) =) P(s)logQ(s), (21.6)

seS

with H(P||Q) = oo if we have P(s) # 0 and Q(s) = 0 for some s.

Theorem 21.4. The relative entropy is non-negative H(P||Q) > 0 with equality if and only if
P=Q.

Proof. Because the logarithm is strictly concave we have

logx < c(x—1)

for all x # 0, where ¢ = ﬁ = % log x|,—1. Thus
H(PIQ) = $)log 35

_ZP(
> ¢ PGs) (1— %g;) =) (P(s)— Q@) = c(1-1) = 0.

Equality can hold here if and only if % =1 for all s.

]

Given two random variables X and Y, each taking finitely many values, the joint entropy
of X and Y is
HX,Y) = — > P(x,y)log P(x,y), (21.7)

x€ran X, yEran Y

with p(x,y) = Prob[X = x,Y = y] the joint distribution of X and Y. Thus the joint entropy
isjust the entropy of the random variable (X, Y). The entropy of X conditioned on Y is defined
by
HX|Y) := HX,Y) —HX) = ZP(x,y) [log P(x,y) —log Px(x)] , (21.8)
X,y

where Px (x) = Zy P(x,y).

The conditional entropy H (X|Y) measures the uncertainty in X given knowledge of the
outcome of Y. It is assymetric in X and Y. It is useful to have a symmetric measure of how
much X and Y determine each other. The mutual information of X and Y is

H(X:Y) := HX)+H(Y) -H(X,Y) . (21.9)

Theorem 21.5. Let X and Y be random variables. Then
1. HX,Y) =H(,X)and H(X : Y) = H(Y : X).
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2. HX:Y)=HX)-HIX|Y)=H() - HYIX).

3. H(YY|X) > 0and thus H(X) < H(X,Y) and H(X : Y) < H(Y), with equality if and only
if Y is a function of X, i.e., Y = f(X) for some deterministic function f : ranX — ran Y.

Proof. (1) and (2) follow directly from the definitions. To prove (3), let P(x,y) denote the
joint probability distribution of Xand Y, let P(x) = Z P(x,y) denote the distribution of

X, and let P(ylx) = P ( )
P(x,y) = P(x)P(ylx), so

H(X,Y) = =) P(x,y)logp(x)P(ylx)
X,y

= — Z P(x)logP(x) — Z P(x) Z P(ylx) log P(ylx)
X X Y

= HX) + ) PO)HP(x)) .

) denote the distribution of Y given that X = x. Then we have

We conclude that H(Y|X) = Zx P(x)H(P(-|x)) > 0, with equality if and only H(P(:|x)) =0
for each x, from which we conclude that Y = f (X).
O

Theorem 21.6 (Subbaditivity and Strong Subadditivity). Let X, Y, and Z be random variables.
Then

1. Subadditivity: H(X,Y) < H(X) + H(Y) with equality if and only if X and Y are inde-
pendent.

2. Strong Subadditivity: H(X,Y,Z) + H(YY) < H(X,Y) + H(Y, Z), with equality if and
onlyif Z - Y — X is a Markov chain.

Remarks.

1) Recall that X and Y are indenpendent if and only if their joint distribution P(X,Y) =

2) Z - Y — X is a Markov chain if the conditional distribution of X given Y and Z
depends only on Y. That is

Prob(X =x|Y =y, Z=2z) = Prob(X =x[Y =y)
for all tripples (x,y,z).
Proof. To prove subadditivity, note that

Py (x)P
H(X)+HY)-H(X,Y) = ZP(x,y)log%yY)(y)
Px(x)Py(]/)
< 22 (,)( B0y 1)
< =0,

—2Z(Px(x)Py(y)—P(X,y)) =1-1
X,y
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with equality if and only if Py (x)Py(y) = P(x,y) for every x, y.
To prove strong subadditivity, note that

Pxy(x,Py,z(y,2)
HX,Y)+H(Y,Z2)-H(X,Y,Z) —H() = P(x,y,z)lo . .
X,Zy,‘z y g P(x/y/ Z)PY(]/)
P;qy(xly)Py 7Y, z)
= P(x,y,2)lo -
x,Xy,:z Y & P(xr]/zz)
where Py (xly) = P);ZE;;W is the conditional probability that X = x given that Y = y.

Thus

1
H(X/ Y) +H(Y/Z) - H(X/Y/Z) _H(Y) S M Z (PX|Y(x|y)PY,Z(y/Z) - P(x/]//z))

XY,z

1
- EZ(PX\Y("W)PY(W—Px,y<x,y>) -0,
X,y

with equality if and only if

P(x,y,2)
Py 7(y,2)

Pxy(xly) = Prob(X =x|Y =y,Z =2z),

which is equivalent to Z — Y — X being a Markov chain.
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Lecture 22

The von Neumann Entropy

Reading: Nielsen and Chuang 2010, Chapter 11
The von Neumann entropy of a quantum state with density matrix p is defined to be

S(p) := —tr[plogp]. (22.1)

As above we will take log based two, and interpret Olog0 as 0. If A, j = 1,...,n are the
eigenvalues of p then

S(p) = —) Ajlogh;,
7

which is just the Shannon entropy of the probability distribution (A4, ...,A,,). Thus we can
tink of the von Neumann entropy as measuring the uncertainty as to which pure state is
in, with respect to a measurement in the eigenbasis of p.

Theorem 22.1 (Basic Properties of the von Neumann Entropy). Let p be a state of quantum
system with Hilbert space H of dimension d.

1. S(p) = 0 with equality if and only if p is a pure state.
2. S(p) < logd, with equality if and only if p = %]l.

3. Ifp = Y.L pip; where p = (py, ..., py) is a probability distribution and the states p; are
supported on orthogonal subspaces, then

S() = H(p) + ) piS(oy) - (22.2)

The proof is left as an exercise — a proof of (3) can be found in Nielsen and Chuang 2010

22.1 Relative Entropy
Given two density matrices p and ¢ we define the relative entropy of p to ¢ by

S(pllo) := tr[plogp] —tr[plogo]. (22.3)
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The second term should be interpreted as

n

~trlplogo] = ) {¢;]p|¢;)log

j=1
with (p, ¢; ]’7:1 the eigenvalues and eigenvectors for . If y; = 0 and <¢]-| Iy |gb]-> # 0 for
some j, then this term and the relative entropy are equal to .

Theorem 22.2 (Klein [1931)). The quantum relative entropy S(pllo) is non-negative and equal to
zero if and only if p = 0.

Proof. Let p = Y . A;[¢;) (¢land o = ) Nz |¢j> <<p]-| be the spectral decompositions for p
and . Then

S(pllo) = Z)Lilog/\z’(l — (il log o ;)

ZAi log A; (1 - Zlog(,uj)Pi,j) ,
i j

with P; ; = |<¢i‘<p]->|2. Note thatP;; >0, ;P;; =1, and Z]. P; ; = 1. By the strict concavity
of log, we have

Z_Pi,jlog(ﬂj) < log Zpi,jﬂj ,
j j

i

with equality if and only if P; ; = 1 for some j. Thus

/\i
S(pllo) = ZAilog7

with equality if and only if for each i there is a j such that P; ; = 1, i.e., if and only if (P; ;)
is a permutation matrix. Note that 3, 7; = 3, j #;P;; = tro = 1. Thus the right hand side
is the classical relative entropy of the probability distribution (A4, ...,A,,) with respect to
(r1, ..., 7). By Thm. this is bounded below by 0, with equality if and only if ; = A;.
Thus we have S(pllo) = 0 with equality if and only if P; ; is a permutation matrix and
r; = A; for all i, which is to say if and only if p = .

O]

22.2 Projective measurements increase entropy

Theorem 22.3. Suppose that (P;)}", is a projective measurement ensemble (a complete set of or-
thogonal projections) and p is a density matrix. Let p; = Y, P;oP;. Then S(p") > S(p), with

equality if and only if p = p’
Remark. The state o’ is the mixed state obtained after the projective measurement associated
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Proof. We apply Klein’s inequality (Thm.[22.2)) to p and o/,
0 < S('llp) = S(p) —tr(plogp’) .
We will show that S(p’) = —tr(plogp’) this will prove the result. We have
—tr(plogp’) = —tr Z Piplogp" = — Z tr(P,pologp’'P;) ,
i i

using )", P; = 1, P7 = P; and cyclicity of the trace. Using that P;P; = 0 for i # jand P} = P;
again we see that p'P; = P,pP; = P;0’, i.e., p' commutes with P;. Thus

—tr(plogp’) = —Ztr(PipP,-logp’) = —trp'logp’ = S(p").

22.3 Entropies in Composite Systems

Suppose we have a composite system (A,B) with Hilbert space 4, ® Hp. The
joint entropy S(A,B) for the composite system is just the von Neumann entropy
S(A,B) = —trpaglogpsp, with psp the state of the system. The entropy of sub-
system A is S(A) := S(p4) where p4 = trg p,4 p is the reduced density matrix for A. The
entropy of B is defined similarly. The conditional entropy of A relative to B and mutual
information of (A, B) are given by

S(AB) := S(A,B) —S(B), (22.4)
and
S(A:B) := S(A)+S(B) —S(A,B) = S(A) —S(A|B) = S(B) —S(BJA) . (22.5)

The key new feature of quantum systems is entanglement. For instance, if p = [¥) (V| is
a pure state, the reduced density matrices need not be pure. Thus even if S(A,B) = 0, we
may have S(B) and S(A) not equal to zero. In particular, the conditional entropy can be
negative — learning information about B may increase our uncertainty!

Proposition 22.4. If the composite system (A, B) is in the pure state |'¥) (Y| then S(A) = S(B).
Proof. Recall that [¥) has a Schmidt Decomposition

¥y = i“i |$:) ® [1h:)
i
with a; > 0and (¢;);, (¥;); orthonormal sequences in M 4, Hp, repsectively. It follows that
oa = Y w8 and pn = a9
1= 1=
Thus p4 and pp have the same eigenvalues. Since the von Neumann entropy only depends
on the eigenvalues of the density matrix, the result follows.

]

133



Definition 22.5. The bipartite entanglement entropy of a pure state ¥ € H, ® Hp, with
respect to the decomposition (A, B), is the entropy S(A) = S(B).

Theorem 22.6. Let the composite quantum system (A, B) have joint state p . Then

1. Subadditivity: S(A,B) < S(A) + S(B), with equality if and only if (A, B) is in a product
state, i.e., 0o = P ® Pp-

2. Triangle Inequality: S(A,B) > |S(A) — S(B)|
Remark. The triangle inequality is due to Araki and Lieb|1970

Exercise 22.1. Suppose the composite system is in a product state. Prove that S(A,B) =
S(A) + S(B).

Proof. Let o = p4 ® pp and p = p,4 . By Klein’s inequality (Thm. [22.2)),

S(p) £ —tr[plogo] = —trp(logpa + logpp)
= —trpslogps —trpglogpg = S(A) + S(B) .

Subbaditivity follows. Note that, by Thm. equality holds if and only if p = 0.

To prove the triangle inequality, let R be an auxiliary system with Hilbert space My
such that p = py4 p has a purification [¥) (¥|on H 4 ® Hp ® Hi. Thatis py g = trg [¥) (¥].
Then we have S(R) + S(A) > S(A, R) by subbaditivity. Furthermore, since (A, B, R) isin a
pure state, we have S(A,R) = S(B) and S(R) = S(A, B) by Prop.[22.4. Thus

S(A,B) = S5(R) = S(A,R) —S(A) = S(B) —S(A) .

Similarly, one shows that S(A, B) > S(A) — S(B). The triangle inequality follows.
O

22.4 Concavity of the entropy and the entropy of mixtures

Proposition 22.7 (Concavity of the entropy). Let p be the state of a quantum system A. If
p =Y, pip; with (p;), probabilities and (p;)"_, states, then

Y piSte) < S,
i=1

with equality if and only if p; = p for all i with p; # 0.

Proof. Let B be an auxiliary system with dimension n and basis (|i))}" ;. Introduce a state
pap = X piPi ® i) (il. The p4 = p while pp = Y p; [i) (il. Thus

S(A) =S(p) and S<B>=S(Zpi|z’><i|> = H(p),

withp = (p1,...,p.)-
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Let /\]l:, j =1,...,d, be the eigenvalues of p; fori = 1, ..., n, with eigenvectors ‘¢i> Then
the eigenvalues of p 4 p are seen tobe pi/\]Z: fori=1,...,nandj =1, ...,d, with corresponding

eigenvectors ¢>§> ® |i). Thus

n d . . n
Soap) = —)_ ) piMdogp;+logh) = H(p) + ) piS(py) -

Thus by subadditivity
n
ZPiS(pi) +H(p) < S(p) +H(p)
i=1

with equality if and only if p; is independent of i (so that p4 g is a product state).
O

Theorem 22.8 (Entropy of Mixtures). Suppose that p = ), p;0; withp = (py, ..., p,) proba-
bilities and p; density matrices. Then

S(p) < ZPiS(Pi)+H(P)

with equality if and only if the states p; are supported on orthogonal subspace.

Proof. Suppose to begin that p; = |¢;) (i;] is a pure state foreachi = 1, ..., n. Call our system
A and introduce an auxiliary system B with orthonormal basis |i), i = 1, ..., n. Define

N
¥) = ) Jpilya) i) -
i=1

Because |¥) is a pure state we have

SB) = S) = S = S Lpilwd(vil) = S0

Now consider a projective measurement of B in the basis [i). The density matrix p’ after
measurement is given by

o= ) pliy Y (D G = il (il @ 1) (il
i=1 i=1

so that the state of system B is
Py = Y Pl (il .
Thus S(p) = H(p) and
S(p) = S(A) = S(B) < S(pp) < H(p).
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Lecture 23

Strong Subadditivity of the Entropy
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Lecture 24

Quantum Source Coding
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Appendix A
Hilbert Spaces

Recall that an inner product -|-) on a vector space # over C is a map from H x H — C such
that

1. for fixed ¢ € H, the map ¢ — (¢|y) is linear;
2. the map is skew-symmetric, (¢|¢) = (¢lp)"; and
3. for each ¢ € H, (¢|¢p) > 0, with equality if and only if ¢ = 0.

Note that skew-symmetry implies, by (2), that for fixed ¢ € H, the map ¢ — (P|p) is
conjugate linear, meaning that

(1 +apolyp) = (P11) + a* (Pal¢h)

for « € C. Associated to the inner product is the norm

lgll = y{¢lp),

and the associated metric d(¢,¢) = |¢ —¢|. Any inner product satisies the Cauchy-
Schwartz inequality

(el < lolligll, (A1)

as can be seen by minimizing the positive function ||¢ + a¢||2, where a ranges over C. Recall
that a Hilbert space M is a vector space of C with an inner product (:|-) such that His a
complete metric space with respect to the distance d(¢, ) = ||¢ — 9.

A linear map B : H; — H, is called a bounded if there is a constant ¢ < oo such that

||B1/}||}{2 < C“l/’”Hl

The smallest such constant is called the norm of B, and is denoted ||B||. The set of all bounded
linear maps from #; — H, is denoted B (H{, H,), or by B(H;) in case H; = H,. A
bounded linear map from H — C is called a bounded linear functional. The Riesz-Frechet
representation theorem states that every bounded linear functional on a Hilbert space #{ is
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of the form ¢ — (¢|¢) for some ¢ € H. Given B € B (H;, H,, the Riesz-Frechet theorem
allows one to define the adjoint map Bt € B.(},, M) via

(B'ylg), = (¥IBg),,,

for ¢ € M1 and ¢ € H,. Amap B € B(H) is self-adjoint if B = Bt and B € B (M1, H,) is
unitary if B'B = 1 y, and BBt =1 jt,- Bquivalently, B is unitary if it is surjective and |B¢|| W,
forall ¢ € H;.

A set S C H is called orthonormal if

1. ||¢|| =1 for every ¢ € S, and
2. (¢ly) =0for ¢, € Swith ¢ # .

For any orthonormal set S one has Bessel’s inequality

S Kl <yl (A2)

$pES

for every ¢ € . An orthonormal set is an orthonormal basis if equality holds in Bessel’s
inequality for every ¢, or equivalently that S is a maximal orthonormal set. Using Zorn’s
lemma one can show that every Hilbert space has an orthonormal basis.

A Hilbert space H is called separable if it has a countable dense subset. It is a fact that
H is separable if and only if either

1. dimH < o, or
2. H has a countable orthonormal basis.

Most Hilbert spaces that arise in practice are separable. For example L2(R") is separable
for every n and 02(N) is separable, etc. Any two separable, infinite dimensional Hilbert
spaces are isomorphic as Hilbert spaces, i.e., there is a unitary map between them To
see this, let }ﬁj, j = 1,2 be separable and infinite with orthonormal bases cpij ), cpg ), ... for
j=1,2. Given ¢ € #; let

o]

Uy = D {0"l) ok

k=1
One can show that the series on the right hand side is absolutely convergent and the re-
sulting map is unitary.

1.1 The Riesz Representation Theorem

The following theorem is an important result in Hilbert space theory

More generally, one can define the Hilbert space dimension of a Hilbert space to be the cardinality of a
maximal orthonormal set. Any two Hilbert spaces of the same cardinality are isomorphic.
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Theorem A.1 (Riesz Representation Theorem). Let £ : H — C be a bounded linear functional
on a Hilbert space H. Then there is a unique € H such that ((¢) = (Y|¢)

Remark. Recall that £ is bounded if there is a constant ¢ < oo such that [0(¢)| < c||¢|| for all
¢. Bounded linear functionals are precisely the continuous linear maps from # to C.

Proof. Let { be a bounded linear functional, and let Y = ker € be its kernel. Then Y = =1(0)
is a closed subspace of H. If { = 0, then Y = } and we must take ¢ = 0. If { # 0, then
by elementary linear algebra, Y is of co-dimension 1. It follows that Y+ = {v : (v|¢p) =
0forall ¢ € Y} is one-dimensional. Let ¥ be a unit vector in Y*. If ¢ € H is a general
vector then we have

¢ = (J|¢) P+ ¢’
with ¢’ = ¢ — (|¢) P. Thus
WPy = (Plo) @ = (@) Plg) -

Thus we may take ¢ = (£())*¥.
Uniqueness follows because if (1|¢p) = (¢'|¢) for all ¢, then taking ¢ = i — ¢’ yields

ly—¢'I* = 0.
[

One key use for the Riesz representation theorem is to prove the existence of operators
associated to quadratic forms on H. A quadratic form on H is amap g : H — R that is

1. homogeneous of order 2, q(ap) = |1x|2q(1,b) foralla € Cand ¢ € H, and
2. satisfies the parallelogram identity, g(y + ¢) + q(¢ — ¢) = 29(¢) + 2q(¥).

A quadratic form g is bounded if q(yp) < c||1,b||2 for some ¢ < co. Associated to any bounded
quadratic form g is a bounded sesqui-linear form § : H x /{ — C such that q(¢) = §(¢, ¢).

Exercise A.1 (See exercise 4, §3.1 of Simon 2015b,). Suppose that g is a bounded quadratic
form. Define § by the polarization identity

1
G 9) = 7la@+ ) —q(d =) +ig(¢p + i) —ig(p — )] . (A.3)
Prove that
1. § is sesqui-linear, i.e.

(a) §1is skew-symmetric, §(¢, ) = §(¢, ¢)* and
(b) linear in the second argument §(¢, ¢ + ayp’) = (¢, ¥) + af(¢p, P").

2. g is bounded: |§(¢, P)| < cl|¢|ll|¥] with ¢ < co.
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Skew-symmetry of § follows directly from (A.3). However, linearity of g in the second
factor requires some effort. One can proceed by using the parallelogram law and the defi-

nition (A.3) to prove succesively that: 1) §(¢,2¢) = 25(¢, ¢), 2) §(¢, p + ¢') = %17(247, Y+
) =q(P, ) +4(, 9"),3) 4, £iyp) = £iG(¢p, 1), and 4) §(¢, ayp) = ag(¢, ) for all dyadic

rationals in C. To complete the proof we need to verify boundedness and use this to ap-
proximate scaling for « € bbC by scaling for dyadic rationals. From the definition (A.3))

and boundedness of g, one obtains easily |§(¢, )| < c(||<p||2 + ||1p||2) .Leta > 0 be a dyadic
rational, then we have

. 1. 1

7@, = —lap.ap) < —lgl” +aly]”.

Choosing 91 < 4 < 2121 \ye obtain boundedness of g:

[l (I

3
(o, )l < Sellplliyl-

Finally we may use the additivity and the boundedness of § to obtain scaling (¢, ayp) =
«g(¢, ) for arbitrary « € C by approximating (¢, ayp) with a sequence §(¢, a,, ) with a,,
dyadic rationals.

Conversely, if § is a sesquilinear form then g(y) = (1, ) is easily seen to be a quadratic
form.

1. q(¢, ) = q(¢p, p)* for all ¢, ¢ € H (skew-symmetry), and
2. q(p, 0 +ay') = q(p, ) + ag(p,y") forall ¢, y, ¢ € H and & € C (linearity).

Note that it follows that ¢ — (¢, ) is skew-linear. The quadratic form is bounded if
l9(¢, )1 < Cliglllj] for some C < co.

Corollary A.2 (Bounded Quadratic Forms are Operators). Let q : /£ — C be a bounded
quadratic form. Then there is a unique self-adjoint A € B.(H) such that g(¢p) = (p| A|¢p).

Proof. Let i be the associated sesqui-linear form. For each ¢ € #, define A¢ by the Riesz
representation theorem to be the unique element of H such that

(Aglp) = 4@, ) .
It follows from the skew-symmetry of the quadratic form and the inner product that

(PlAP) = G(p, ¢) .

From this identity, one sees that A is a linear map. Finally, A is bounded since

lAgl = ”21”1£1|<1/J|A4>>| = sup 4(¥,¢) < clg],

S
lpll<1

since g is bounded.
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