MTH 234 Solutions to Exam 2 November 20, 2017

Standard Response Questions. Show all work to receive credit. Please your final answer.

1. (5 points) Let f(x,y) =xe¥ 2+ y*Inz. Find Vf at P(1,2).

Solution:
y?
fx:€y72+;:>fx(P):5
fy =22+ 2ylnz = f,(P) =1
Thus

(Vf)p=5i+1j

2. (9 points) Let g(z,y) = 823 — 122y + 4. Find and classify each critical point of g as a local minimum, a local
maximum, or a saddle point.

Solution:

i. Find the critical points. Notice that g, = 24x? — 12y and gy =2y — 12x. So g has a
critical points at P(0,0) and Q(3,18).

ii. Now let D(z,y) = gue gyy — 92y = 96@ — 144. Notice that g,(Q) = 144 > 0 and that

D(P)=-144<0 and D(Q)=288>0

It follows that g has a local minimum at () and a saddle point at P.
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3. Consider the integral below and answer the questions that follow.

1 prr
/ / sin(y? /) dy dx
0 Jrx

(a) (3 points) Sketch the region of integration.

(b) (5 points) Evaluate the integral above by reversing the order of integration.

Solution:

T y/m
= / sin(y? /) / dz dy
0 0

4. (6 points) Evaluate the integral below.

dy dz

/ /\/W\/5+a:2+y

Solution:

We switch to polar coordinates

/Wﬂ/ 1 dr df
rdr
w/2J0 V5412
1
:7r/ ——rdr
0o Vb+r?

_7r/141
2 /)5 Vu

W(mwﬁ)

Page 2 of 8



MTH 234 Solutions to Exam 2 November 20, 2017

5. (6 points) Set up but Do Not Evaluate the iterated integral for computing the volume of a region D if D
is the right circular cylinder whose base is the disk » = 2sin# (in the zy-plane) and whose top lies on the
surface z = 8 — z2.

Solution:

T 2sin 6 8—a?
/// dV:/ / / rdzdrdf
D 0 0 0

Of course, 8 — 22 = 8 — r2 cos? 6.

r=2sinf \ i

6. (8 points) Find the area of the surface of the cap cut from the paraboloid z = 12 — 22 — y? by the cone

/]

Solution:
Let r(z,y) = zi+yj+ (12 — 22 — y?) k. Then

r,=1i—2zk

r,=j—2yk
So that
r, xry=2ri+2yj+ k
and
ry X ry|° =14 422 + 49
Thus

SA—// lry x r,| dA
r24y2<9

_// V14422 + 492 dA
r24y2<9

3
:277/ V1+4r2rdr

0

Sl
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7. Let F = 2zyi+ (22 — cosz) j + ysin zk and answer the questions below.

(a)

(7 points) Find a function f so that Vf =F.
Solution:

Let

f(x,y,2) = 2y —ycosz
then
Vf=2zyi+ (2> —cosz)j+ysinzk

(4 points) Let C be any path from (—2,1,7/2) to (1,3, 7). Evaluate the integral
/ 2zydr + (2° — cosz)dy + ysinzdz = I
C

Solution:

Observe that
df = 2zydx + (2 — cosz) dy + ysin z dz
It follows that

(1,3,m) (1,3,7)
= / df = f — 64
(=2,1,7/2) (=2,1,7/2)

(3 points) Calculate curl F.

Solution:

By part (a), F is a conservative vector field. It follows that curl F = 0
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8. (7 points) Let E be the portion of the ball 2 + 32 + 22 < 1 that lies in the
first octant: >0,y > 0, z > 0.

Rewrite the triple integral below as an iterated integral in spherical coordinates and evaluate.

///;5de

Solution:

w/2 /2
/// de—5/ / / (psin ¢sin 0)p? sin ¢ dp de df
:5/ sm@de/ sm2¢d¢)/ pdp
0

9. (7 points) Let F(z,y) = (y? 2?). Use Green’s Theorem to calculate the work done by F on a particle moving
counter-clockwise around the triangle bounded by z =0, y =0, z +y = 1.

Solution:

Let T be the given triangle and let R be its interior. Then
0 (z? 0 (y?
%F,dr:// (@) 2\ 44
T R\ Ox dy
1—a
/ / (2z — 2y) dy dx

—/0<2my 1

dx
1
—/ (4z — 3z? — 1) dx
0

1
=0
0

y=0

= (2% —2® — 1)

Page 5 of 8



MTH 234

Solutions to Exam 2

November 20, 2017

Multiple Choice. Circle the best answer. No work needed. No partial credit available.

10. (4 points) Parameterize the part of the plane x + z = 3 that lies above the disk (z —1)? + 32 < 1.

11. (4 points) Which of the following vector field plots could be F = x3?i — zj?

12. (4 points) Let F =

A.

= U a w

r(s,t) = (s,t,3—s) with s € [0,2] and ¢ € [-1,1].

r(s,t) = (s,t,3—s), with s € [0,2cost], and t € [-1,1].

r(s,t) = (scost,ssint,3 — scost) with s € [0,2cost] and t € [—7/2,7/2].
r(s,t) = (scost,ssint,3 — scost) with s € [0,2] and ¢t € [—7/2,7/2].

None of the above

B
NN~ ~ N NN N
?‘;‘R‘;\ NONONONCN
R IR NN IR
S
) A
NAAAN :i{it
A AN N NN NN\
NN ~ N N N SN
Rl NN~ S

curl F =y — 22 and divF = 2zy + 2
curl F = (2zy, 2z,0) and divF = <y, 0, —x2>
curl F = 22y + 2z and divF = y — 22
curl F = <y, 0, —x2> and divF =2zy + 2

None of the above
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1 1
13. (4 points) Let P = P(1/2,2) and u = ﬁi_ EJ If Vf(P)=3i+2j,
then Dy (P) =

A.

E. None of the above

14. (4 points) Suppose that the line segment C' is given by the parametrization: r(t) = (t+1)i+2tj, 0 <t < 3.
Evaluate the integral below.
/ <w2, —y> - dr
C

21
o7
39
3

= O o w »

None of the above

15. (4 points)

2 rd—z? rx o
2
// / e Zdydzdx:
0 Jo 0o 4—=2

A —cos8
2
B. —cos8
4
sin 8
C.
4
D. —cos4
2

E. None of the above
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16.

17.

18.

(4 points) Identify the surface given by the vector equations r(u,v) = (u, 5sin 3v, 4 cos 3v).

A. plane

B. elliptic paraboloid

C. cylinder

D. ellipsoid

E. None of the above

(4 points) Let f be a differentiable function of x and y with continuous second order partial derivatives. Let

F=Vf=Mi+ Njbe a gradient field and let C' be the (positively oriented) ellipse as shown in the sketch
below. Consider the following statements.

(a) F is a conservative vector field.

B NN~ | T T
»\\\\f\ /7/7///
(C) (CurlF)k>0 u\\\ -~ 1///’4
Y W W W N (R A B I
[ P r A
A. All three statements are true. f1 177, AN
1777 2T<~XN\N
B. Only (a) and (b) are true. AA7 ,TQ&\\\ N\
C. Only (a) and (c) are true. sttt aunih
D. Only (b) and (c) are true. e St e o
E. None of the above
. ) -y . x .
(4 points) Let F(x,y) = V arctan (;) R i+ 2y J-

If C is the unit circle parameterized by r(¢) = costi+sintj, 0 <t < 27, then / F.-dr=

C
A0
B. 27
C. «
D. Undefined
E. None of the above
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