THE TWENTY-FOURTH HERZOG PRIZE
EXAMINATION

November 16, 1996

Suppose that a set of six positive integers is given. Prove that it is always possible to
choose a subset of them in such a way that the sum of the digits of all members of the
subset is divisible by 5. Can the number “six” be improved upon?

If x, y, z are real numbers satisfying  x+y+z=3
and xy+ yz+zx = 3,
prove that all three numbers are in the interval [-1, 2.

Find limit x-sinx
x— 0% (x sinx)™*

Find the total number W(n) of ways that an orientated 2xn rectangle can be paved with
1x2 tiles. (Since the rectangle is oriented, certain configurations are to be counted
even if they seem to be duplicated by others congruent to them. For example the two
tilings in the figure below are to be considered distinct.)
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Let A and B be 2x2 matrices. Suppose that for some positive integers m and n>1,
A"=B"=0. Prove or disprove: there is a positive integer k such that (AB)" = 0.

Prove that for every positive integer n>1,

NnFl +Vn -N2 > 1+ IN2 + 1N3 + ..+ 1/n.



